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LESSON V: SYMMETRIES

Given a point three different types of symmetries will be considered:

1. Symmetry with respect to a point
2. Symmetry with respect to a line
3. Symmetry with respect to a plane

5.1.G — Symmetric point with respect to another point

Given a point (A), its symmetric with respect to another point (B) is a point (S) which is
located in the line that passes through the points A and B, a distance AB from the point
B.

5.1.A — Symmetric point with respect to another point. Midpoint of a segment

Let A=(a,a,,a,) and S=(s,S,,5,) be two points. These two points A and S are

symmetric with respect to another point B, if they are the end points of the segment
AS with midpoint B.

S=(s,,S,,S;)

: o +s, a,+S, a,+S
The coordinates of the midpoint B are (ai L2 =2 3 3J.

2 2 2
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! 5.1. Mutual examples of both subjects |I

»Example 36 (A)

! Calculate the symmetric point of A=(4,3,3) with respect to the point B = (0,1,6). |

Solution: The symmetric point S =(X, Y, z) verifies:

44X 3+y 3+12
016) = == = (~4,-
()L2 _ 2J=>S(—4L9)

» Example 36 (G)

Obtain the symmetric point of A with respect to the point B.

Solution: We join the points A and B, and the segment AB is extended a distance AB
starting from the point B. In this way the symmetric point S of the point A is calculated.

5.2.G — Symmetric point with respect to a line

Given a point (A), its symmetric point (S) with respect to a line (r) is located in a line
that intersects and is perpendicular to the given line r. Assuming that the point of
intersection between the lines is I, the symmetric point S is located a distance Al from
the point I. It means that the symmetric point S is in a perpendicular plane to the line r,
passing through A. The steps to obtain the symmetric point are the following:
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1. Calculate the plane =z, which is perpendicular to the line (r) and passes through
the point (A)

2. Calculate the point of intersection (I) between the line (r) and the plane ()

3. Calculate the symmetric point (S) of the point A with respect to the point |

5.2.A — Symmetric point with respect to a line

Let A=(a,a,,a,) and S=(s,,s,,5,) be two points. These points are symmetric with
respect to the line r, if they are the end points of the segment AS with bisector r.

S=(s,S,,S;)

A=(a,a,,a;) Q=(0,,9,.0;)

The point Q, intersection point between the segment AS and the line r, is the

projection of the point A in the line r. The points A and S are symmetric with respect
to the point Q. The steps to obtain the symmetric point of A with respect to the line r

are the following:

1. Calculate the plane 7, which is perpendicular to the line r and passes through the
point A.

2. Calculate the point of intersection Q between the line r and the plane 7.

3. Calculate the symmetric point S of the point A with respect to the point Q.

Elisabete Alberdi Celaya, Irantzu Alvarez Gonzdlez, Aitziber Unzueta Inchaurbe, M? Isabel Equia Ribero and 3
M?¢ José Garcia Lopez

@EE0

W BA



% OCW

Universidad  Euskal Heriko
i Pais Vasco  Unibertsitatea

» Example 37 (A)

Calculate the symmetric point of A=(4,22) with respect to the Iline
r_x—6_y—1_z—5
4 2 -3

Solution: We will calculate the plane which is perpendicular to the line r and passes
through the point A. The direction vector of the line will be the normal vector of this
plane: «:4x+2y—-3z+D=0

We will make the plane pass through the point A: 4-4+2-2-3-2+D=0=D=-14
Hence, the plane is given by: «:4x+2y—-3z-14=0.

X—-2y=4

The implicit equations of the line r are the following: r:
3y+2z=13

Next, we will obtain the point of intersection Q between the line r and the plane «:

x-2y=4 186 25 136
_) 3y+27-13 = Q== £2 199}
Q y+ Q (29 29 29J
4x+2y—-3z=14

Finally, the symmetric point of A with respect to the point Q is calculated:

2 2 2

186 25 136) (4+X 2+y 2+2 . 256 8 214
29’ 29’ 29

29 '29’ 29 29 29' 29

5.3.G — Symmetric point with respect to a plane

Given a point (A), its symmetric point (S) with respect to a plane (a) is located in a line
(p) that passes through A and is perpendicular to the given plane. Assuming that the
point of intersection between the line (p) and the plane is I, the symmetric point S is
located in the line p a distance Al from the point I. The steps to obtain the symmetric
point are the following:

1. Calculate the line p, which is perpendicular to the plane (o) and passes through the
point (A)

2. Calculate the point of intersection (I) between the line (p) and the plane (o)

3. Calculate the symmetric point (S) of the given point (A) with respect to the point |
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5.3.A — Symmetric point with respect to a plane

Let A=(a,a,,a,) and S=(s,,s,,5,) be two points. These points are symmetric with
respect to the plane 7, if they are the end points of the segment AS with bisector 7.

/

A:(al,az,ag) Qz(qquvqs)

S = (51- S2’53)

\

The point Q, intersection point between the segment AS and the plane 7, is the

projection of the point A in the plane 7. The points A and S are symmetric with
respect to the point Q. The steps to obtain the symmetric point of A with respect to the

plane 7 are the following:

1. Calculate the line r, which is perpendicular to the plane 7 and passes through the
point A.

2. Calculate the point of intersection Q between the line r and the plane 7.

3. Calculate the symmetric point S of the point A with respect to the point Q.

! 5.3. Mutual examples of both subjects |I

» Example 38 (A)

Determine the symmetric point of A= (5,0,0) with respect to the plane «:4x—-y—-4z=8

Solution: We will calculate the line that passing through the point A is perpendicular to
the given plane « . We will use the normal vector of the plane as the direction vector of
the line:a = (4,-1,-4)
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Xx-5 'y z {5—x:4y
: = =
4y =7

Next, the point of intersection between the line r and the plane a will be calculated:

TX=4Y 39 4 16
= 4 =7 s = —,—,— |.
Q y Q Lll 11 11J
4x-y—-4z=38

Finally the symmetric point of A with respect to the point Q is calculated:

(B8
11'11'11

(Q 4 EJ:(5+X 0+y 0+2J s

11'11'11 2 2 2

» Example 38 (G)

Given a point A, determine its symmetric point with respect to the plane a.

o8 QL.
S'I
<
&

QII
RS
V\ 11}
<r
9 # i
* A-A" T — A-A
Q s
A0
40
al al

Solution:

The line r that passing through the point A is perpendicular to the plane o is
determined. We will use an auxiliary plane to calculate the intersection between the line
r and the plane a. In the line r we take the distance AQ starting from the point Q and
the symmetric point of A (the point S) is obtained.
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