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✺✳✶✹✳ Pr♦❜❧❡♠❛❦

❊s❦✉③ ❡❜❛③t❡❦♦ ♣r♦❜❧❡♠❛❦✿

✶✳ ❋❛❦t♦r✐③❛t✉ ♠❛tr✐③❡ ❤❛✉❡❦ LU ❞❡s❦♦♥♣♦s✐③✐♦❛r❡♥ ❜✐❞❡③ ❡t❛ ♣✐❜♦t❛t③❡ ♣❛rt③✐❛❧❛ ❡r❛❜✐❧✐③✿

a)







1 3 2
1 5 3
2 4 −6





 b)







−1 2 9
1 1 6
1 −2 3







c)







−5 2 −1
1 0 3
3 1 6





 d)







2 −1 1
3 3 9
3 3 5







e)











1 1 0 4
2 −1 5 0
5 2 1 2
−3 0 2 6











f)











4 8 4 0
1 5 4 −3
1 4 7 2
1 3 0 −2











❩❡✐♥ ❞✐r❛ ♠❛tr✐③❡ ❤♦r✐❡♥ ❜❛t✲♥♦r♠❛ ❡t❛ ✐♥✜♥✐t✉✲♥♦r♠❛❄

❆✉r❦✐t✉ ♠❛tr✐③❡ ❤♦r✐❡♥ ❜❛❧❞✐♥t③❛③❦♦ ③❡♥❜❛❦✐❛❦ ❜✐ ♥♦r♠❛ ❤♦r✐❡t❛r❛❦♦ ✭❤♦ts✱ κ1 ❡t❛ κ∞✮✳

✷✳ ❊❜❛t③✐ s✐st❡♠❛ ❧✐♥❡❛❧ ❤❛✉❡❦ LU ❞❡s❦♦♥♣♦s✐③✐♦❛r❡♥ ❜✐❞❡③ ❡t❛ ♣✐❜♦t❛t③❡ ♣❛rt③✐❛❧❛ ❡r❛❜✐✲
❧✐③✿

a) x1 + 3x2 + 2x3 = 5
x1 + 5x2 + 3x3 = 10

2x1 + 4x2 − 6x3 = −4

c) −5x1 + 2x2 − x3 = 2
x1 + 3x3 = 2

3x1 + x2 + 6x3 = 2

e) x1 + x2 + 4x4 = 5
2x1 − 1x2 + 5x3 = −6

5x1 + 2x2 + x3 + 2x4 = 3
−3x1 + 2x3 + 6x4 = 4

b) −x1 + 2x2 + 9x3 = 2
x1 + x2 + 6x3 = 7

x1 − 2x2 + 3x3 = 10

d) 2x1 − x2 + x3 = −1
3x1 + 3x2 + 9x3 = 0
3x1 + 3x2 + 5x3 = 4

f) 4x1 + 8x2 + 4x3 = 8
x1 + 5x2 + 4x3 − 3x4 = −4
x1 + 4x2 + 7x3 + 2x4 = 10

x1 + 3x2 − 2x4 = −4

✶✹✺



✶✹✻ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

✸✳ ❋❛❦t♦r✐③❛t✉ ♠❛tr✐③❡ s✐♠❡tr✐❦♦ ❤❛✉❡❦✱ RRRtRRR ❡r❛♥✱ ❈❤♦❧❡s❦②r❡♥ ♠❡t♦❞♦❛ ❡r❛❜✐❧✐③✿

a)







4 −2 2
−2 2 −1
2 −1 10





 b)







6 15 55
15 55 225
55 225 979







c)







2 −1 0
−1 2 −1
0 −1 2





 d)











4 1 1 1
1 3 −1 1
1 −1 2 0
1 1 0 2











e)











6 2 1 −1
2 4 1 0
1 1 4 −1
−1 0 −1 3











f)











4 1 −1 0
1 3 −1 0
−1 −1 5 2
0 0 2 4











❩❡✐♥ ❦❛s✉t❛♥ ❞❛ ♠❛tr✐③❡❛ ❤❡rts✐❦✐ ❞✐❛❣♦♥❛❧ ♠❡♥♣❡r❛t③❛✐❧❡❄ ❍♦r✐ ❣❡rt❛t③❡♥ ❞❡♥❡❛♥✱
♥♦❧❛❦♦❛ ❞❛ ♠❛tr✐③❡❛❄ ❑❛❧❦✉❧❛t✉ ❛✮✲❢✮ s✐st❡♠❡t❛r❛❦♦ ❜❛❧❞✐♥t③❛③❦♦ ③❡♥❜❛❦✐❛r❡♥ ❜❡❤❡✲
❜♦r♥❡ ❜❛t✳

✹✳ ❙✐st❡♠❛ ❤❛✉❡t❛r❛❦♦✱ ❛✉r❦✐t✉ ❏❛❝♦❜✐r❡♥ ❡t❛ ●❛✉ss✲❙❡✐❞❡❧❡♥ ❧❡❤❡♥❡♥❣♦ ❤✐r✉ ✐t❡r❛③✐♦❛❦✱
xxx(0) = 000 ❡r❛❜✐❧✐③✿

a) −x1 + 3x2 = 1
6x1 − 2x2 = 2

c) 3x1 − 0.1x2 − 0.2x3 = 7.85
0.1x1 + 7x2 − 0.3x3 = −19.3
0.3x1 − 0.2x2 + 10x3 = 71.4

e) 2x1 − x2 + 10x3 = −11
3x2 − x3 + 8x4 = −11
10x1 − x2 + 2x3 = 6

−x1 + 11x2 − x3 + 3x4 = 25

b) 5x1 − x2 + x3 = 10
2x1 + 8x2 − x3 = 11
−x1 + x2 + 4x3 = 3

d) 2x1 − x2 + x3 = −1
3x1 + 3x2 + 9x3 = 0
3x1 + 3x2 + 5x3 = 4

f) 4x1 − 2x2 = 0
−2x1 + 5x2 − x3 = 2
−x2 + 4x3 + 2x4 = 3

2x3 + 3x4 = −2

❩❡✐♥ ❞❛ ♠❡t♦❞♦ ❜❛❦♦✐t③❡❦♦ ③❡❤❛③t❛s✉♥ ❡r❧❛t✐❜♦❛ ❤✐r✉❣❛rr❡♥ ✐t❡r❛③✐♦❛♥❄ ❩❡✐♥ ♠❡t♦❞♦❦
❡❣✐t❡♥ ❞✉ ❦♦♥❜❡r❣❡♥t③✐❛ ❛③❦❛rr❡♥ ✭❡❣✐t❡♥ ❜❛❞✉✮❄ ❙♦❧✉③✐♦ ❜❛t❡r❛ ❥♦t③❡♥ ❞✉t❡ ♠❡t♦❞♦
✐t❡r❛t✐❜♦ ❤❛✉❡❦❄ ❩❡✐♥❡t❛r❛❄ ❙✐st❡♠❛ ❜❛t❡r❛❦♦ ♣r♦③❡s✉ ✐t❡r❛t✐❜♦ ❤♦r✐❡❦ ❤❛s✐ ❜❛✐♥♦
❧❡❤❡♥✱ ❥❛❦✐♥ ❞❡③❛❦❡❣✉ ❦♦♥❜❡r❣❡♥t❡❛❦ ❞✐r❡♥❄ ❩❡r❣❛t✐❦❄
(

❖❤❛rr❛✿ k✳ ✐t❡r❛③✐♦❦♦ ③❡❤❛③t❛s✉♥ ❡r❧❛t✐❜♦❛ =
‖xxx(k) − xxx(k−1)‖∞

‖xxx(k)‖∞

)

✺✳ ❆✉r❦✐t✉ ❧❡❤❡♥❡♥❣♦ ♣r♦❜❧❡♠❛❦♦ ♠❛tr✐③❡❡♥ QR ❢❛❦t♦r✐③❛③✐♦❛✱ ❡r❛❜✐❧✐t❛❦♦ ❍♦✉s❡❤♦❧❞❡r❡♥
❜❡❦t♦r❡❛❦ ❡t❛ ♠❛tr✐③❡❛❦ ❡♠❛♥❡③✳ ❊r❛❦✉ts✐✱ ✉rr❛ts❡③ ✉rr❛ts✱ ❡❣✐♥❞❛❦♦ ❡r❛❣✐❦❡t❛ ♥❛❣✉✲
s✐❛❦✳ ✭❇❡❣✐r❛ ❡③❛③✉ ✺✳✹✳ ❛❞✐❜✐❞❡❛✮✳

✶✹✻
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✻✳ ❊❜❛t③✐ ❜✐❣❛rr❡♥ ♣r♦❜❧❡♠❛❦♦ s✐st❡♠❛❦✱ ❛✉rr❡❦♦ ♣r♦❜❧❡♠❛♥ ❛✉r❦✐t✉t❛❦♦QR ❢❛❦t♦r✐③❛③✐♦❛❦
❡r❛❜✐❧✐③✳

✼✳ (a) ■③❛♥ ❜❡❞✐ UUU ♠❛tr✐③❡ ❡③✲s✐♥❣✉❧❛r ❣♦✐✲tr✐❛♥❣❡❧✉❛rr❛✳ ❋r♦❣❛t✉ UUU−1✲❡♥ ❞✐❛❣♦♥❛❧❡❦♦
❣❛✐❛❦ UUU ✲r❡♥ ❞✐❛❣♦♥❛❧❡❦♦ ❣❛✐❡♥ ❡rr❡③✐♣r♦❦♦❛❦ ❞✐r❡❧❛✳

(b) ❆✉rr❡❦♦ ❛t❛❧❛r❡♥ ❡♠❛✐t③❛ ❡r❛❜✐❧✐③✱ ❢r♦❣❛t✉ ❤❛✉ ❜❡t❡t③❡♥ ❞❡❧❛✿

‖UUU‖∞ ≥ max
i

|uii| ❡t❛ ‖UUU−1‖∞ ≥
1

mini |uii|
.

❇✐ ❞❡s❜❡r❞✐♥t③❛ ❤♦r✐❡❦ ♥♦r♠❛ ✐♥✜♥✐t✉r❛❦♦ ❤❛✉ ✐♥♣❧✐❦❛t③❡♥ ❞✉t❡✿

κ∞(UUU) ≥
maxi |uii|

mini |uii|
.

❉❡s❜❡r❞✐♥t③❛ ❤♦rr❡♥ ❡s❦✉✐♥ ❛❧❞❡❦♦ ❦❛♥t✐t❛t❡❛ s❛rr✐ ❡r❛❜✐❧t③❡♥ ❞✉❣✉ ♠❛tr✐③❡ ❣♦✐✲tr✐❛♥❣❡❧✉❛r
❜❛t❡♥ ❜❛❧❞✐♥t③❛③❦♦ ③❡♥❜❛❦✐❛r❡♥ ❤✉r❜✐❧♣❡♥❛ ❜❡③❛❧❛✳

✽✳ ■③❛♥ ❜✐t❡③ AAAxxx = bbb s✐st❡♠❛ ❣❛✐♥❞❡t❡r♠✐♥❛t✉ ❤❛✉❡❦✿

a) AAA =







1 1
2 −3
0 0





 ❡t❛ bbb =







3
1
2





 b) AAA =







−1 1
2 1
1 −2





 ❡t❛ bbb =







10
5
20







c) AAA =











1 1 1
−1 1 1
−1 0 1
1 0 1











❡t❛ bbb =











4
0
1
2











d) AAA =







1 2
2 4
−1 −2





 ❡t❛ bbb =







3
2
1







e) AAA =







1 1
−1 3
1 2






❡t❛ bbb =







−2
0
8






f) AAA =











1 −1 0
3 −1 2
−1 5 4
0 2 2











❡t❛ bbb =











1
5
3
4











❊❜❛t③✐ s✐st❡♠❛ ❤♦r✐❡❦ ❡❦✉❛③✐♦ ♥♦r♠❛❧❛❦ ❡r❛❜✐❧✐③✳ ❩❡✐♥ ❞❛ ❜❡r❡♥ ❤♦♥❞❛rr❛r❡♥ ♥♦r♠❛
❡✉❦❧✐❞❡❛rr❛❄

✾✳ ❊❜❛t③✐ ❛✉rr❡❦♦ ♣r♦❜❧❡♠❛r❡♥ s✐st❡♠❛❦✱ QR ❢❛❦t♦r✐③❛③✐♦❛r❡♥ ❜✐t❛rt❡③✳ ❑❛❧❦✉❧❛ ❡③❛③✉
❤♦♥❞❛rr❛r❡♥ ♥♦r♠❛ ❡✉❦❧✐❞❡❛rr❛✳

✶✵✳ ■③❛♥ ❜❡❞✐ AAAxxx = bbb s✐st❡♠❛ ❣❛✐♥❞❡t❡r♠✐♥❛t✉❛✱ ♥♦♥

AAA =







1 1
1 1
0 0.001





 ❡t❛ bbb =







2
2
1







✭❛✮ ❩❡✐♥ ❞❛ ❡❦✉❛③✐♦ ♥♦r♠❛❧❡✐ ❞❛❣♦❦✐❡♥ ♠❛tr✐③❡❛r❡♥ ❜✐✲♥♦r♠❛r❛❦♦ ❜❛❧❞✐♥t③❛③❦♦ ③❡♥✲
❜❛❦✐❛❄

✶✹✼
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✭❜✮ ❩❡✐♥ ❞✐r❛ QR ❢❛❦t♦r✐③❛③✐♦r❛❦♦ RRR ♠❛tr✐③❡❛ ❡t❛ RRR✲r❡♥ ❜✐✲♥♦r♠❛r❛❦♦ ❜❛❧❞✐♥t③❛③❦♦
③❡♥❜❛❦✐❛❄ ❩❡✐♥ ❞❛ AAA✲r❡♥ ❜✐✲♥♦r♠❛r❛❦♦ ❜❛❧❞✐♥t③❛③❦♦ ③❡♥❜❛❦✐❛❄

✭❝✮ ❑♦♥♣❛r❛t✉ ❛✉rr❡❦♦ ❜✐ ❛t❛❧❡t❛♥ ❧♦rt✉t❛❦♦ ❜❛❧❞✐♥t③❛③❦♦ ③❡♥❜❛❦✐❛❦✳ ❩❡r ❡s❛♥ ❞❡③❛✲
❦❡❣✉❄

✭❞✮ ❊❜❛t③✐ s✐st❡♠❛ ❤♦r✐ ❜✐ ♠❡t♦❞♦❛❦ ❧❛✉ ③✐❢r❛ ❡s❛♥❣❛rr✐r❡❦✐♥ ❡r❛❜✐❧✐③✱ ❡t❛ ❦♦♥♣❛r❛t✉
❡♠❛✐t③❛❦✳

✶✶✳ ❆✉r❦✐t✉ f(x) = ax+b ❢✉♥t③✐♦ ❧✐♥❡❛❧ ❤♦❜❡r❡♥❛✱ ♠✐♥✐♠♦ ❦❛rr❛t✉❡♥ ③❡♥t③✉❛♥✱ ❞❛t✉ ♠✉❧t③♦
❤❛✉❡t❛r❛❦♦✿

a)
x ✲✶ ✵ ✶ ✷
y ✸ ✷ ✵ ✹

b)
x ✲✸ ✲✶ ✶ ✸
y ✶✺ ✺ ✶ ✺

▼❛rr❛③t✉ a) ❦❛s✉r❛❦♦ ❢✉♥t③✐♦ ❧✐♥❡❛❧❛ ❡t❛ ❞❛t✉❛❦✱ ❦♦♦r❞❡♥❛t✉✲s✐st❡♠❛ ❦❛rt❡s✐❛r ❜❛t❡❛♥✳

✶✷✳ ❆✉r❦✐t✉ f(x) = ax2 + bx + c ♣❛r❛❜♦❧❛ ❤♦❜❡r❡♥❛✱ ♠✐♥✐♠♦ ❦❛rr❛t✉❡♥ ③❡♥t③✉❛♥✱ ❞❛t✉
♠✉❧t③♦ ❤❛✉❡t❛r❛❦♦✿

a)
x ✲✶ ✵ ✶ ✷
y ✸ ✷ ✵ ✹

b)
x ✲✸ ✲✶ ✶ ✸
y ✶✺ ✺ ✶ ✺

▼❛rr❛③t✉ a) ❦❛s✉r❛❦♦ ❢✉♥t③✐♦ ❦♦❛❞r❛t✐❦♦❛ ❡t❛ ❞❛t✉❛❦✱ ❦♦♦r❞❡♥❛t✉✲s✐st❡♠❛ ❦❛rt❡s✐❛r
❜❛t❡❛♥✳ a) ❡t❛ b)♠✉❧t③♦ ❜❛❦♦✐t③❛r✐✱ ❜✐ ❢✉♥t③✐♦❡t❛❦♦ ③❡✐♥ ❡❣♦❦✐t③❡♥ ③❛✐♦ ♦♥❞♦❡♥❄ ▲✐♥❡❛❧❛
❡❞♦ ❦♦❛❞r❛t✐❦♦❛❄ ❩❡r❣❛t✐❦❄

✶✸✳ ■③❛♥ ❜❡❞✐ ♠❛tr✐③❡ ❤❛✉✿

AAA =







1 2 3
1 1 2.5
1 0 2







✭❛✮ ❆✉r❦✐t✉ K(AAA) ❛③♣✐❡s♣❛③✐♦❛r❡♥ ♦✐♥❛rr✐ ♦rt♦♥♦r♠❛❧ ❜❛t QR✲❢❛❦t♦r✐③❛③✐♦❛ ❡r❛❜✐❧✐③✳

✭❜✮ ❆✉r❦✐t✉ K(AAA)✲r❡♥ ❛③♣✐❡s♣❛③✐♦ ♥✉❧✉❛r❡♥ ♦✐♥❛rr✐ ♦rt♦♥♦r♠❛❧ ❜❛t QR✲❢❛❦t♦r✐③❛③✐♦❛
❡r❛❜✐❧✐③✳

✭❝✮ ❆✉r❦✐t✉ AAAxxx = bbb s✐st❡♠❛r❡♥ xxxB ♦✐♥❛rr✐✲s♦❧✉③✐♦❛✱ ❜❛❧❞✐♥ bbb = [1 3 5]t ❜❛❞❛✳

✭❞✮ ❆✉r❦✐t✉ AAAxxx = bbb s✐st❡♠❛r❡♥ xxxLM s♦❧✉③✐♦❛❀ ❤♦ts✱ ♥♦r♠❛ ❡✉❦❧✐❞❡❛r ♠✐♥✐♠♦❛ ❞✉❡♥
♠✐♥✐♠♦ ❦❛rr❛t✉❡♥ ♣r♦❜❧❡♠❛r❡♥ s♦❧✉③✐♦❛✳

✶✹✳ ■③❛♥ ❜❡❞✐ ♠❛tr✐③❡ ❤❛✉✿

AAA =











1 2 3
1 5 6
1 8 9
1 11 12











✭❛✮ ❍❡✐♥ ✉rr✐❦♦❛ ❞❛❄ ❆rr❛③♦✐t✉ ❡r❛♥t③✉♥❛✳

✭❜✮ ❑❛❧❦✉❧❛ ❡③❛③✉ ❜❡r❡ QR✲❢❛❦t♦r✐③❛③✐♦❛✱ ③✉t❛❜❡❡♥ ♣❡r♠✉t❛③✐♦❛❦ ❡❣✐♥❡③✱ ❜❡❤❛rr❡③❦♦❛
❜❛❞❛✳

✭❝✮ ❆✉r❦✐t✉ K(AAA) ❛③♣✐❡s♣❛③✐♦❛r❡♥ ♦✐♥❛rr✐ ♦rt♦♥♦r♠❛❧ ❜❛t QR✲❢❛❦t♦r✐③❛③✐♦❛ ❡r❛❜✐❧✐③✳

✶✹✽



✺✳✶✹✳ Pr♦❜❧❡♠❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✹✾

✭❞✮ ❆✉r❦✐t✉ K(AAA)✲r❡♥ ❛③♣✐❡s♣❛③✐♦ ♥✉❧✉❛r❡♥ ♦✐♥❛rr✐ ♦rt♦♥♦r♠❛❧ ❜❛t QR✲❢❛❦t♦r✐③❛③✐♦❛
❡r❛❜✐❧✐③✳

✭❡✮ ❆✉r❦✐t✉ AAAxxx = bbb s✐st❡♠❛r❡♥ xxxB ♦✐♥❛rr✐✲s♦❧✉③✐♦❛✱ ❜❛❧❞✐♥ bbb = [2 1 4 3]t ❜❛❞❛✳

✭❢✮ ❆✉r❦✐t✉ AAAxxx = bbb s✐st❡♠❛r❡♥ xxxLM s♦❧✉③✐♦❛❀ ❤♦ts✱ ♥♦r♠❛ ❡✉❦❧✐❞❡❛r ♠✐♥✐♠♦❛ ❞✉❡♥
♠✐♥✐♠♦ ❦❛rr❛t✉❡♥ ♣r♦❜❧❡♠❛r❡♥ s♦❧✉③✐♦❛✳

▼❆❚▲❆❇❡③ ♣r♦❣r❛♠❛t③❡❦♦ ♣r♦❜❧❡♠❛❦✿

✶✺✳ ●❛r❛t✉ ❏❛❝♦❜✐r❡♥ ✐t❡r❛③✐♦r❛❦♦ ▼✲✜t①❛t❡❣✐ ❜❛t✱ ❥❛❝♦❜✐✳♠ ✐③❡♥❡❦♦❛✳ Pr♦❣r❛♠❛ ❤♦rr❡❦
AAAxxx = bbb s✐st❡♠❛ ❧✐♥❡❛❧❛✱ ♥♦♥AAA ∈ IRn×n ❤❡rts✐❦✐ ❞✐❛❣♦♥❛❧ ♠❡♥♣❡r❛t③❛✐❧❡❛ ❜❛✐t❛✱ ❡❜❛③t❡❦♦
❣❛✐ ✐③❛♥ ❜❡❤❛r ❞✉✳ Pr♦❣r❛♠❛ ❤♦rr❡❦ ❣♦✐❜✉r✉ ❤❛✉ ✐③❛♥ ❜❡❤❛r ❞✉✿

❢✉♥❝t✐♦♥ ①❂❥❛❝♦❜✐✭❆✱❜✱①✵✱③❡✱✐♠❛①✮✱

♥♦♥ ① s♦❧✉③✐♦❛r❡♥ ❤✉r❜✐❧♣❡♥ ❜❛t ❜❛✐t❛✱ ①✵ ❤❛s✐❡r❛❦♦ ❤✉r❜✐❧♣❡♥ ❜❛t ❡t❛ ③❡ ❡t❛ ✐♠❛①

❡s❦❛t✉t❛❦♦ ③❡❤❛③t❛s✉♥ ❡r❧❛t✐❜♦❛ ❡t❛ ✐t❡r❛③✐♦❡♥ ❦♦♣✉r✉ ♠❛①✐♠♦❛ ❜❛✐t✐r❛✱ ❤✉rr❡♥❡③ ❤✉✲
rr❡♥✳ Pr♦❣r❛♠❛r❡♥ ❡①❡❦✉③✐♦❛ ❜✉❦❛t✉❦♦ ❞❛ k✲❣❛rr❡♥ ✐t❡r❛③✐♦❛♥ ❧♦rt✉t❛❦♦ ③❡❤❛③t❛s✉♥
❡r❧❛t✐❜♦❛❦ ❤❛✉ ❜❡t❡t③❡♥ ❞✉❡♥❡❛♥✿

‖xxx(k) − xxx(k−1)‖∞
‖xxx(k)‖∞

≤ ze,

❡❞♦ k = imax ❞❡♥❡❛♥✳

❆✉❦❡r❛t✉ s✐st❡♠❛ ❧✐♥❡❛❧ ❡❣♦❦✐ ❜❛t ❡t❛ ❡❣✐❛③t❛t✉ ♣r♦❣r❛♠❛ ❤♦rr❡❦ ❡❜❛③t❡♥ ❞✉❡❧❛✳

✶✻✳ ●❛r❛t✉ ●❛✉ss✲❙❡✐❞❡❧❡♥ ✐t❡r❛③✐♦r❛❦♦ ▼❆❚▲❆❇❡❦♦ ▼✲✜t①❛t❡❣✐ ❜❛t ❣❛✉sss❡✐❞❡❧✳♠ ✐③❡✲
♥❡❦♦❛✳ Pr♦❣r❛♠❛ ❤♦rr❡❦ AAAxxx = bbb s✐st❡♠❛ ❧✐♥❡❛❧❛✱ ♥♦♥ AAA ∈ IRn×n ❤❡rts✐❦✐ ❞✐❛❣♦♥❛❧
♠❡♥♣❡r❛t③❛✐❧❡❛ ❜❛✐t❛✱ ❡❜❛③t❡❦♦ ❣❛✐ ✐③❛♥ ❜❡❤❛r ❞✉✳ Pr♦❣r❛♠❛ ❤♦rr❡❦ ❣♦✐❜✉r✉ ❤❛✉ ✐③❛♥
❜❡❤❛r ❞✉✿

❢✉♥❝t✐♦♥ ①❂❣❛✉sss❡✐❞❡❧✭❆✱❜✱①✵✱③❡✱✐♠❛①✮✱

♥♦♥ ① s♦❧✉③✐♦❛r❡♥ ❤✉r❜✐❧♣❡♥ ❜❛t ❜❛✐t❛✱ ①✵ ❤❛s✐❡r❛❦♦ ❤✉r❜✐❧♣❡♥ ❜❛t ❡t❛ ③❡ ❡t❛ ✐♠❛①

❡s❦❛t✉t❛❦♦ ③❡❤❛③t❛s✉♥ ❡r❧❛t✐❜♦❛ ❡t❛ ✐t❡r❛③✐♦❡♥ ❦♦♣✉r✉ ♠❛①✐♠♦❛ ❜❛✐t✐r❛✱ ❤✉rr❡♥❡③ ❤✉✲
rr❡♥✳ Pr♦❣r❛♠❛r❡♥ ❡①❡❦✉③✐♦❛ ❜✉❦❛t✉❦♦ ❞❛ k✲❣❛rr❡♥ ✐t❡r❛③✐♦❛♥ ❧♦rt✉t❛❦♦ ③❡❤❛③t❛s✉♥
❡r❧❛t✐❜♦❛❦ ❤❛✉ ❜❡t❡t③❡♥ ❞✉❡♥❡❛♥✿

‖xxx(k) − xxx(k−1)‖∞
‖xxx(k)‖∞

≤ ze,

❡❞♦ k = imax ❞❡♥❡❛♥✳

❆✉❦❡r❛t✉ s✐st❡♠❛ ❧✐♥❡❛❧ ❡❣♦❦✐ ❜❛t ❡t❛ ❡❣✐❛③t❛t✉ ♣r♦❣r❛♠❛ ❤♦rr❡❦ ♦♥❞♦ ❡❜❛③t❡♥ ❞✉❡❧❛✳

✶✼✳ ■③❛♥ ❜❡❞✐ AAAxxx = bbb s✐st❡♠❛ ❧✐♥❡❛❧ ❣❛✐♥❞❡t❡r♠✐♥❛t✉❛✱ ♥♦♥ AAA ∈ IRm×n ✭m > n✮ ❤❡✐♥
❜❡t❡❦♦❛ ❞❡♥✳ ●❛r❛t✉ ▼✲✜t①❛t❡❣✐ ❜❛t s✐st❡♠❛ ❤♦r✐ ❡❜❛③t❡❦♦✱ ❡❦✉❛③✐♦ ♥♦r♠❛❧❛❦ ❡r❛❜✐❧✐③❀
♣r♦❣r❛♠❛ ❤♦rr❡❦ ❡❦♥♦r♠❛❧❛❦✳♠ ✐③❡♥❛ ✐③❛♥❣♦ ❞✉ ❡t❛ ❣♦✐❜✉r✉ ❤❛✉✿

❢✉♥❝t✐♦♥ ❬①✱❤❪❂❡❦♥♦r♠❛❧❛❦✭❆✱❜✮

♥♦♥ ① s✐st❡♠❛r❡♥ s♦❧✉③✐♦ ❜❛❦❛rr❛ ❜❛✐t❛ ❡t❛ ❤ ❤♦♥❞❛r ❜❡❦t♦r❡❛r❡♥ ♥♦r♠❛ ❡✉❦❧✐❞❡❛rr❛✳

❆✉❦❡r❛t✉ s✐st❡♠❛ ❧✐♥❡❛❧ ❡❣♦❦✐ ❜❛t ❡t❛ ❡❣✐❛③t❛t✉ ♣r♦❣r❛♠❛ ❤♦rr❡❦ ♦♥❞♦ ❡❜❛③t❡♥ ❞✉❡❧❛✳

✶✹✾


