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✸✳✺✳ Pr♦❜❧❡♠❛❦

✶✳ ❇✐❤✉rt✉ ③❡♥❜❛❦✐ ❜✐t❛r ❤❛✉❡❦ ③❡♥❜❛❦✐ ❞❡③✐♠❛❧✿

✭❛✮ 10101bi

✭❜✮ 11111110bi

✭❝✮ 0.11011bi

✭❞✮ 0.1010101bi

✭❡✮ 1.0110101bi

✭❢✮ 11000101.101bi

✷✳ ❇✐❤✉rt✉ ③❡♥❜❛❦✐ ❞❡③✐♠❛❧ ❤❛✉❡❦ ③❡♥❜❛❦✐ ❜✐t❛r✿

✭❛✮ ✷✸

✭❜✮ ✸✼✽

✭❝✮ ✵✳✻

✭❞✮ ✼✴✶✻

✭❡✮ ✷✸✴✸✷

✭❢✮ ✶✴✼

✸✳ ■❞❛t③✐ ✽✶✱ ✻✻✳✷✺ ❡t❛ ✲✵✳✻✷✺ ③❡♥❜❛❦✐❛❦ ❡r❛ ❤❛✉❡t❛♥✿

✭❛✮ ❊r❛ ❜✐t❛rr❡❛♥✳

✭❜✮ ❑♦♠❛ ♠✉❣✐❦♦rr❡❦♦ ❡r❛ ♥♦r♠❛❧✐③❛t✉❛♥✳

✭❝✮ ✸✷ ❜✐t✲❡❦♦ ③❡❤❛③t❛s✉♥ ❜❛❦✉♥❡❦♦ ❦❛t❡ ❜❛t❡♥ ❜✐❞❡③ ✭■❊❊❊✲✼✺✹ ❡st❛♥❞❛rr❡❛♥✮✳

✹✳ ■❞❛t③✐ ✷✺✻✳✶✽✼✺✱ ✲✸✵✾✺✷ ❡t❛ ✲✵✳✵✵✸✷ ③❡♥❜❛❦✐❛❦ ❡r❛ ❤❛✉❡t❛♥✿

✭❛✮ ❊r❛ ❜✐t❛rr❡❛♥✳

✭❜✮ ❑♦♠❛ ♠✉❣✐❦♦rr❡❦♦ ❡r❛ ♥♦r♠❛❧✐③❛t✉❛♥✳

✭❝✮ ✻✹ ❜✐t✲❡❦♦ ③❡❤❛③t❛s✉♥ ❜✐❦♦✐t③❡❦♦ ❦❛t❡ ❜❛t❡♥ ❜✐❞❡③ ✭■❊❊❊✲✼✺✹ ❡st❛♥❞❛rr❡❛♥✮✳

✺✳ ❆✉r❦✐t✉ R−0.d1d2d3d4d5d6d7bi ❤✉r❜✐❧t③❡✲❡rr♦r❡❛✱ ③❛③♣✐ ③✐❢r❛ ❡s❛♥❣❛rr✐❦♦ ❤✉r❜✐❧♣❡♥ ❜✐t❛r
❤❛✉❡t❛♥✿

✭❛✮ R = 1/10 ≈ 0.0001100bi

✭❜✮ R = 1/7 ≈ 0.0010010bi

✻✳ ❙❡r✐❡ ❣❡♦♠❡tr✐❦♦ ❦♦♥❜❡r❣❡♥t❡❡♥ ❜❛t✉r❛r❡♥ ❢♦r♠✉❧❛ ❡r❛❜✐❧✐③✱ ❢r♦❣❛t✉ ✶✴✼❂0.001bi ❣❛r❛✲

♣❡♥ ❜✐t❛rr❛ ❡t❛
1

7
=

1

8
+

1

64
+

1

512
+ . . . ❜❛❧✐♦❦✐❞❡❛❦ ❞✐r❡❧❛✳
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✼✳ ❙❡r✐❡ ❣❡♦♠❡tr✐❦♦ ❦♦♥❜❡r❣❡♥t❡❡♥ ❜❛t✉r❛r❡♥ ❢♦r♠✉❧❛ ❡r❛❜✐❧✐③✱ ❢r♦❣❛t✉ ✶✴✺❂0.0011bi ❣❛r❛✲

♣❡♥ ❜✐t❛rr❛ ❡t❛
1

5
=

3

16
+

3

256
+

3

4096
+ . . . ❜❛❧✐♦❦✐❞❡❛❦ ❞✐r❡❧❛✳

✽✳ ❩❡❤❛③t✉ ③❡r ❣❡rt❛t③❡♥ ❞❡♥✱ ❧❛✉ ③✐❢r❛❦♦ ♠❛♥t✐s❛ ❞✉❡♥ ♦r❞❡♥❛❣❛✐❧✉ ❜❛t❡❦ ❡r❛❣✐❦❡t❛ ❤❛✉❡❦
❡❣✐t❡♥ ❞✐t✉❡♥❡❛♥✿

✭❛✮
(
1

3
+

1

5

)
+

1

6

✭❜✮
(
1

10
+

1

3

)
+

1

5

✭❝✮
(
3

17
+

1

9

)
+

1

7

✭❞✮
(
7

10
+

1

9

)
+

1

7

✾✳ ❆✉r❦✐t✉ Ex ❡rr♦r❡ ❛❜s♦❧✉t✉❛ ❡t❛ Rx ❡rr♦r❡ ❡r❧❛t✐❜♦❛✱ ❡t❛ ③❡❤❛③t✉ ❤✉r❜✐❧♣❡♥❛r❡♥ ③✐❢r❛
❡s❛♥❣❛rr✐❡♥ ❦♦♣✉r✉❛ ❦❛s✉ ❤❛✉❡t❛♥✿

✭❛✮ x = 2.71828182, x̂ = 2.7182✳

✭❜✮ y = 98350, ŷ = 98000✳

✭❜✮ z = 0.000068, ẑ = 0.00006✳

✶✵✳ ❇❡t❡ ❡③❛③✉ ❦❛❧❦✉❧✉ ❤❛✉✿

p =
∫

1/4

0

ex
2

dx ≈
∫

1/4

0

(
1 + x2 +

x4

2!
+

x6

3!

)
dx = p̂.

❊s❛♥ ③❡✐♥ ❡rr♦r❡ ♠♦t❛ ❣❡rt❛t③❡♥ ❞❡♥ ❡t❛ ❦♦♥♣❛r❛t✉ p̂ ❡♠❛✐t③❛ ❡❣✐❛③❦♦ ❜❛❧✐♦❛r❡❦✐♥✿
p = 0.2553074606✳

✶✶✳ ✭❛✮ ❏♦ ❞❡③❛❣✉♥ p1 = 1.414 ❡t❛ p2 = 0.09125 ❞❛t✉❛❦✱ ❧❛✉ ③✐❢r❛ ❡s❛♥❣❛rr✐❦♦ ③❡❤❛③✲
t❛s✉♥❛r❡❦✐♥ ❡♠❛♥❞❛ ❞❛✉❞❡❧❛✳ ❊❣♦❡r❛ ❤♦rr❡t❛♥✱ ❛✉r❦✐t✉ p1 + p2 ❡t❛ p1p2 ❡r❛❣✐❦❡t❡✐
❞❛❣♦③❦✐❡♥ ❡♠❛✐t③❛❦✳

✭❜✮ ❏♦ ❞❡③❛❣✉♥ p1 = 31.415 ❡t❛ p2 = 0.027182 ❞❛t✉❛❦✱ ❜♦st ③✐❢r❛ ❡s❛♥❣❛rr✐❦♦ ③❡❤❛③✲
t❛s✉♥❛r❡❦✐♥ ❡♠❛♥❞❛ ❞❛✉❞❡❧❛✳ ❊❣♦❡r❛ ❤♦rr❡t❛♥✱ ❛✉r❦✐t✉ p1 + p2 ❡t❛ p1p2 ❡r❛❣✐❦❡t❡✐
❞❛❣♦③❦✐❡♥ ❡♠❛✐t③❛❦✳

✶✷✳ ❇✉❦❛t✉ ❦❛❧❦✉❧✉ ❤❛✉❡❦ ❡t❛ ❡s❛♥ ♥♦❧❛❦♦ ❡rr♦r❡❛ ❣❡rt❛t③❡♥ ❞❡♥✿

✭❛✮
sin(π/4 + 0.00001)− sin(π/4)

0.00001
=

0.70711385222− 0.70710678119

0.00001
= . . .

✭❜✮
ln(2 + 0.00005)− ln(2)

0.00005
=

0.69317218025− 0.69314718056

0.00005
= . . .

✶✸✳ ❍✐r✉ ③✐❢r❛❦♦ ❡t❛ ❜✐r✐❜✐❧t③❡❦♦ ❦♦♠❛ ♠✉❣✐❦♦rr❡❦♦ ❛r✐t♠❡t✐❦❛ ❡r❛❜✐❧✐③✱ ❦❛❧❦✉❧❛ ✐t③❛③✉ ❜❛t✉r❛
❤❛✉❡❦ ✭❜❛t✉ ❛❞✐❡r❛③t❡♥ ❞❡♥ ♦r❞❡♥❛♥✮✿
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✭❛✮
∑

6

k=1

1

3k
✳

✭❜✮
∑

6

k=1

1

37−k ✳

✶✹✳ ■③❛♥ ❜✐t❡③ ❚❛②❧♦r❡♥ ❣❛r❛♣❡♥ ❤❛✉❡❦✿

1

1− h
= 1 + h+ h2 + h3 +O(h4)

❡t❛

cos(h) = 1− h2

2!
+

h4

4!
+O(h6).

❆✉r❦✐t✉ ❤♦r✐❡♥ ❜❛t✉r❛r❡♥ ❡t❛ ❜✐❞❡r❦❛❞✉r❛r❡♥ ❤✉r❜✐❧t③❡✲♦r❞❡♥❛❦✳

✶✺✳ ■③❛♥ ❜✐t❡③ ❚❛②❧♦r❡♥ ❣❛r❛♣❡♥ ❤❛✉❡❦✿

sin(h) = h− h3

3!
+

h5

5!
+ +O(h7)

❡t❛

cos(h) = 1− h2

2!
+

h4

4!
+O(h6).

❆✉r❦✐t✉ ❤♦r✐❡♥ ❜❛t✉r❛r❡♥ ❡t❛ ❜✐❞❡r❦❛❞✉r❛r❡♥ ❤✉r❜✐❧t③❡✲♦r❞❡♥❛❦✳

✶✻✳ ❉❡♠❛❣✉♥ f(x) =
1− cos(x)

sin(x)
❢✉♥t③✐♦❛✳

✭❛✮ ❊r❛❜✐❧✐ ❢♦r♠❛t✉ ❤❛♠❛rt❛rr❛✱ s❡✐ ❞✐❣✐t✉ ❡s❛♥❣❛rr✐r❡❦✐♥ ✭❜✐r✐❜✐❧❞✉③✮✱ f(0.007) ❦❛❧❦✉✲
❧❛t③❡❦♦ ✭❦❛❧❦✉❧❛❣❛✐❧✉❛ ❡r❛❜✐❧✐③✮✳

✭❜✮ ❊r❛❜✐❧✐ ▼❆❚▲❆❇ ✭❢♦r♠❛t ❧♦♥❣ ❡r❛❜✐❧✐③✮ f(x)✲r❡♥ ❜❛❧✐♦❛ ❦❛❧❦✉❧❛t③❡❦♦✱ ❡t❛ ❜❡♥❡✲
t❛❦♦ ❡rr♦r❡ ❡r❧❛t✐❜♦❛✱ ❜✐r✐❜✐❧t③❡❛r❡♥ ♦♥❞♦r✐♦③✱ ✭❛✮ ❛t❛❧❡❛♥ ❧♦rt✉t❛❦♦ f(x)✲r❡♥ ❜❛❧✐♦❛✲
r❡❦✐❦♦✳

✭❝✮ ❇✐❞❡r❦❛t✉ f(x) ❢✉♥t③✐♦❛
1 + cos(x)

1 + cos(x)
❛❞✐❡r❛③♣❡♥❛③✱ ❜✐r✐❜✐❧t③❡✲❡rr♦r❡❛ ✐③❛t❡❦♦ ❥♦❡r❛

❣✉t①✐❛❣♦ ❞✉❡♥ f(x)✲r❡♥ ❡r❛ ❜❛t ❧♦rt③❡❦♦✳ ❊r❛ ❜❡rr✐❛♥✱ ❡r❛❜✐❧✐ s❡✐ ❞✐❣✐t✉ ❡s❛♥✲
❣❛rr✐t❛❦♦ ❢♦r♠❛t✉ ❤❛♠❛rt❛rr❛ ✭❜✐r✐❜✐❧❞✉③✮ f(0.007) ❦❛❧❦✉❧❛t③❡❦♦ ✭❦❛❧❦✉❧❛❣❛✐❧✉❛
❡r❛❜✐❧✐③✮✳ ❑♦♥♣❛r❛t✉ ❜❛❧✐♦❛✱ ✭❛✮ ❡t❛ ✭❜✮ ❛t❛❧❡t❛♥ ❧♦rt✉r✐❦♦ ❜❛❧✐♦❡❦✐♥✳

✶✼✳ ❉❡♠❛❣✉♥ f(x) =

√
9 + x− 3

x
❢✉♥t③✐♦❛✳

✭❛✮ ❊r❛❜✐❧✐ ❢♦r♠❛t✉ ❤❛♠❛rt❛rr❛ s❡✐ ❞✐❣✐t✉ ❡s❛♥❣❛rr✐r❡❦✐♥ ✭❜✐r✐❜✐❧❞✉③✮ f(0.005) ❦❛❧❦✉✲
❧❛t③❡❦♦ ✭❦❛❧❦✉❧❛❣❛✐❧✉❛ ❡r❛❜✐❧✐③✮✳

✭❜✮ ❊r❛❜✐❧✐ ▼❆❚▲❆❇ ✭❢♦r♠❛t ❧♦♥❣ ❡r❛❜✐❧✐③✮ f(x)✲r❡♥ ❜❛❧✐♦❛ ❦❛❧❦✉❧❛t③❡❦♦✱ ❡t❛ ❜❡♥❡✲
t❛❦♦ ❡rr♦r❡ ❡r❧❛t✐❜♦❛✱ ❜✐r✐❜✐❧t③❡❛r❡♥ ♦♥❞♦r✐♦③✱ ✭❛✮ ❛t❛❧❡❛♥ ❧♦rt✉t❛❦♦ f(x)✲r❡♥ ❜❛❧✐♦❛✲
r❡❦✐❦♦✳
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✭❝✮ ❇✐❞❡r❦❛t✉ f(x) ❢✉♥t③✐♦❛

√
9 + x+ 3√
9 + x+ 3

❛❞✐❡r❛③♣❡♥❛③✱ ❜✐r✐❜✐❧t③❡✲❡rr♦r❡❛ ✐③❛t❡❦♦ ❥♦❡r❛

❣✉t①✐❛❣♦ ❞✉❡♥ f(x)✲r❡♥ ❡r❛ ❜❛t ❧♦rt③❡❦♦✳ ❊r❛ ❜❡rr✐❛♥✱ ❡r❛❜✐❧✐ s❡✐ ❞✐❣✐t✉ ❡s❛♥✲
❣❛rr✐t❛❦♦ ❢♦r♠❛t✉ ❤❛♠❛rt❛rr❛ ✭❜✐r✐❜✐❧❞✉③✮ f(0.005) ❦❛❧❦✉❧❛t③❡❦♦ ✭❦❛❧❦✉❧❛❣❛✐❧✉❛
❡r❛❜✐❧✐③✮✳ ❑♦♥♣❛r❛t✉ ❜❛❧✐♦❛ ✭❛✮ ❡t❛ ✭❜✮ ❛t❛❧❡t❛♥ ❧♦rt✉r✐❦♦ ❜❛❧✐♦❡❦✐♥✳

✶✽✳ ❍♦♥❛❦♦ ❦❛s✉ ❤❛✉❡t❛♥ ❛✉r❦✐t✉ ❢♦r♠✉❧❛ ❜❛❧✐♦❦✐❞❡ ❜❛t ③✐❢r❛ ❡s❛♥❣❛rr✐❡♥ ❣❛❧❡r❛ s❛✐❤❡st❡❦♦✿

✭❛✮ ln(x+ 1)− ln(x)✱ x ❤❛♥❞✐ ❜❛t❡r❛❦♦✳

✭❜✮
√
x2 + 1− x✱ x ❤❛♥❞✐ ❜❛t❡r❛❦♦✳

✭❝✮ cos2(x)− sin2(x)✱ x ≈ π/4 ❜❛t❡r❛❦♦✳

✭❞✮

√
1 + cos(x)

2
✱ x ≈ π ❜❛t❡r❛❦♦✳

✶✾✳ ■③❛♥ ❜✐t❡③ ❛❞✐❡r❛③♣❡♥ ❤❛✉❡❦✿

p(x) = x3 − 3x2 + 3x− 1, q(x) = ((x− 3)x+ 3)x− 1, r(x) = (x− 1)3.

✭❛✮ ▲❛✉ ③✐❢r❛❦♦ ❦♦♠❛ ♠✉❣✐❦♦rr❡❦♦ ❛r✐t♠❡t✐❦❛ ❡r❛❜✐❧✐③ ❡t❛ ❜✐r✐❜✐❧❞✉③✱ ❦❛❧❦✉❧❛ ✐t③❛③✉
p(2.72), q(2.72) ❡t❛ r(2.72)✳ p(x)✲r❡♥ ❦❛❧❦✉❧✉❛♥✱ ❤❛rt✉ (2.72)3 = 20.12 ❡t❛ (2.72)2 =
7.398✳

✭❜✮ ▲❛✉ ③✐❢r❛❦♦ ❦♦♠❛ ♠✉❣✐❦♦rr❡❦♦ ❛r✐t♠❡t✐❦❛ ❡r❛❜✐❧✐③ ❡t❛ ❜✐r✐❜✐❧❞✉③✱ ❦❛❧❦✉❧❛ ✐t③❛③✉
p(0.975), q(0.975) ❡t❛ r(0.975)✳ p(x)✲r❡♥ ❦❛❧❦✉❧✉❛♥✱ ❤❛rt✉ (0.975)3 = 0.9268 ❡t❛
(0.975)2 = 0.9506✳

✷✵✳ ❇✐❣❛rr❡♥ ♠❛✐❧❛❦♦ ❡❦✉❛③✐♦❛r❡♥ ❡❜❛③♣❡♥❛r❡♥ ❢♦r♠✉❧❛ ❤♦❜❡t✉❛✳ ❉❡♠❛❣✉♥ a 6= 0 ❡t❛ b2 −
4ac > 0 ❞✐t✉❣✉❧❛✱ ❡t❛ ❥♦ ❞❡③❛❣✉♥ ax2 + bx+ c = 0 ❡❦✉❛③✐♦❛✳ ❍❛r❡♥ ❡rr♦❛❦ ❛❞✐❡r❛③♣❡♥
❡③❛❣✉♥ ❤❛✉❡♥ ❜✐❞❡③ ❦❛❧❦✉❧❛t③❡♥ ❞✐r❛✿

✭❛✮ x1 =
−b+

√
b2 − 4ac

2a
❡t❛ x2 =

−b−
√
b2 − 4ac

2a
.

❋r♦❣❛t✉ ❡rr♦ ❤♦r✐❡❦ ❦❛❧❦✉❧❛ ❞❛✐t❡③❦❡❡❧❛ ❛❞✐❡r❛③♣❡♥ ❜❛❧✐♦❦✐❞❡ ❤❛✉❡♥ ❜✐❞❡③✿

✭❜✮ x1 =
−2c

b+
√
b2 − 4ac

❡t❛ x2 =
−2c

b−
√
b2 − 4ac

.

❖❤❛rr❛✳ |b| ≈
√
b2 − 4ac ❞❡♥❡❛♥✱ ❦♦♥t✉③ ✐❜✐❧✐ ❜❡❤❛r ❞✉❣✉ ❡③❡③t❛t③❡❛r❡♥ ❜✐❞❡③❦♦ ③❡✲

❤❛③t❛s✉♥❛r❡♥ ❣❛❧❡r❛ s❛✐❤❡st❡❦♦✳ ❇❛❧❞✐♥ b > 0 ❜❛❞❛✱ x1 ❡rr♦❛ ✭❜✮ ❢♦r♠✉❧❛r❡♥ ❜✐❞❡③
❦❛❧❦✉❧❛t✉ ❜❡❤❛r❦♦ ❣❡♥✉❦❡✱ ❡t❛ x2 ❡rr♦❛ ✭❛✮ ❢♦r♠✉❧❛③✳ ❆❧❞✐③✱ b < 0 ❜❛❞❛✱ x1 ❡rr♦❛ ✭❛✮
❢♦r♠✉❧❛r❡♥ ❜✐❞❡③ ❦❛❧❦✉❧❛t✉ ❜❡❤❛r❦♦ ❣❡♥✉❦❡✱ ❡t❛ x2 ❡rr♦❛ ✭❜✮ ❢♦r♠✉❧❛ ❡r❛❜✐❧✐③✳

✷✶✳ ❊r❛❜✐❧✐ ❢♦r♠✉❧❛ ❡❣♦❦✐❛ x1 ❡t❛ x2 ❦❛❧❦✉❧❛t③❡❦♦✱ ❛✉rr❡❦♦ ❛r✐❦❡t❛♥ ❛③❛❧t③❡♥ ❞❡♥ ❜❡③❛❧❛✱
❜✐❣❛rr❡♥ ♠❛✐❧❛❦♦ ❡❦✉❛③✐♦ ❤❛✉❡♥ ❡rr♦❛❦ ❛✉r❦✐t③❡❦♦✿

✭❛✮ x2 − 1000.001x+ 1 = 0✳

✭❜✮ x2 − 100000.0001x+ 1 = 0✳

✻✻



✸✳✺✳ Pr♦❜❧❡♠❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✻✼

✭❝✮ x2 − 100000.00001x+ 1 = 0✳

✷✷✳ ❍❛✉ ❞❛ f(x) = ex ❢✉♥t③✐♦❛r❡♥ ❚❛②❧♦r❡♥ s❡r✐❡❛r❡♥ ❣❛r❛♣❡♥❛✿

f(x) = ex = 1 + x+
x2

2!
+

x3

3!
+

x4

4!
+

x5

5!
+ . . .

❊r❛❜✐❧✐ ❡❦✉❛③✐♦ ❤♦r✐ e−2 ❦❛❧❦✉❧❛t③❡❦♦✱ ❦❛s✉ ❤❛✉❡t❛♥✿

✭❛✮ ▲❡❤❡♥❡♥❣♦ ❧❛✉ ❜❛t✉❣❛✐❛❦ ❡r❛❜✐❧✐③✳

✭❜✮ ▲❡❤❡♥❡♥❣♦ s❡✐ ❜❛t✉❣❛✐❛❦ ❡r❛❜✐❧✐③✳

✭❝✮ ▲❡❤❡♥❡♥❣♦ ③♦rt③✐ ❜❛t✉❣❛✐❛❦ ❡r❛❜✐❧✐③✳

❑❛s✉ ❜❛❦♦✐t③❡❛♥✱ ❦❛❧❦✉❧❛ ❡③❛③✉ tr✉♥❦❛t③❡✲❡rr♦r❡ ❛❜s♦❧✉t✉❛ ❡t❛ ❡rr♦r❡ ❡r❧❛t✐❜♦❛✳ ❊r❛❜✐❧✐
▼❆❚▲❆❇✱ ❢♦r♠❛t ❧♦♥❣ ✐♥str✉❦③✐♦❛③✱ e−2✲r❡♥ ❜❡♥❡t❛❦♦ ❜❛❧✐♦❛ ❦❛❧❦✉❧❛t③❡❦♦✳ ❊r❛❜✐❧✐
s❡✐ ③❡♥❜❛❦✐ ❡s❛♥❣❛rr✐❦♦ ③❡♥❜❛❦✐ ❤❛♠❛rt❛rr❛❦ ✭❜✐r✐❜✐❧❞✉③✮✱ ❡r❛❣✐❦❡t❛ ❣✉③t✐❡t❛♥✳

✷✸✳ ❆③t❡rt✉ ❡r❛❣✐❦❡t❛ ❤❛✉❡♥ ❡rr♦r❡❡♥ ❤❡❞❛♣❡♥❛ ✭❜❡❣✐r❛ ❡③❛③✉ ✸✳✹✳✼✳ ❛③♣✐❛t❛❧❛✮✿

✭❛✮ ❍✐r✉ ③❡♥❜❛❦✐r❡♥ ❜❛t✉r❛✿

p+ q + r = (p̂+ εp) + (q̂ + εq) + (r̂ + εr).

✭❜✮ ❩❡r♦ ❡③ ❞❡♥ ③❡♥❜❛❦✐ ❜❛t❡♥ ❛❧❞❡r❛♥t③✐③❦♦❛✿

1

q
=

1

q̂ + εq
.

✭❝✮ ❩❡r♦ ❡③ ❞❡♥ ③❡♥❜❛❦✐ ❜❛t❡③ ③❛t✐t③❡❛✿

p

q
=

p̂+ εp
q̂ + εq

.

✷✹✳ ❊r❛❜✐❧✐ ✷✵✳ ❡t❛ ✷✶✳ ❛r✐❦❡t❡♥ ❡♠❛✐t③❛❦ ❛❧❣♦r✐t♠♦ ❜❛t ❡t❛ ▼❆❚▲❆❇❡❦♦ ♣r♦❣r❛♠❛ ❜❛t
❡r❛✐❦✐t③❡❦♦✱ ❡❦✉❛③✐♦ ❦♦❛❞r❛t✐❦♦ ❜❛t❡♥ ❡rr♦❛❦ ❦❛❧❦✉❧❛ ❞✐t③❛♥ ❡❣♦❡r❛ ❣✉③t✐❡t❛♥✱ |b| ≈√
b2 − 4ac ❦❛s✉❛❦ s❛rt✉t❛✳

✷✺✳ ✸✳✶✸✳ ❡t❛ ✸✳✶✹✳ ❛❞✐❜✐❞❡❛❦ ❦♦♥t✉❛♥ ❤❛rt✉③✱ ❢r♦❣❛t✉ {1/2n}∞n=1
s❡❣✐❞❛r❡♥ ❣❛✐❛❦ ❣❛r❛t③❡❦♦

❤✐r✉ ♠❡t♦❞♦ ❤❛✉❡❦ ❡r❛❜✐❧ ❞✐t③❛❦❡❣✉❧❛✿

✭❛✮ r0 = 1 ❡t❛ rn = 1

2
rn−1✱ n = 2, 3, . . . ✐③❛♥✐❦✳

✭❜✮ p0 = 1✱ p1 = 0.5 ❡t❛ pn = 3

2
pn−1 − pn−2✱ n = 2, 3, . . . ✐③❛♥✐❦✳

✭❝✮ q0 = 1✱ q1 = 0.5 ❡t❛ qn = 5

2
qn−1 − qn−2✱ n = 2, 3, . . . ✐③❛♥✐❦✳

❖r❛✐♥✱ ❦❛s✉ ❜❛❦♦✐t③❡❛♥ ❤❛s✐❡r❛❦♦ ❡rr♦r❡ t①✐❦✐ ❜❛t s♦rt③❡♥ ❞❛✿

✭❛✮ r0 = 0.994✳

✻✼



✻✽ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

✭❜✮ p0 = 1✱ p1 = 0.497✳

✭❝✮ q0 = 1✱ q1 = 0.497✳

▼❆❚▲❆❇ ❡r❛❜✐❧✐③✱ s♦rt✉ ♠❡t♦❞♦ ❜❛❦♦✐t③❡r❛❦♦ ❧❡❤❡♥❡♥❣♦ ✶✵ ✐t❡r❛③✐♦❛❦ ❡t❛ ❛✉r❦❡③t✉
❡♠❛✐t③❛❦ ✸✳✶✳ ❡t❛ ✸✳✷✳ t❛✉❧❡t❛♥ ❜❡③❛❧❛ ✭▼❆❚▲❆❇❡♥ ❜✐❞❡③✱ ❤♦r✐ ❡r❡✮✳

◆♦❧❛❦♦ ❡rr♦r❡❛ ✭❡❣♦♥❦♦rr❛✴❡③❡❣♦♥❦♦rr❛✮ ❣❡rt❛t③❡♥ ❞❛ ❦❛s✉ ❜❛❦♦✐t③❡❛♥❄ ◆♦♥ t①✐❦✐t③❡♥
❞❛ ❡rr♦r❡ ❤♦r✐❄

✻✽


