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✷✳✾✳ Pr♦❜❧❡♠❛❦

✶✳ ❉❡✜♥✐ ❞✐t③❛❣✉♥ a✱ b✱ c ❡t❛ d ❛❧❞❛❣❛✐❛❦ ❤♦♥❡❧❛✿ a = 14.75✱ b = −5.92✱ c = 61.4 ❡t❛
d = 0.6(ab− c)✳ ▼❆❚▲❆❇❡♥ ❜✐t❛rt❡③ ❦❛❧❦✉❧❛ ✐t③❛③✉✿

(a) a+
ab(a+ d)2

c
√

|ab|
(b) ded/2 +

(ad+ cd)/
(

25
a
+ 35

b

)

a+ b+ c+ d

✷✳ ❙♦rt✉ t❛rt❡ ❜❡r❛❦ ❜❡r❡✐③✐t❛❦♦ ❧❡rr♦✲❜❡❦t♦r❡ ❜❛t ✶✻ ❣❛✐ ❞❛✉❦❛♥❛✱ ♥♦♥ ❧❡❤❡♥❡♥❣♦ ❣❛✐❛ ✹
❜❛✐t❛ ❡t❛ ❛③❦❡♥❛ ✻✶✳

✸✳ ❙♦rt✉ ③✉t❛❜❡✲❜❡❦t♦r❡ ❜❛t ♥♦♥ ❧❡❤❡♥❡♥❣♦ ❣❛✐❛ ✸✶ ❜❛✐t❛✱ ❤✉rr❡♥❣♦ ❣❛✐❛❦ t①✐❦✐❛❣♦❛❦ ❡❣✐t❡♥
❜❛✐t✐r❛ ✲✹ ❣❡❤✐t✉③✱ ❡t❛ ❛③❦❡♥❛ ✲✾ ❜❛✐t❛✳ ✭❩✉t❛❜❡✲❜❡❦t♦r❡ ❜❛t s♦r ❞❛✐t❡❦❡ ❧❡rr♦✲❜❡❦t♦r❡
❜❛t ✐r❛✉❧✐③✮✳

✹✳ ❙♦rt✉ ❥❛rr❛✐❛♥ ❡♠❛t❡♥ ❞❡♥ ♠❛tr✐③❡❛✳ ▲❡rr♦❛❦ s❛rt③❡❛♥✱ ❡r❛❜✐❧✐ ❜❡❦t♦r❡❡♥ ♥♦t❛③✐♦❛ t❛rt❡
❜❡r❛❦ ❜❡r❡✐③✐t❛❦♦ ❜❡❦t♦r❡❛❦ s♦rt③❡❦♦✳ ✭❍♦ts✱ ❡③ s❛rt✉ ❣❛✐❛❦ ❜❛♥❛♥✲❜❛♥❛♥✳✮

A =











0 1.0000 2.0000 3.0000 4.0000 5.0000 6.0000
3.0000 9.1667 15.3333 21.5000 27.6667 33.8333 40.0000
28.0000 27.7500 27.5000 27.2500 27.0000 26.7500 26.5000
6.0000 5.0000 4.0000 3.0000 2.0000 1.0000 0











▲❡❤❡♥❡♥❣♦ ❜✐ ❛r✐❦❡t❡t❛♥ ❜✐ ♣✉♥t✉❡♥ ✐❦✉rr❛ ✭✿✮ ❡r❛❜✐❧✐③✱ ❡❣✐♥ ❤❛✉✿

✭❛✮ ❙♦rt✉ ✹❣❛✐❦♦ ❧❡rr♦✲❜❡❦t♦r❡ ❜❛t✱ ✈❛ ✐③❡♥❡❦♦❛✱ A✲r❡♥ ❜✐❣❛rr❡♥ ❧❡rr♦❦♦ ❛③❦❡♥ ❧❛✉ ❣❛✐❛❦
❞❛✉③❦❛♥❛✳

✭❜✮ ❙♦rt✉ ✹❣❛✐❦♦ ③✉t❛❜❡✲❜❡❦t♦r❡ ❜❛t✱ ✈❜ ✐③❡♥❡❦♦❛✱ A✲r❡♥ s❡✐❣❛rr❡♥ ③✉t❛❜❡❦♦ ❣❛✐❛❦
❞❛✉③❦❛♥❛✳

✭❝✮ ❙♦rt✉ 3× 4 ♠❛tr✐③❡❛✱ ❇ ✐③❡♥❡❦♦❛✱ A ♠❛tr✐③❡❛r❡♥ ✶✳✱ ✷✳ ❡t❛ ✹✳ ❧❡rr♦❡t❛❦♦ ❡t❛ ✶✳✱ ✷✳
✹✳ ❡t❛ ✼✳ ③✉t❛❜❡❡t❛❦♦ ❣❛✐❛❦ ❡r❛❜✐❧✐③✳

✭❞✮ ❙♦rt✉ 2× 3 ♠❛tr✐③❡❛✱ ❈ ✐③❡♥❡❦♦❛✱ A ♠❛tr✐③❡❛r❡♥ ✷✳ ❡t❛ ✹✳ ❧❡rr♦❡t❛❦♦ ❡t❛ ✷✳✱ ✺✳ ❡t❛
✻✳ ③✉t❛❜❡❡t❛❦♦ ❣❛✐❛❦ ❡r❛❜✐❧✐③✳

✺✳ ❉❡♠❛❣✉♥ y =
(x3 + 1)2

x2 + 2
❢✉♥t③✐♦❛✳ ❑❛❧❦✉❧❛ ❡③❛③✉ y✲r❡♥ ❜❛❧✐♦❛ x✲r❡♥ ❜❛❧✐♦ ❤❛✉❡t❛r❛❦♦✿

✲✶✳✻✱ ✲✶✳✷✱ ✲✵✳✽✱ ✲✵✳✹✱ ✵✱ ✵✳✹✱ ✵✳✽✱ ✶✳✷✳ ❊❜❛t③✐ ♣r♦❜❧❡♠❛ ❤❛✉ x ❜❡❦t♦r❡ ❜❛t s♦rt✉③ ❡t❛ ❣❡r♦
y ❜❡❦t♦r❡ ❜❛t s♦rt✉③✱ ❣❛✐❡③ ❣❛✐❦♦ ❦❛❧❦✉❧✉❛❦ ❡r❛❜✐❧✐③✳ ❇✐❦♦t❡ ❤♦r✐❡t❛r❛❦♦ ❡❣✐♥ ❣r❛✜❦♦
❜❛t✱ ♥♦♥ ♣✉♥t✉❛❦ ✐③❛rt①♦ ❜❛t❡③ ❛❞✐❡r❛③✐t❛ ❛❣❡rt③❡♥ ❜❛✐t✐r❛ ❡t❛ ♣✉♥t✉❛❦ ❧♦t✉t❛ ❧❡rr♦
❜❡❧t③❡③✳ ❊t✐❦❡t❛t✉ ❛r❞❛t③❛❦✳

✻✳ ❉❡✜♥✐ ❞❡③❛❣✉♥ a = 0.8 ❡s❦❛❧❛rr❛ ❡t❛ x = −3,−2.8,−2.6, . . . , 2.6, 2.8, 3✳ ❖r❞✉❛♥✱ ❡r❛❜✐❧✐

❛❧❞❛❣❛✐ ❤♦r✐❡❦ ❤♦♥❡❧❛✱ y ❦❛❧❦✉❧❛t③❡❦♦✿ y =
8a2

x2 + 4a2
✳ ▼❛rr❛③t✉ y✱ x✲r❡❦✐❦♦✳

✸✼



✸✽ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

✼✳ ❊r❛❜✐❧✐ ▼❆❚▲❆❇ ❢r♦❣❛t③❡❦♦
∞
∑

n=0

(−1)n
1

2n+ 1
s❡r✐❡ ✐♥✜♥✐t✉❛r❡♥ ❜❛t✉r❛ π/4✲❡r❛ ❥♦t③❡♥

❞✉❡♥❛✳ ❊❣✐♥ ❜❛t✉r❛✱ ❤♦r✐ ❦❛❧❦✉❧❛t✉③✱ n✲r❡♥ ❜❛❧✐♦ ❤❛✉❡t❛r❛❦♦✿

✭❛✮ n = 100

✭❜✮ n = 1000

✭❝✮ n = 5000

❙♦rt✉ ♥ ✐③❡♥❡❦♦ ❜❡❦t♦r❡ ❜❛t ❛❧❞❡ ❜❛❦♦✐t③❡❛♥✱ ♥♦♥ ❧❡❤❡♥❡♥❣♦ ❣❛✐❛ ✵ ❜❛✐t❛✱ ❣❡❤✐❦✉♥t③❛ ✶
❡t❛ ❛③❦❡♥ ❣❛✐❛ ✶✵✵✱ ✶✵✵✵ ❡❞♦ ✺✵✵✵ ❜❛✐t❛✳ ❖r❞✉❛♥✱ ❡r❛❜✐❧✐ ❣❛✐❡③ ❣❛✐❦♦ ❦❛❧❦✉❧✉❛ ❜❡❦t♦r❡

❜❛t s♦rt③❡❦♦✱ ♥♦♥ ❣❛✐❛❦ (−1)n
1

2n+ 1
❜❛✐t✐r❛✳ ❆③❦❡♥✐❦✱ ❡r❛❜✐❧✐ s✉♠ ❢✉♥t③✐♦❛ s❡r✐❡❛r❡♥

❣❛✐❛❦ ❜❛t③❡❦♦✳ ❑♦♥♣❛r❛t✉ ✭❛✮✱ ✭❜✮ ❡t❛ ✭❝✮ ❛t❛❧❡t❛♥ ❧♦rt✉t❛❦♦ ❜❛❧✐♦❛❦ π/4 ❜❛❧✐♦❛r❡❦✐♥✳

✽✳ ❙t✳ ▲♦✉✐s✲❡❦♦ ❙❛rr❡r❛❦♦ ❆r❦✉❛ ♦s❛t③❡♥ ❞❛ ❡❦✉❛③✐♦ ❤♦♥❡♥ ❛r❛❜❡r❛✿

y = 693.8− 68.8 cosh
(

x

99.7

)

✭♦✐♥❡t❛♥ ♥❡✉rt✉t❛✮✳ ❊❣✐♥ ❆r❦✉❛r❡♥ ♠❛rr❛③❦✐ ❜❛t ♥♦♥ −299.25 ≤ x ≤ 299.95 ♦✐♥✳

✾✳ ❇❡❦t♦r❡ ❜❛t ❤♦♥❡❧❛ ❡♠❛♥❣♦ ❞✉❣✉✿ ①❂❬✶✺ ✽✺ ✼✷ ✺✾ ✶✵✵ ✽✵ ✹✹ ✻✵ ✾✶ ✸✽❪✳ ❇❛❧✲
❞✐♥t③❛③❦♦ ❡❣✐t✉r❛❦ ❡t❛ ❜❡❣✐③t❛❦ ❡r❛❜✐❧✐③✱ ✐❞❛t③✐ ♣r♦❣r❛♠❛ ❜❛t ✺✾ ❜❛✐♥♦ ❤❛♥❞✐❛❣♦❛❦
❞✐r❡♥ ①✲❦♦ ❣❛✐❡♥ ❜❛t❡③❜❡st❡❦♦❛ ❦❛❧❦✉❧❛t③❡❦♦✳

✶✵✳ ❑♦s✐♥✉ ❢✉♥t③✐♦❛r❡♥ ❜❛❧✐♦❛ ❦❛❧❦✉❧❛ ❞❡③❛❦❡❣✉ s❡r✐❡ ✐♥✜♥✐t✉ ❤♦♥❡♥ ❜✐❞❡③✿

cos x = 1− x2

2!
+

x4

4!
− . . .

❙♦rt✉ ▼✲✜t①❛t❡❣✐ ❜❛t ❢♦r♠✉❧❛ ❤♦r✐ ✐♥♣❧❡♠❡♥t❛t✉③ ❤❛✉ ❡❣✐t❡❦♦✿ cos x✲r❡♥ ❜❛❧✐♦❛❦ ❦❛❧❦✉✲
❧❛t✉✱ ❡t❛ ♠♦♥✐t♦r❡❛♥ s❡r✐❡❛r❡♥ ❣❛✐ ❜❛❦♦✐t③❛ ❡r❛❦✉ts✐ ❣❡❤✐t③❡♥ ❞✐t✉❡♥ ♥❡✉rr✐❛♥✳ ❆❧❡❣✐❛✱
❜❛❧✐♦ ❤❛✉❡❦ ❡❧❦❛rr❡♥ s❡❣✐❞❛♥ ❦❛❧❦✉❧❛t✉ ❡t❛ ♠♦♥✐t♦r❡❛♥ ❡r❛❦✉ts✐✿

cos x = 1

cos x = 1− x2

2!

cos x = 1− x2

2!
+

x4

4!
✳✳✳

❡t❛ s❡❣✐ ❤♦rr❡❧❛ ③✉❦ ❛✉❦❡r❛t✉t❛❦♦ ♦r❞❡♥❛r❛✐♥♦✳ ❆✉rr❡❦♦ ❜❛❧✐♦ ❤✉r❜✐❧❞✉ ❜❛❦♦✐t③❡r❛❦♦✱
❦❛❧❦✉❧❛t✉ ❡❤✉♥❡❦♦ ❡rr♦r❡ ❡r❧❛t✐❜♦❛ ❡t❛ ❡r❛❦✉ts✐ ♠♦♥✐t♦r❡❛♥ ❤❛✉ ❦♦♥t✉❛♥ ❤❛rt✉③✿

errorea =
egiazkoa− seriearen hurbilpena

egiazkoa
× 100

Pr♦❜❛ ❜❡③❛❧❛✱ ❡r❛❜✐❧✐ ♣r♦❣r❛♠❛ cos(1.5) ❦❛❧❦✉❧❛t③❡❦♦✱ ❜❛t✉❦❡t❛♥ ✽ ❜❛t✉❣❛✐ s❛rt✉t❛❀ ❤❛✉
❞❛✱ s❡r✐❡❛ ❣❛r❛t✉③ x14/14! ❜❛t✉❣❛✐r❛✐♥♦✳
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✷✳✾✳ Pr♦❜❧❡♠❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✸✾

✶✶✳ P❧❛♥♦❦♦ ♣✉♥t✉ ❜❛t ❦♦❦❛t③❡❦♦✱ ❜✐ ❦♦♦r❞❡♥❛t✉ ❜❡❤❛r ❞✐t✉❣✉✿

❼ ❑♦♦r❞❡♥❛t✉ ❦❛rt❡s✐❛rr❡t❛♥✱ (x, y) ❛r❞❛t③❡❦✐❦♦ ❞✐st❛♥t③✐❛ ❤♦r✐③♦♥t❛❧❛ ❡t❛ ❜❡rt✐❦❛❧❛✳

❼ ❑♦♦r❞❡♥❛t✉ ♣♦❧❛rr❡t❛♥✱ (r, θ) ❡rr❛❞✐♦❛ ❡t❛ ❛♥❣❡❧✉❛✳

❑♦♦r❞❡♥❛t✉ ♣♦❧❛rr❛❦ ❡③❛❣✉t✉③ ❣❡r♦✱ ♥❛❤✐❦♦ ❡rr❛③❛ ❞❛ ❦♦♦r❞❡♥❛t✉ ❦❛rt❡s✐❛rr❛❦ ❦❛❧❦✉✲
❧❛t③❡❛✳ ❆❧❞✐③✱ ❛❧❞❡r❛♥t③✐③ ❡③ ❞❛ ❤❛✐♥ ❡rr❛③❛✳ ❊rr❛❞✐♦❛ ❛❞✐❡r❛③♣❡♥ ❤♦♥❡♥ ❜✐❞❡③ ❦❛❧❦✉✲
❧❛t③❡♥ ❞✉❣✉✿

r =
√

x2 + y2

P✉♥t✉❛ ❧❡❤❡♥❡♥❣♦ ❡❞♦ ❧❛✉❣❛rr❡♥ ❦♦❛❞r❛♥t❡❛♥ ❞❛❣♦❡♥❡❛♥ ✭❤♦ts✱ x > 0✮✱ ❡rr❛③❛ ❞❛ θ
❦❛❧❦✉❧❛t③❡❦♦ ❢♦r♠✉❧❛ ✿

θ = arctan
(

y

x

)

❇❡st❡ ❦❛s✉❡t❛r❛❦♦ ❛❣❡rt③❡♥ ❞❛ ③❛✐❧t❛s✉♥❛✳ ❍♦♥❛❦♦ t❛✉❧❛ ❤♦♥❡❦ ❧❛❜✉rt③❡♥ ❞✐t✉ ❛✉❦❡r❛❦✿

x y θ
❁✵ ❃✵ arctan(y/x) + π
❁✵ ❁✵ arctan(y/x)− π
❁✵ ❂✵ π
❂✵ ❃✵ π/2
❂✵ ❁✵ −π/2
❂✵ ❂✵ ✵

■❞❛t③✐ ▼✲✜t①❛t❡❣✐ ♦♥❞♦ ❡❣✐t✉r❛t✉ ❜❛t r ❡t❛ θ ❦❛❧❦✉❧❛t③❡❦♦✱ x✲r❡♥ ❡t❛ y✲r❡♥ ❢✉♥t③✐♦❛♥✳
❆❞✐❡r❛③✐ θ✲r❛❦♦ ❛③❦❡♥ ❡♠❛✐t③❛❦✱ ❣r❛❞✉t❛♥✳ Pr♦❜❛ ❡③❛③✉ ③✉r❡ ♣r♦❣r❛♠❛✱ ❦❛s✉ ❤❛✉❡❦
❜❛❧✐♦③t❛t✉③✿

x y r θ
✶ ✵
✶ ✶
✵ ✶
✲✶ ✶
✲✶ ✵
✲✶ ✲✶
✵ ✵
✵ ✲✶
✶ ✲✶

✶✷✳ ●❛r❛t✉ ▼✲✜t①❛t❡❣✐ ❜❛t✱ ♥♦♥ ✵t✐❦ ✶✵✵❡r❛❦♦ ③❡♥❜❛❦✐③❦♦ ❜❛❧✐♦ ❜❛t ✐❣♦rt③❡♥ ❜❛❞✐♦❣✉✱ ❤❛r❦
t❛✉❧❛ ❤♦♥✐ ❥❛rr❛✐t✉③ ❧❡tr❛③❦♦ ❦❛t❡❣♦r✐❛ ❜❛t ❜✉❡❧t❛t✉❦♦ ❜❛✐t✐❣✉✿

▲❡tr❛ ■r✐③♣✐❞❡❛
❆ 90 ≤ ③❡♥❜❛❦✐③❦♦ ❜❛❧✐♦❛ ≤ 100
❇ 80 ≤ ③❡♥❜❛❦✐③❦♦ ❜❛❧✐♦❛ < 90
❈ 70 ≤ ③❡♥❜❛❦✐③❦♦ ❜❛❧✐♦❛ < 80
❉ 60 ≤ ③❡♥❜❛❦✐③❦♦ ❜❛❧✐♦❛ < 70
❊ ③❡♥❜❛❦✐③❦♦ ❜❛❧✐♦❛ < 60

✸✾



✹✵ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

✶✸✳ ▼❛♥♥✐♥❣✲❡♥ ❡❦✉❛③✐♦ ❤❛✉ ❡r❛❜✐❧ ❞❡③❛❦❡❣✉ ✉r❛r❡♥ ❛❜✐❛❞✉r❛ ❦❛❧❦✉❧❛t③❡❦♦ ✉❜✐❞❡ ✐r❡❦✐
❧❛✉❦✐③✉③❡♥ ❜❛t❡❛♥✿

U =

√
S

n

(

BH

B + 2H

)2/3

,

♥♦♥ U = ❛❜✐❛❞✉r❛ ✭♠✴s✮✱ S = ✉❜✐❞❡❛r❡♥ ♠❛❧❞❛✱ n = ♠❛rr✉s❦❛❞✉r❛ ❦♦❡✜③✐❡♥t❡❛✱ B =
③❛❜❛❧❡r❛ ✭♠✮ ❡t❛ H = s❛❦♦♥❡r❛ ✭♠✮✳ ❉❛t✉ ❤❛✉❡❦ ❡s❦✉r❛❣❛rr✐❛❦ ❞✐r❛ ❜♦st ✉❜✐❞❡t❛r❛❦♦✿

n S B H
✵✳✵✸✺ ✵✳✵✵✵✶ ✶✵ ✷
✵✳✵✷✵ ✵✳✵✵✵✷ ✽ ✶
✵✳✵✶✺ ✵✳✵✵✶✵ ✷✵ ✶✳✺
✵✳✵✸✵ ✵✳✵✵✵✼ ✷✹ ✸
✵✳✵✷✷ ✵✳✵✵✵✸ ✶✺ ✷✳✺

■❞❛t③✐ ▼✲✜t①❛t❡❣✐ ❜❛t ✉❜✐❞❡ ❤♦r✐❡t❛r❛❦♦ ❛❜✐❛❞✉r❛ ❦❛❧❦✉❧❛t③❡♥ ❞✉❡♥❛✳ ❙❛rt✉ ❜❛❧✐♦
❤♦r✐❡❦ ♠❛tr✐③❡ ❜❛t❡❛♥✱ ♥♦♥ ③✉t❛❜❡ ❜❛❦♦✐t③❛❦ ♣❛r❛♠❡tr♦ ❜❛t ❛❞✐❡r❛③t❡♥ ❜❛✐t✉ ❡t❛ ❧❡rr♦
❜❛❦♦✐t③❛❦ ✉❜✐❞❡ ❜❛t✳ ▼♦♥✐t♦r❡❛♥ t❛✉❧❛ ✐t①✉r❛ ✐③❛♥ ❜❡❤❛r ❞✉ ▼✲✜t①❛t❡❣✐❛r❡♥ ✐rt❡❡r❛❦❀
❜❛✐♥❛ ❤❛♥❞✐t✉t❛✱ ❜♦s❣❛rr❡♥ ③✉t❛❜❡ ❜❛t❡❦✐♥✱ ♥♦♥ ✉❜✐❞❡ ❜❛❦♦✐t③❛r✐ ❞❛❣♦❦✐♦♥ ❛❜✐❛❞✉r❛
❛❣❡rt③❡♥ ❜❛✐t❛✱ ③✉t❛❜❡❛❦ ❡t✐❦❡t❛t③❡❦♦ t❛✉❧❛r❡♥ ❣♦✐❜✉r✉❛❦ s❛rt✉t❛✳

✶✹✳ ❍❛❜❡ ❜❛t❡♥ ❞❡s♣❧❛③❛♠❡♥❞✉❛ ❤♦♥❡❧❛❦♦ ❢✉♥t③✐♦ ❜❛t❡❦ ♥❡✉rt③❡♥ ❞✉✿

y(x) =
−5

6
[< x−0 >4 − < x−5 >4]+

15

6
< x−8 >3 +75 < x−7 >2 +

57

6
x3−238.25x,

♥♦♥ x ❤❛❜❡❛r❡♥ ③❡❤❛r❦❛❦♦ ❞✐st❛♥t③✐❛ ❜❛✐t❛ ❡t❛ s✐♥❣✉❧❛rt❛s✉♥ ❢✉♥t③✐♦❛ ❤♦♥❡❧❛ ❞❡✜♥✐t③❡♥
❜❛✐t❛✿

< x− a >n=

{

(x− a)n, x > a ❞❡♥❡❛♥
0, x ≤ a ❞❡♥❡❛♥

}

●❛r❛t✉ ▼✲✜t①❛t❡❣✐ ❜❛t✱ x ❛❜s③✐s❛ ❡t❛ y ♦r❞❡♥❛t✉❛ ❞✐t✉❡♥ ❣r❛✜❦♦ ❜❛t ❡❣✐t❡❦♦✳

✶✺✳ ▲✐❦✐❞♦ ❜❛t❡♥B ❜♦❧✉♠❡♥❛✱ r ❡rr❛❞✐♦❞✉♥ ❡t❛ L ❧✉③❡❞✉♥ ③✐❧✐♥❞r♦ ❤♦r✐③♦♥t❛❧ ❜❛t❡♥ ❜❛r♥❡❛♥✱
❧✐❦✐❞♦❛r❡♥ h s❛❦♦♥❡r❛r❡♥ ♠❡♥♣❡❛♥ ❞❛❣♦ ❢♦r♠✉❧❛ ❤♦♥❡♥ ❜✐❞❡③✿

B =

[

r2 arccos

(

r − h

r

)

− (r − h)
√
2rh− h2

]

L

●❛r❛t✉ ▼✲✜t①❛t❡❣✐ ❜❛t✱ ❜♦❧✉♠❡♥❛✴s❛❦♦♥❡r❛ ❣r❛✜❦♦ ❜❛t ♠❛rr❛③t❡❦♦✳ Pr♦❜❛ ❡③❛③✉ ♣r♦✲
❣r❛♠❛ r = 2 ♠ ❡t❛ L = 5 ♠ ❞❡♥❡❛♥✳

✶✻✳ ✏❩❛t✐t✉ ❡t❛ ❡r❞✐❜❛♥❛t✉✑ ♠❡t♦❞♦❛✱ a ③❡♥❜❛❦✐ ♣♦s✐t✐❜♦ ❜❛t❡♥ ❡rr♦ ❦❛rr❛t✉❛ ❤✉r❜✐❧t③❡❦♦
♠❡t♦❞♦ ③❛❤❛rr❛✱ ❤♦♥❡❧❛ ❢♦r♠✉❧❛ ❞❛✐t❡❦❡✿

x =
x+ a/x

2

■❞❛t③✐ ✇❤✐❧❡ ✳✳✳ ❜r❡❛❦ ❜❡❣✐③t❛❦♦ ❡❣✐t✉r❛♥ ♦✐♥❛rr✐t✉t❛❦♦ ▼✲✜t①❛t❡❣✐ ♦♥❞♦ ❡❣✐t✉r❛t✉
❜❛t✱ ❛❧❣♦r✐t♠♦ ❤♦r✐ ✐♥♣❧❡♠❡♥t❛t③❡❦♦✳ ❊r❛❜✐❧✐ ❦♦s❦❛ ❡❣♦❦✐ ❜❛t✱ ❡❣✐t✉r❛ ❛r❣✐ ❜❛t ✐③❛t❡❦♦
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✷✳✾✳ Pr♦❜❧❡♠❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✹✶

♠♦❞✉❛♥✳ ❯rr❛ts ❜❛❦♦✐t③❡❛♥✱ ❜❛❧✐♦❡ts✐ ③✉r❡ ❤✉r❜✐❧♣❡♥❛r❡♥ ❡rr♦r❡❛ ❛❞✐❡r❛③♣❡♥ ❤♦♥❡♥
❜✐❞❡③✿

ε =
∣

∣

∣

∣

xberria − xzaharra

xberria

∣

∣

∣

∣

❊rr❡♣✐❦❛t✉ ❜❡❣✐③t❛ ε✲r❡♥ ❜❛❧✐♦❛✱ ③✉❦ ❡♠❛♥❞❛❦♦ εe t♦❧❡r❛♥t③✐❛ ❜❛t ❜❛✐♥♦ t①✐❦✐❛❣♦ ✐③❛♥
❛rt❡✳ ❉✐s❡✐♥❛t✉ ③✉r❡ ♣r♦❣r❛♠❛✱ ❡♠❛✐t③❛ ❡t❛ ❡rr♦r❡❛ ❡♠❛t❡❦♦✳ ❩✐✉rt❛ ❡③❛③✉ ③✉❦ ❦❛❧❦✉❧❛
❞✐t③❛❦❡③✉❧❛ ③❡r♦ ❡❞♦ ③❡r♦ ❜❛✐♥♦ t①✐❦✐❛❣♦❛❦ ❞✐r❡♥ ③❡♥❜❛❦✐ ❣✉③t✐❡♥ ❡rr♦ ❦❛rr❛t✉❛❦✳ ❆③❦❡♥
❦❛s✉ ❤♦rr❡t❛♥✱ ❡r❛❦✉ts✐ ❡♠❛✐t③❛ ③❡♥❜❛❦✐ ✐r✉❞✐❦❛r✐ ❜❛t ❜❡③❛❧❛✳ ❊s❛t❡ ❜❛t❡r❛❦♦✱ ♠♦♥✐✲
t♦r❡❛♥ ✲✹✲r❡♥ ❡rr♦ ❦❛rr❛t✉❛r❡♥ ✐t③✉❧t③❡❛❦ 2i ✐③❛♥ ❜❡❤❛r ❞✉✳ Pr♦❜❛ ❡③❛③✉ ③✉r❡ ♣r♦❣r❛♠❛
a = 0, 2, 4 ❡t❛ ✲✾ ❜❛❧✐♦③t❛t✉③✱ εe = 10−4 ❤❛rt✉③✳

✶✼✳ ❩❛t✐❦❛❦♦ ❢✉♥t③✐♦❛❦✱ ❜❛t③✉❡t❛♥✱ ♦s♦ ❡r❛❜✐❧❣❛rr✐❛❦ ❞✐r❛ ♠❡♥♣❡❦♦ ❛❧❞❛❣❛✐❛r❡♥ ❡t❛ ❛❧❞❛❣❛✐
❛s❦❡❛r❡♥ ❛rt❡❦♦ ❡r❧❛③✐♦❛ ❡❦✉❛③✐♦ ❜❛❦❛r ❜❛t❡❛♥ ❛❞✐❡r❛③✐ ❡③✐♥ ❞✉❣✉♥❡❛♥✳ ❆❞✐❜✐❞❡③✱ ❤♦♥❡❧❛
❞❡s❦r✐❜❛ ❧✐t❡❦❡ ❡s♣❛③✐♦✲s✉③✐r✐ ❜❛t❡♥ ❛❜✐❛❞✉r❛✿

v(t) =



























11t2 − 5t, 0 ≤ t ≤ 10
1100− 5t, 10 < t ≤ 20
50t+ 2(t− 20)2, 20 < t ≤ 30
1520e−0.2(t−30), t > 30
0, ❜❡st❡ ❦❛s✉ ❜❛t❡❛♥

●❛r❛t✉ ▼✲✜t①❛t❡❣✐ ❜❛t v ❦❛❧❦✉❧❛t③❡❦♦ t✲r❡♥ ❢✉♥t③✐♦❛♥✳ ❖r❞✉❛♥✱ ❡r❛❜✐❧✐ v = v(t) ❢✉♥t③✐♦
❤♦r✐✱ ❣r❛✜❦♦ ❜❛t s♦rt③❡❦♦ t = −5❡t✐❦ t = 50❡r❛✐♥♦ ✭t ❛❜s③✐s❛ ❡t❛ v ♦r❞❡♥❛t✉❛ ❡r❛❦✉ts✐③✮✳

✹✶


