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2. LESSON: SOLVED EXERCISES

1. Letbe X adiscrete random variable with p(x) as probability function:
2m  x=1
p(x)=<m X=2,3,4
0 other cases
a) Determine the value of the constant m.

b) Get the characteristic function of the X discrete random variable

c) Determine the mean of the X discrete random variable using the
characteristic function.

a)
In order to be a probability function:

1) p(x)=0 YxeR=m=>0

2) > p(x)=1=2m+m+m+m=1L 5m=1; m:%
i=1
b)

n 2 el ol ol (T o w
Y(t) = eltxk_ X :elt._+e2|t._+e3|t._+e4|t._:_2e|t+e2|t+e3|t+e4|t
()kZ:; p(x) =€ Z+e™ . re™ e o=l )
c)

As the mean is the first-order moment:

_1d¥()

11
oy = =-=
i dt

(2ieit +2ie? 1 3ie + 4ie™ )
|
t=0

=1(2+2+3+4)=
o 5 5
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2. The kinetics of a chemical reaction want to be studied and it has been
proven that the density function for the reagent consumption (mol/min)
continuous random variable is the corresponding:

F(x) = ke x>0
0 X<0

a) Which is the value of k constant for f(x) to be a density function?

b) Get the distribution function of the continuous random variable.

c) Determine the probability that the reaction speed (reagent consumption)
is greater than 10 mol/min.

a)
In order to be a density function:

1) f(x)>0 VxeR=k>0

2)

+o0 0 +o0 t
j f(x)dx =1 = j 0dx + j ke dx =L O+lim[ke™ =L lim—ke "
—0 0

—00

t

=1 Iim(—ke‘t +ke°)=1
0 t—>w

k=1
b)

X<0: x>0:

ff(t)dt - JX'Odt -0’ Jx'f(t)dt - fetdt = e[ =1-¢”
o 0 —o0

—00

Therefore, distribution function:

F(x) = l-e x>0
0 Xx<0

c)
P(X >10)=1— P(X <10) =1 F(10) =1— (1—e) =[¢™]
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3. A discrete random variable X can take the values —1, 0 and 1 with the same
probability.

a) Get the moments generating function of the variable X .

b) Calculate the first four moments with respect to the origin of the variable
X.

a)

1 1 1 1
a(w) = E(e™) =e"P (—j+ew(°) (—j+ew(l) (—jz Z(1+e ™" +e"
(w) =E(e™) 3 3 3 3( )

b) For obtaining the moments with respect to the origin, the generating
function will be derived and evaluated atw=0.

dE(e™) 1

First-order moment: == (O —e ™"+ eW) =0
dw |, 3 weo
2 WX
Second-order moment: dE—(i) = 1 (O +e ™"+ eW) = E
aw® |, 3 wo 3
3 WX
Third-order moment: m = E (0 —-e "4+ ew) =0
aw’ | o
4 WX
Fourth-order moment: dE—(i) = 1 (O +e ™"+ eW) = 2
aw’ |, 3 wo 3

. . 2
As it can be observed, odd moments are 0 and pair moments are 3
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4. Letbe X a continuous random variable with f(x) as density function.

1

- 0<x<3
f(x)=13

0

other cases
a) Get the characteristic function of the random variable.
b) Get the moments generating function of the random variable.

¢) Calculate the mean of the random variable.

a)
P(t)=E(e™) J' ™ f(x)dx = I e”Xde+'feItX dx + I e“Xde—; e: %(es“ —e™)= ezit_l
b)
a(w) = E j e f(x)dx = f eWXde+J'eWX —dx+ J' e"™0dx —:1)’ evv\le 0 = %v(em —e°W) = eS;vv;l
c)
da(w)| (3™ -3w)—((e-1) 3)‘  3(3we™)—((e™ —1))‘ @u-ye+1 0
Yodw |, ow? - ow? w0

It results in an indeterminate form, so L’Hopital’s rule must be applied. In this
case, the rule has to be applied twice to get the mean.

_(27Tw+9)e™
=T

ENE

6 |2

w=0
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5. Letbe X arandom variable with the following characteristic function:
P(t) =k +mt+ pt?

a) Get the values of k,mand p, for the mean of the random variable X to be
1 and the variance 4.

b) Get the characteristic function of the random variable 2 X .

¢) Get the characteristic function of the random variable Y =3X +2.

a)

As the zero-order moments have the value of 1:

¥(0) =k +mO0+ p0® =k

k=1
Mean is the first-order moment so:
o = i}d\g—t(t)t_o = %(m +2pt)_ =—
As the value of the mean is 1:
=1 Im=1

Variance is the second-order moment centred in the mean, so:

1 d?¥(t
ol =a,—al == 2( )y =-1(2p)|_,—1=-2p-1
- dt o
As the value of the variance is 4 :
5
2p-1=4; |p=-=
p p >
b)
P, (t) = E(e““) :1+i(2t)—g(2t)2 =|1+2it —10t*
c)

v, (t) = E(eity) — E(eit(3x+2)) — E(eitax _ezit): g2t -(1+i(3t) _g(gt)z] — |2t (1_'_3“ _4_25t2j
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