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EXERCISE 1
 
Represent the diedric projections of the points B, C, D, E, F and G. 
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EXERCISE 2 

Find the intersection of the plane   determined by the points (4,0,3) , (1,0,0)  and 

(1,1,0), and the plane   determined by (2,0,2) , (6,0,0)  and (6,3,0) . 

pdi
Texto escrito a máquina
Find the intersection between the planes α and β.

pdi
Texto escrito a máquina

pdi
Texto escrito a máquina

pdi
Texto escrito a máquina
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EXERCISE 3 

Calculate the intersection between the planes   and  . 𝛽 contains the points A=(6,3,1), 
B=(1,1,2) and C=(3,y,4), and it is perpendicular to the plane XOY.   contains the point 
P(1,1,2), and it is parallel to the plane XOZ. 
 
Solution: 

The procedure to calculate the intersection between the planes 𝛼 and 𝛽 is the following: 

- Compute the plane 𝛽: 

We obtain the normal vector of the plane doing the vector product of the vectors 𝐴𝐵⃗⃗⃗⃗  ⃗ =

(−5, −2,1) and   𝐴𝐶⃗⃗⃗⃗  ⃗ = (−3, 𝑦 − 3,3): 

𝑛⃗ = |
   𝑖  𝑗 𝑘⃗ 

−5 −2 1
−3 𝑦 − 3 3

| = (−3 − 𝑦) 𝑖 + 12 𝑗 + (9 − 5𝑦) 𝑘⃗ = (−3 − 𝑦, 12,9 − 5𝑦) 

On the other hand, since the plane 𝛽 is perpendicular to the plane 𝑂𝑋𝑌, the normal vector 

of 𝛽 is (0,0,1). So we obtain that: 

(−3 − 𝑦, 12,9 − 5𝑦) ∙ (0,0,1) = 0 ⇒ 9 − 5𝑦 = 0 ⇒ 𝑦 =
9

5
⇒ 𝐶 = (3,9/5,4) ;  𝑛⃗ = (−24/5,12,0) 

We determine the equation of the plane 𝛽 using a point, for example the point A, and the 

normal vector obtained: 

𝛽: −
24

5
 (𝑥 − 6) + 12(𝑦 − 3) + 0(𝑧 − 1) = 0 ⇒ 𝛽: − 4𝑥 + 10𝑦 − 6 = 0 

- Compute the plane 𝛼: 

Since the plane 𝛼 is parallel to the plane 𝑋𝑂𝑍, both planes have the same normal vector 

and: 

𝛼: 0(𝑥 − 1) + 1(𝑦 − 1) + 0(𝑧 − 2) = 0 ⇒ 𝛼: 𝑦 = 1 

- Obtain the intersection between 𝛼 and 𝛽: 

𝛼 ∩ 𝛽 = {
𝑦 − 1 = 0

−4𝑥 + 10𝑦 − 6 = 0
    being  𝑀 = (

   0 1 0
−4 10 0

)  and  𝑀′ = (
   0 1 0 0
−4 10 0 6

)  

𝑟𝑎𝑛𝑘(𝑀) = 2 = 𝑟𝑎𝑛𝑘(𝑀′) < number of unknowns, so the planes intersect in a line. The 

solution of the system is 𝑥 = 1; 𝑦 = 1 ∀𝑧. Hence, the intersection line is: 

(
𝑥
𝑦
𝑧
) = (

1
1
𝑧
) = (

1
1
0
) + (

0
0
1
) 𝑧 
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EXERCISE 4 

Find the parallel plane to the line 𝑟: {
𝑥 + 3𝑧 = 11
𝑦 + 3𝑧 = 6

 which contains the line 𝑡: 
𝑥−2

3
= 1 − 𝑦 =

𝑧

3
. 

 

Solution: 

We compute the parametric equations of the line 𝑡: 

{

𝑥 − 2

3
= 1 − 𝑦

𝑥 − 2

3
=

𝑧

3

  ⇒   {
𝑥 − 2 = 3 − 3𝑦

𝑥 − 2 = 𝑧
  ⇒   {

𝑥 + 3𝑦 − 5 = 0
𝑥 − 𝑧 − 2 = 0

 

The sheaf of intersecting planes with common line 𝑡, that is to say, the sheaf of planes with 

edge 𝑡 is: 

𝑥 + 3𝑦 − 5 + 𝜆(𝑥 − 𝑧 − 2) = 0 ⇒ (1 + 𝜆)𝑥 + 3𝑦 − 𝜆𝑧 − 5 − 2𝜆 = 0 

We obtain the parametric equations of the line 𝑟 doing 𝑧 = 𝜆: 

𝑟: {
𝑥 = 11 − 3𝜆
𝑦 = 6 − 3𝜆

𝑧 = 𝜆

  ,so, the direction vector of the line 𝑟 is 𝑣 𝑟 = (−3,−3,1). 

Since, the plane we are looking for is parallel to the line 𝑟, the normal vector of the plane is 

perpendicular to the direction vector of the line: 

𝑛⃗ 𝜋 ∙ 𝑣 𝑟 = 0 ⇒  (1 + 𝜆, 3, −𝜆) ∙ (−3,−3,1) = 0 ⇒ 𝜆 = −3 

Substituting this value in the equation of the sheaf of intersecting planes computed above, 

we obtain the equation of the plane 𝜋: 

(1 + (−3))𝑥 + 3𝑦 − (−3)𝑧 − 5 − 2(−3) = 0 ⇒  𝜋:−2𝑥 + 3𝑦 + 3𝑧 + 1 = 0  
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EXERCISE 5
 

Find the line that passing through the point (9,7,4)P , is perpendicular to the plane  . 

This plane contains the points (7,0,0)  and (4,3,0) , and it is perpendicular to the plane 

0z  . Calculate the point of intersection between them 

Draw the line p  that passing through the point P  is perpendicular to the plane  . 

Calculate the point of intersection I  between them. 
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EXERCISE 6
 

Find the plane that passing through the point (2, 2,4)P   is perpendicular to the line that 

passing through the point (8,5,2)  is perpendicular to the plane XOY. Calculate the point 

of intersection between them. 

pdi
Texto escrito a máquina
The plane is parallel to PH

pdi
Texto escrito a máquina

pdi
Texto escrito a máquina

pdi
Texto escrito a máquina
Draw the plane α that contains the point P and is perpendicuar to the line r. 
Find the intersection between them (I). 



Elisabete Alberdi Celaya, Irantzu Álvarez González, Aitziber Unzueta Inchaurbe, Mª Isabel Eguia Ribero  and Mª José García López 

EXERCISE 7 

Draw the line that passing through the point P(12,3,6) is perpendicular to the line r that 
passes through (6,5,4) and (0,8,7), and is parallel to the plane  determined by the points 
(11,0,0), (6,0,2) and (8,4,0). 
 

Solution: 

The procedure to compute the requested line is the following: 

- Obtain the line 𝑟 : 

Let denote 𝐴 = (6,5,4) and 𝐵 = (0,8,7), then the direction vector of the line 𝑟 is 𝐴𝐵⃗⃗⃗⃗  ⃗ =

(−6,3,3). Hence, the continuous equation of the line 𝑟 is: 

𝑟: 
  𝑥

−6
=

𝑦 − 8

3
=

𝑧 − 7

3
 

- Obtain the plane α: 

Let denote 𝐴 = (11,0,0), 𝐵 = (6,0,2) and 𝐶 = (8,4,0), then 𝐴𝐵⃗⃗⃗⃗  ⃗ = (−5,0,2),   𝐴𝐶⃗⃗⃗⃗  ⃗ =

(−3,4,0). Therefore, the implicit equation of the plane α is: 

𝛼: |
𝑥 − 11 −5 −3

𝑦    0    4
𝑧    2    0

| = 4𝑥 + 3𝑦 + 10𝑧 − 44 = 0 

- Compute the requested line s: 

The direction vector of the line we are looking for is perpendicular to the direction vector 

of the line 𝑟 and to the normal vector of the plane 𝛼: 

𝑣 𝑠 = 𝑣 𝑟 ∧ 𝑛⃗ 𝛼 = |
   𝑖  𝑗 𝑘⃗ 

−2 1 1
   4 3 10

| = 7 𝑖 + 24 𝑗 − 10𝑘⃗ = (7,24,−10) 

Then, the equation of the line 𝑠 is: 

𝑠: 
𝑥 − 12

7
=

𝑦 − 3

24
=

𝑧 − 6

−10
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EXERCISE 10 

Calculate the distance between the points (4,8,6)A  and (4,3,3)B . 
 

Solution: 

The distance between two points can be calculated using the next expression: 

𝑑(𝐴, 𝐵) = √(4 − 4)2 + (3 − 8)2 + (3 − 6)2 = √25 + 9 = √34 
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EXERCISE 13
 

Let  be a plane determined by the points, (9,0,0) , (10,0,1)  and (9,4,0) , and   

determined by (2,0,0) , (7,0,5)  and (2,4,0) . Calculate the distance between these 

planes. 

 Calculate the distance between the planes α and β .
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EXERCISE 14 

Let   be a plane determined by the points (9,0,0) , (10,0,1)  and (9,4,0) , and the plane 

  determined by (2,0,0) , (7,0,5)  and (2,4,0) . Calculate the bisector plane of  and . 
 

Solution: 

The procedure to obtain the bisector plane of and  is the following: 

- Calculate the plane α: 

Let denote the points 𝐴 = (9,0,0), 𝐵 = (10,0,1) and 𝐶 = (9,4,0). We obtain the normal 

vector of the plane using the vectors 𝐴𝐵⃗⃗⃗⃗  ⃗ = (1,0,1) and  𝐴𝐶⃗⃗⃗⃗  ⃗ = (0,4,0): 

𝑛⃗ 𝛼 = |
 𝑖  𝑗 𝑘⃗ 

9 0 0
0 4 0

| = −4 𝑖 + 0 𝑗 + 4𝑘⃗ = (−4,0,4) 

Then, the equation of the plane α that passing through the point 𝐴 has the associated 

vector 𝑛⃗ 𝛼 is: 

−4(𝑥 − 9) + 0(𝑦 − 0) + 4(𝑧 − 0) ⇒  𝛼: 𝑥 − 𝑧 − 9 = 0 

- Obtain the plane 𝛽: 

Let denote 𝐷 = (2,0,0), 𝐸 = (7,0,5) and 𝐹 = (2,4,0). In the same way, we obtain the 

normal vector of the plane 𝛽 using the vectors 𝐷𝐸⃗⃗⃗⃗  ⃗ = (5,0,5) and    𝐷𝐹⃗⃗ ⃗⃗  ⃗ = (0,4,0): 

𝑛⃗ 𝛽 = |
 𝑖  𝑗 𝑘⃗ 

5 0 5
0 4 0

| = −20 𝑖 + 0 𝑗 + 20𝑘⃗ = (−20,0,20) 

Then, the equation of the plane 𝛽 that passing through the point 𝐷 has the associated 

vector 𝑛⃗ 𝛽 is: 

−20(𝑥 − 2) + 0(𝑦 − 0) + 20(𝑧 − 0) ⇒  𝛽: 𝑥 − 𝑧 − 2 = 0 

- Obtain the bisector plane: 

First, we compute the line that passing through the point 𝐷 is perpendicular to the 

planes 𝛼 and 𝛽: 

𝑟: (
𝑥
𝑦
𝑧
) = (

2
0
0
) + 𝜆 (

−4
   0
   4

) ⇒ {
𝑥 = 2 − 4𝜆

𝑦 = 0
𝑧 = 4𝜆

 

Next, we calculate the intersection between the line 𝑟 and the plane 𝛼: 

(2 − 4𝜆) − 4𝜆 − 9 = 0 ⇒ 𝜆 = −
7

8
⇒ {

𝑥 = 2 + 7/2
𝑦 = 0

𝑧 = −7/2
 ⇒ 𝑃 = 𝑟 ∩ 𝛼 = (

11

2
, 0, −

7

2
) 
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And we obtain the midpoint of 𝐷𝑃̅̅ ̅̅ : 

𝑀 =
𝐷 + 𝑃

2
=

(2,0,0) + (
11
2

, 0, −
7
2
)

2
= (

15

4
, 0, −

7

4
) 

 

Finally, since the bisector plane contains the point 𝑀, this point satisfies the equation of 

the bisector plane, 𝑥 − 𝑧 + 𝐾 = 0: 

15

4
− (−

7

4
) + 𝐾 = 0 ⇒ 𝐾 = −

22

4
 

Hence, the bisector plane we are looking for is 𝑥 − 𝑧 −
22

4
= 0. 

EXERCISE 14 



Elisabete Alberdi Celaya, Irantzu Álvarez González, Aitziber Unzueta Inchaurbe, Mª Isabel Eguia Ribero  and Mª José García López 

 Calculate the distance between the lines r and s.

EXERCISE 18 

Calculate the distance between the lines  (13,0,5)(17,5,2)r  and  (3,2,0)(8,3,4)s . 
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EXERCISE 19 

Calculate the distance from the point (1,2,5)A  to the plane : 2 2 5 0x y z     . 
 
 

Solution: 

First of all, we verify that the plane 𝛼 does not contain the point 𝐴: 

2 ∙ 1 + 2 ∙ 2 − 5 − 5 = −4 ≠ 0 ⇒ 𝐴 ∉ 𝛼 

The distance between a point and a plane can be calculated using the next expression: 

𝑑(𝐴, 𝛼) =
|2 ∙ 1 + 2 ∙ 2 + (−1) ∙ 5 − 5|

√12 + 22 + 52
=

|−4|

√30
=

4

√30
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EXERCISE 20 

Calculate the distance from the line 
1 1

:
2 2 2

x y z
r

 
   to the plane : 2x z   . 

 Calculate the distance between the plane  α (perpendicular to PV)  and the line r.
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EXERCISE 21 

Calculate the distance from the point (1,3, 1)P   to the line 
0

:
0

x y
r

x y z

 


  
. 

Solution: 

First of all, we verify that the point 𝑃 is not included in the line 𝑟: { 1 − 3 ≠ 0
1 + 3 − (−1) ≠ 0

⇒ 𝑃 ∉ 𝑟 

Next, we obtain the parametric equations of the line using its implicit equations: 

{
𝑥 − 𝑦 = 0

𝑥 + 𝑦 − 𝑧 = 0
⇒ {

𝑥 − 𝑦 = 0
𝑥 + 𝑦 = 𝑧

⇒ 𝑥 =
𝑧

2
, 𝑦 =

𝑧

2
  

That is: (
𝑥
𝑦
𝑧
) = 𝜆 (

1/2
1/2
1

), so, 𝑣 𝑟 = (1,1,2). 

Finally, using any point of the line 𝑟, for example the point 𝐴 = (0,0,0), building the vector 
𝐴𝑃⃗⃗⃗⃗  ⃗ = (1,3, −1) and applying the expression to calculate the distance between a point and 
a line, we obtain that: 

𝑑(𝑃, 𝑟) =
|𝐴𝑃⃗⃗⃗⃗  ⃗ ∧ 𝑣 𝑟|

|𝑣 𝑟|
=

√72 + (−3)2 + (−2)2

√12 + 12 + 22
= √

62

6
= √

31

3
 

since  𝐴𝑃⃗⃗⃗⃗  ⃗ ∧ 𝑣 𝑟 = |
 𝑖  𝑗    𝑘⃗ 

1 3 −1
1 1    2

| = 7 𝑖 − 3 𝑗 − 2𝑘⃗  . 
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EXERCISE 22 

Calculate the distance between the lines 3 9 8
:

3 2 2

x y z
r

  
 

 
 and 3 2 1

:
2 1 2

x y z
s

  
 


. 

Solution: 

 

We consider the vectors 𝑣 𝑟 = (3,−2,−2) and 𝑣 𝑠 = (−2,1,2),  direction vectors of each line 
respectively. These two vectors are not parallel, hence the two lines are skew or the lines 
intersect in one point. 

To determine if the lines are skew or they intersect, we consider a point of each line 𝐴 =

(−3,9,8) ∈ 𝑟 and 𝐵 = (6,−7,−7) ∈ 𝑠, we build the vector 𝐴𝐵⃗⃗⃗⃗  ⃗ = (6,−7, −7) and we study 
the rank of the matrix (𝑣 𝑟 , 𝑣 𝑠, 𝐴𝐵⃗⃗⃗⃗  ⃗): 

𝑟𝑎𝑛𝑘(𝑣 𝑟 , 𝑣 𝑠, 𝐴𝐵⃗⃗ ⃗⃗  ⃗) = 𝑟𝑎𝑛𝑘 (
   3 −2    6
−2    1 −7
−2    2 −7

) = 3 

Then, 𝑟𝑎𝑛𝑘(𝑣 𝑟 , 𝑣 𝑠) = 2 ≠ 𝑟𝑎𝑛𝑘(𝑣 𝑟 , 𝑣 𝑠, 𝐴𝐵⃗⃗⃗⃗  ⃗) = 3, so, the lines are skew. The distance 

between two skew lines is given by the following expression: 

𝑑(𝑟, 𝑠) =
|(𝐴𝐵⃗⃗⃗⃗  ⃗, 𝑣 𝑟 , 𝑣 𝑠)|

|𝑣 𝑟 ∧ 𝑣 𝑠|
=

|𝐴𝐵⃗⃗⃗⃗  ⃗ ∙ (𝑣 𝑟 ∧ 𝑣 𝑠)|

|𝑣 𝑟 ∧ 𝑣 𝑠|
=

|(6, −7,−7) ∙ (−2,−2,−1)|

3
=

9

3
= 3 

since 

𝑣 𝑟 ∧ 𝑣 𝑠 = |
   𝑖  𝑗   𝑘⃗ 

   3 −2 −2
−2 1    2

| = −2 𝑖 − 2 𝑗 − 𝑘⃗  ⇒ |𝑣 𝑟 ∧ 𝑣 𝑠| = √(−2)2 + (−2)2 + (−1)2 = 3 
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EXERCISE 23 

Calculate the angle between the line 
3 1

:
2

x y
r

y z

 



 and the line s that passes through the 

points (4,1,1)  and (1,3,3) . 

 Find the angle between the lines r and s. 
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EXERCISE 27 

Define the plane  , being the line 
3 9

:
3 7

x y
s

y z

 


 
 its line of maximum inclination. 

 Find the plane  α , being lmi its line of maximum inclination.
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EXERCISE 30
Let (11, 3,3)P   and (Q --, 3, 3)   be two points. Define the vertex of a square ABCD knowing that: 

- The vertex of the square are equidistant from P  and Q . 
- The distance between the points P  and Q  is 10. 
- The point A  is included in the plane 0y  . 
- The third coordinate of the point A  (its height) is 4. 

Draw the square of vertexes ABCD equidistant to the points P and Q.  
Data:

1. The elevation of Q is -3 and it is in the first bisector. 
2. The distance between P and Q is 10. 
3. A is in the PV and its elevation is 4. 




