
✻✳ ❣❛✐❛

❊❦✉❛③✐♦ ❡③✲❧✐♥❡❛❧❡♥ s✐st❡♠❡♥ ❡❜❛③♣❡♥❛

■❦❛s❣❛✐ ❤♦♥❡t❛♥ ❛❧❞❛❣❛✐ ❛♥✐t③❡❦♦ ♣r♦❜❧❡♠❡❦✐♥ ❛r✐t✉❦♦ ❣❛r❛✱ ❡t❛ ❣✉r❡ ❤❡❧❜✉r✉❛ ❡❦✉❛③✐♦ ❡③✲
❧✐♥❡❛❧❡♥ s✐st❡♠❛❦ ❡❜❛③t❡❛ ✐③❛♥❣♦ ❞❛✱ ❛❧❣♦r✐t♠♦ ❧♦❦❛❧❡♥ ❜✐❞❡③✳ ◆❡✇t♦♥✲❡♥ ♠❡t♦❞♦❛r❡❦✐♥
❤❛s✐❦♦ ❣❛r❛ ❡t❛ ❤❛r❡♥ ✐♥♣❧❡♠❡♥t❛③✐♦❛ ❡t❛ ❡③❛✉❣❛rr✐❛❦ ❛③t❡rt✉❦♦ ❞✐t✉❣✉✳

✻✳✶✳ ◆❡✇t♦♥✲❡♥ ♠❡t♦❞♦❛

■③❛♥ ❜❡❞✐ fff : IRn → IRn ❢✉♥t③✐♦❛ ❡t❛ fff ∈ C1 ✭❤♦ts✱ ❧❡❤❡♥❡♥❣♦ ♦r❞❡♥❛❦♦ ❞❡r✐❜❛t✉ ♣❛rt③✐❛❧
❣✉③t✐❛❦ ❢✉♥t③✐♦ ❥❛rr❛✐t✉❛❦ ❞✐r❛✮✱ ♥♦♥ f1, . . . , fn ❜❡r❡ ♦s❛❣❛✐❛❦ ❜❛✐t✐r❛✳ ❊❜❛t③✐ ❜❡❤❛r ❞✉❣✉♥
❡❦✉❛③✐♦❛ ③❡r❛ ❞❛✿

fff(xxx) = 000 ✭✻✳✶✮

❆❧❞❛❣❛✐ ❜❛t❡❦♦ ❢✉♥t③✐♦❡♥ ❦❛s✉r❛❦♦ ❜❡③❛❧❛✱ ❤❡♠❡♥ ❡r❡ ♠❡t♦❞♦ ✐t❡r❛t✐❜♦ ❜❛t ❡r❛❜✐❧✐❦♦ ❞✉❣✉
xxx0 ∈ IRn ♣✉♥t✉ ❜❛t❡t✐❦ ❛❜✐❛t✉③✳ ❉❡♠❛❣✉♥ k✲❣❛rr❡♥ ✐t❡r❛③✐♦❛♥ ❞❛❣♦❡❧❛ ♣r♦③❡s✉ ❤♦r✐❀ ♦r❞✉❛♥✱
♣✉♥t✉ ❤♦rr❡♥ ✐♥❣✉r✉❛♥✱ ❤❛✉ ❞❛ ❚❛②❧♦r❡♥ ❧❡❤❡♥❡♥❣♦ ♦r❞❡♥❛❦♦ ❣❛r❛♣❡♥❛✿

MMMk(xxxk) = fff(xxxk) + JJJ(xxxk)(xxx− xxxk),

♥♦♥ JJJ(xxxk) ♠❛tr✐③❡❛ fff ✲r❡♥ ❥❛❝♦❜✐❛rr❛ ❜❛✐t❛ xxxk ♣✉♥t✉❛♥ ✭❤♦ts✱ fff ✲r❡♥ ❧❡❤❡♥❡♥❣♦ ♦r❞❡♥❛❦♦
❞❡r✐❜❛t✉❛ ❞❛ ♣✉♥t✉ ❤♦rr❡t❛♥✮❀ ❤♦♥❡❧❛ ❞❡✜♥✐t③❡♥ ❞❛✿

JJJ(xxxk) =









∂f1
∂x1

(xxxk) . . . ∂f1
∂xn

(xxxk)
✳✳✳

✳ ✳ ✳
✳✳✳

∂fn
∂x1

(xxxk) . . . ∂fn
∂xn

(xxxk)









❏❛rr❛✐❛♥✱ ✭✻✳✶✮ ❡❦✉❛③✐♦❛♥ fff(x)✲r❡♥ ♦r❞❡③ xxxk✲r❡♥ ✐♥❣✉r✉❦♦ MMMk(xxxk) ❤✉r❜✐❧♣❡♥ ❧✐♥❡❛❧❛ ❥❛rr✐❦♦
❞✉❣✉✱ ❛❧❡❣✐❛✿

fff(xxxk) + JJJ(xxxk)(xxx− xxxk) = 000.

✶✺✶



✶✺✷ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❊❦✉❛③✐♦ ❤♦rr❡♥ s♦❧✉③✐♦❛ xxx = xxxk − JJJ(xxxk)
−1fff(xxxk) ❞❡♥❡③✱ ❤❛✉ ❞❛ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛r❡♥ ✐t❡✲

r❛③✐♦❛✿

xxxk+1 = xxxk − JJJ(xxxk)
−1fff(xxxk) ✭✻✳✷✮

◆❡✇t♦♥❡♥ xxxk+1 − xxxk ✉rr❛ts❛❦ xxx∗ − xxxk✲r❡♥ ❤✉r❜✐❧♣❡♥ ❜❛t ❡♠❛t❡♥ ❞✐❣✉✳

●❡♦♠❡tr✐❦♦❦✐✱ ❛❧❞❛❣❛✐ ❜❛t❡❦♦ ❢✉♥t③✐♦❡t❛r❛❦♦✱ ◆❡✇t♦♥✲❘❛♣❤s♦♥❡♥ ♠❡t♦❞♦❛♥ f(x)✲r❡♥
❤✉r❜✐❧♣❡♥❛ xk ♣✉♥t✉❦♦ ③✉③❡♥ ✉❦✐t③❛✐❧❡❛ ③❡♥✳ ❊❦✉❛③✐♦ ❡③✲❧✐♥❡❛❧❡♥ s✐st❡♠❡t❛r❛♥❛✐③❦♦✱ fi(x) = 0
❡❦✉❛③✐♦ ❜❛❦♦✐t③❛ ❤✉r❜✐❧t③❡♥ ❞❛ xxxk ♣✉♥t✉❦♦ ✭❤✐♣❡r✮♣❧❛♥♦ ✉❦✐t③❛✐❧❡❛③✱ ❤♦ts✿

fi(xxxk) +∇fi(xxxk)(xxx− xxxk) = 0

❡t❛ ❡❦✉❛③✐♦ ❡③✲❧✐♥❡❛❧❡♥ s✐st❡♠❛r❡♥ s♦❧✉③✐♦❛✱ ✭✻✳✷✮ ✲❦ ❞❡✜♥✐t✉t❛❦♦❛✱ ♣❧❛♥♦ ✉❦✐t③❛✐❧❡ ❤♦r✐❡♥
❣✉③t✐❡♥ ❡❜❛❦✐t③❡✲♣✉♥t✉❛ ❞❛✳

✻✳✶✳ ❆❞✐❜✐❞❡❛✳ ■③❛♥ ❜✐t❡③ ❢✉♥t③✐♦ ❤❛✉❡❦✿

f1(x, y) = x2 − 2x− y + 0.5
f2(x, y) = x2 + 4y2 − 4.

●✉r❡ ❤❡❧❜✉r✉❛ ❡❦✉❛③✐♦✲s✐st❡♠❛ ❤❛✉ ❡❜❛③t❡❛ ❞❛✿

f1(x, y) = 0
f2(x, y) = 0.

❊❜❛③♣❡♥❛✳ f1(x, y) = 0 ❡t❛ f2(x, y) = 0 ❡❦✉❛③✐♦❡❦ XOY ♣❧❛♥♦❦♦ ❜✐ ❦✉r❜❛ ❞❡✜♥✐t③❡♥ ❞✐t✉③t❡❀
❜❡r❛③✱ s✐st❡♠❛ ❤♦rr❡♥ s♦❧✉③✐♦❛ ❜✐ ❦✉r❜❡♥ (x, y) ❡❜❛❦✐t③❡✲♣✉♥t✉ ❜❛t ❞❛✳ ❙✐st❡♠❛❦♦ ❦✉r❜❛❦
♦s♦ ❡③❛❣✉♥❛❦ ❞✐r❛✿

x2 − 2x− y + 0.5 = 0 ♣❛r❛❜♦❧❛ ❜❛t ❞❛✱
x2 + 4y2 − 4 = 0 ❡❧✐♣s❡ ❜❛t ❞❛✳

❙✐st❡♠❛ ❤♦rr❡❦ ❜✐ s♦❧✉③✐♦ ✭❜✐ ❡❜❛❦✐t③❡✲♣✉♥t✉✮ ❡♠❛t❡♥ ❞✐t✉✱ (−0.2, 1.0) ❡t❛ (1.9, 0.3) ♣✉♥t✉❡✲
t❛t✐❦ ❤✉r❜✐❧ ❞❛✉❞❡♥❛❦✳

◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛♥✱ (x0, y0) = (0, 1) ♣✉♥t✉t✐❦ ❛❜✐❛t③❡♥ ❜❛❣❛r❛✱ ③❡r❛ ❞✉❣✉✿

∇f1(x, y) = (2x− 2,−1) ⇒ ∇f1(0, 1) = (−2,−1)
∇f2(x, y) = (2x, 8y) ⇒ ∇f2(0, 1) = (0, 8)

❖♥❞♦r✐♦③✱ ❤❛✉❡❦ ❞✐r❛ ✉❦✐t③❛✐❧❡❡♥ ❡❦✉❛③✐♦❛❦✿

f1(0, 1) +∇f1(x0, y0)
[

x− x0

y − y0

]

= 0 ⇒ −0.5 + (−2,−1)
[

x− 0
y − 1

]

= 0

f2(0, 1) +∇f2(x0, y0)
[

x− x0

y − y0

]

= 0 ⇒ 0 + (0, 8)
[

x− 0
y − 1

]

= 0

✶✺✷



✻✳✶✳ ◆❡✇t♦♥✲❡♥ ♠❡t♦❞♦❛ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✺✸

❤♦rr❡❦ s✐st❡♠❛ ❤❛✉ ✐♥♣❧✐❦❛t③❡♥ ❞✉✿

−2x− y + 0.5 = 0
y − 1 = 0

❡t❛ ❡❜❛t③✐③✱ ❤❛✉ ❧♦rt③❡♥ ❞✉❣✉✿
x = −0.25 y = 1

❡t❛ ✭✻✳✷✮ ✐t❡r❛③✐♦❛③ (x1, y1) = (−0.25, 1) ❞✉❣✉✳

Pr♦③❡s✉ ❤♦r✐ ❥❛rr❛✐t✉③✱ ❧❛✉ ✐t❡r❛③✐♦t❛♥ (x4, y4) = (−0.2223147, 0.9938121) ❞✉❣✉✱ ❡t❛
f1(x4, y4) = 0.000241126 ❡t❛ f2(x4, y4) = 0.000073786✳

❍❛✉ ✐③❛♥❣♦ ❞❛ ❡rr♦r❡❛♥ t❛♠❛✐♥❛✿

‖(f1(x4, y4), f2(x4, y4))‖∞ = ‖(0.000241126, 0.000073786)‖∞ = 0.000241126.

❏❛rr✐t❛❦♦ ❡rr♦r❡❛r❡♥ t♦❧❡r❛♥t③✐❛ ♠❛①✐♠♦❛ 0.001 ✐③❛♥ ❜❛❞❛✱ s♦❧✉③✐♦ ❤♦r✐ ♦♥❛r❣❛rr✐❛ ❞❛✳ ✷

✻✳✶✳ ❛❧❣♦r✐t♠♦❛✳ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛✱ ❡❦✉❛③✐♦ ❡③✲❧✐♥❡❛❧❡♥ s✐st❡♠❡t❛r❛❦♦✳

✵ ✉rr❛ts❛✳ ❙❆❘❘❊❘❆✳ ❙❛rt✉✿ fff(xxx)✱ xxx0 ✭❤❛s✐❡r❛❦♦ ♣✉♥t✉❛✮ ze > 0 ✭③❡❤❛③t❛s✉♥ ❡r❧❛t✐❜♦❛✮✱
emax > 0 ✭❡rr♦r❡❛r❡♥ t♦❧❡r❛♥t③✐❛✮ ❡t❛ imax ✭✐t❡r❛③✐♦❡♥ ❦♦♣✉r✉ ♠❛①✐♠♦❛✮✳ ❏❛rr✐ k = 0

✶ ✉rr❛ts❛✳ ❑❛❧❦✉❧❛t✉ fff(xxxk) ❡t❛ JJJ(xxxk)✳

✷ ✉rr❛ts❛✳ ❊❜❛t③✐ s✐st❡♠❛ ❧✐♥❡❛❧ ❤❛✉✿

JJJ(xxxk)pppk = −fff(xxxk). ✭✻✳✸✮

✸ ✉rr❛ts❛✳ ❑❛❧❦✉❧❛t✉ ❤✉rr❡♥❣♦ ♣✉♥t✉❛✿

xxxk+1 = xxxk + pppk

✹ ✉rr❛ts❛✳ ❇❛❧❞✐♥ ‖pppk‖/‖xxxk+1‖ < ze ❡❞♦ ‖fff(xxxk+1)‖ < emax ❡❞♦ k ≥ imax ❜❛❞❛✱ ❣❡❧❞✐t✉
❡❣✐t❡♥ ❞❛✳ ❇❡st❡❧❛✱ k = k + 1 ❡❣✐t❡♥ ❞❛ ❡t❛ ✶ ✉rr❛ts❡r❛ ❣♦❛③✳

✺ ✉rr❛ts❛✳ ■❘❚❊❊❘❆✳ ❊♠❛✐t③❛✿ xxxk+1✳

❆❧❣♦r✐t♠♦ ❤♦rr❡♥ ✷✳ ✉rr❛ts❡❛♥ ✭✻✳✷✵✮ ◆❡✇t♦♥❡♥ s✐st❡♠❛ ❡❜❛t③✐ ❜❡❤❛r ❞✉❣✉✳ ❯rr❛ts
❤♦rr❡t❛♥✱ LU ❞❡s❦♦♥♣♦s✐③✐♦❛ ❡❞♦ QR ❢❛❦t♦r✐③❛③✐♦❛ ❡r❛❜✐❧ ❞✐t③❛❦❡❣✉✳

✻✳✷✳ ❆❞✐❜✐❞❡❛✳ ■③❛♥ ❜❡❞✐ fff(xxx) =
[

x+ y − 3
x2 + y2 − 9

]

✳ ❊❜❛t③✐ fff(xxx) = 000 s✐st❡♠❛✳

✶✺✸



✶✺✹ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❊❜❛③♣❡♥❛✳ ❙✐st❡♠❛ ❤♦rr❡❦ (3, 0)t ❡t❛ (0, 3)t ❡rr♦❛❦ ❞✐t✉✳ ■③❛♥ ❜❡❞✐ xxx0 = (1, 5)t✳ ❖r❞✉❛♥✱
❤❛✉❡❦ ❞✐r❛ ◆❡✇t♦♥❡♥ ❧❡❤❡♥❡♥❣♦ ❜✐ ✐t❡r❛③✐♦❛❦✿

JJJ(xxx0)ppp0 = −fff(xxx0) ⇒
[

1 1
2 10

]

ppp0 = −
[

3
17

]

⇒ ppp0 =
[−13/8
−11/8

]

xxx1 = xxx0 + ppp0 = (−0.625, 3.625)t,

JJJ(xxx1)ppp1 = −fff(xxx1) ⇒
[

1 1
−5/4 29/4

]

ppp1 = −
[

0
145/32

]

⇒ ppp1 =
[

145/272
−145/272

]

xxx2 = xxx1 + ppp1 = (−0.092, 3.092)t.

■❦✉s ❞❡③❛❦❡❣✉♥❡③✱ (0, 3)t s♦❧✉③✐♦t✐❦ ♥❛❤✐❦♦ ❤✉r❜✐❧ ❞❛❣♦ xxx2✳ ✷

✻✳✶✳✶✳ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛r❡♥ ❦♦♥❜❡r❣❡♥t③✐❛ ❧♦❦❛❧❛

✻✳✶✳ ▲❡♠❛✳ ■③❛♥ ❜❡❞✐ fff : IRn → IRm ❡t❡♥❣❛❜❡ ❞✐❢❡r❡♥t③✐❛❣❛rr✐❛ D ⊂ IRn ♠✉❧t③♦ ❦♦♥❜❡①✉
✐r❡❦✐❛♥✳ ❖r❞✉❛♥✱ ❤❛✉ ❜❡t❡t③❡♥ ❞❛ xxx,xxx+ ppp ∈ D ❣✉③t✐❡t❛r❛❦♦✿

fff(xxx+ ppp)− fff(xxx) =
∫ 1

0
JJJ(xxx+ tppp)ppp dt ≡

∫ xxx+ppp

xxx
fff ′(zzz) dzzz. ✭✻✳✹✮

✻✳✶✳ ❉❡✜♥✐③✐♦❛✳ ■③❛♥ ❜❡❞✐ GGG : IRn → IRm×n✱ xxx ∈ IRn✳ ❖r❞✉❛♥✱ GGG ❢✉♥t③✐♦ ❜❡❦t♦r✐❛❧❛
xxx ♣✉♥t✉❦♦ γγγ✲▲✐♣s❝❤✐t③ ❥❛rr❛✐t✉❛▲✐♣s❝❤✐t③ ❥❛rr❛✐t✉❛▲✐♣s❝❤✐t③ ❥❛rr❛✐t✉❛ ❞❡❧❛ ❡s❛♥❣♦ ❞✉❣✉✱ D ⊂ IRn ♠✉❧t③♦ ✐r❡❦✐❛✱ xxx ∈ D✱ ❡t❛ γ
❦♦♥st❛♥t❡ ❜❛t ❡①✐st✐t③❡♥ ❜❛❞✐r❛✱ ♥♦♥ vvv ∈ D ❣✉③t✐❡t❛r❛❦♦ ❤❛✉ ❜❡t❡t③❡♥ ❜❛✐t❛✿

‖GGG(vvv)−GGG(xxx)‖ ≤ γ‖vvv − xxx‖. ✭✻✳✺✮

❍♦r✐ ❣❡rt❛t③❡♥ ❞❡♥❡❛♥✱ ❤♦♥❡❧❛ ❛❞✐❡r❛③✐❦♦ ❞✉❣✉✿ GGG ∈ Lipγ(D)✳

✻✳✷✳ ▲❡♠❛✳ ■③❛♥ ❜❡❞✐ fff : IRn → IRm ❡t❡♥❣❛❜❡ ❞✐❢❡r❡♥t③✐❛❣❛rr✐❛ D ⊂ IRn ♠✉❧t③♦ ❦♦♥✲
❜❡①✉ ✐r❡❦✐❛♥✱ ❡t❛ ✐③❛♥ ❜❡❞✐ JJJ γ✲▲✐♣s❝❤✐t③ ❥❛rr❛✐t✉❛ xxx ∈ D ♣✉♥t✉❛r❡♥ D ✐♥❣✉r✉♥❡❛♥✱ ❤♦ts
JJJ ∈ Lipγ(D)✱ ❜❡❦t♦r❡✲♥♦r♠❛ ❜❛t ❡t❛ ❜❡r❛❦ ❡r❛❣✐♥❞❛❦♦ ♠❛tr✐③❡✲♥♦r♠❛ ❡r❛❜✐❧✐③✳ ❖r❞✉❛♥✱ ❤❛✉
❜❡t❡t③❡♥ ❞❛ xxx+ ppp ∈ D ❣✉③t✐❡t❛r❛❦♦✿

‖fff(xxx+ ppp)− fff(xxx)− JJJ(xxx)ppp‖ ≤ γ

2
‖ppp‖2. ✭✻✳✻✮

❋r♦❣❛♥t③❛✳ ❆✉rr❡❦♦ ▲❡♠❛r❡♥ ❛r❛❜❡r❛✱

fff(xxx+ ppp)− fff(xxx)− JJJ(xxx)ppp =
∫ 1
0 JJJ(xxx+ tppp)ppp dt− JJJ(xxx)ppp

=
∫ 1
0 (JJJ(xxx+ tppp)− JJJ(xxx))ppp dt.

✶✺✹



✻✳✶✳ ◆❡✇t♦♥✲❡♥ ♠❡t♦❞♦❛ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✺✺

❖r❛✐♥✱ ❡r❛❣✐♥❞❛❦♦ ♠❛tr✐③❡✲♥♦r♠❛r❡♥ ❞❡✜♥✐③✐♦❛ ❡t❛ JJJ✲r❡♥ γ✲▲✐♣s❝❤✐t③ ❥❛rr❛✐t✉t❛s✉♥❛ ❡r❛❜✐❧✐③
xxx✲r❡♥ D ✐♥❣✉r✉♥❡❛♥✱ ❤❛✉ ❞✉❣✉✿

‖fff(xxx+ ppp)− fff(xxx)− JJJ(xxx)ppp‖ ≤ ∫ 1
0 ‖(JJJ(xxx+ tppp)− JJJ(xxx))‖ · ‖ppp‖ dt

≤ ∫ 1
0 γ‖tppp‖ · ‖ppp‖dt

= γ‖ppp‖2 ∫ 10 t dt

=
γ

2
‖ppp‖2. ✷

❏❛rr❛✐❛♥✱ ❡❦✉❛③✐♦ ❡③✲❧✐♥❡❛❧❡♥ s✐st❡♠❡t❛r❛❦♦✱ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛r❡♥ ❦♦♥❜❡r❣❡♥t③✐❛ ❦♦❛❞✲
r❛t✐❦♦ ❧♦❦❛❧❛ ❢r♦❣❛t✉❦♦ ❞✉❣✉✳ ❖r❛✐♥✱ xxx✲r❡♥ r ❡rr❛❞✐♦❦♦ ✐♥❣✉r✉♥❡❛ Br(xxx) = {xxx ∈ IRn |
‖xxx − xxx‖ < r} ❞✉❣✉✳ ❖❤❛rt✉ JJJ ∈ Lipγ(Br(xxx)) ❛❞✐❡r❛③♣❡♥❛❦ ③❡r❛ ❡s❛♥ ♥❛❤✐ ❞✉❡❧❛✿ JJJ γ✲
▲✐♣s❝❤✐t③ ❥❛rr❛✐t✉❛ ❞❡❧❛ xxx ∈ D ♣✉♥t✉❛r❡♥ Br(xxx) ✐♥❣✉r✉♥❡❛♥✳

✻✳✶✳ ❚❡♦r❡♠❛✳ ■③❛♥ ❜❡❞✐ fff : IRn → IRn ❡t❡♥❣❛❜❡ ❞✐❢❡r❡♥t③✐❛❣❛rr✐❛ D ⊂ IRn ♠✉❧t③♦ ❦♦♥❜❡①✉
✐r❡❦✐❛♥✳ ❉❡♠❛❣✉♥ xxx∗ ∈ IRn ❡t❛ r, β > 0 ❡①✐st✐t③❡♥ ❞✐r❡❧❛✱ ♥♦♥ Br(xxx

∗) ⊂ D✱ fff(xxx∗) = 000✱
JJJ(xxx∗)−1 ❡①✐st✐t③❡♥ ❜❛✐t❛✱ ‖JJJ(xxx∗)−1‖ ≤ β ✐③❛♥✐❦✱ ❡t❛ JJJ ∈ Lipγ(Br(xxx

∗))✳ ❖r❞✉❛♥✱ ε > 0 ❞❛❣♦✱
♥♦♥ xxx0 ∈ Bε(xxx

∗) ❣✉③t✐❡t❛r❛❦♦✱ ♦♥❞♦r❡♥❣♦ ❛❞✐❡r❛③♣❡♥❛❦ s♦rt✉t❛❦♦ {xxxk} s❡❣✐❞❛ ♦♥❞♦ ❞❡✜♥✐t✉t❛
❜❛✐t❛❣♦ ❡t❛ xxx∗✲❡r❛ ❥♦t③❡♥ ❜❛✐t✉✿

xxxk+1 = xxxk − JJJ(xxxk)
−1fff(xxxk), k = 0, 1, . . .

❡t❛✱ ❣❛✐♥❡r❛✱
‖xxxk+1 − xxx∗‖ ≤ βγ‖xxxk − xxx∗‖2, k = 0, 1, . . . . ✭✻✳✼✮

❋r♦❣❛♥t③❛✳ ε ❛✉❦❡r❛t✉❦♦ ❞✉❣✉ JJJ(xxx) ❡③✲s✐♥❣✉❧❛rr❛ ✐③❛t❡❦♦ xxx ∈ Bε(xxx
∗) ❣✉③t✐❡t❛♥✳ ❏❛rr❛✐❛♥✱

❡r❡❞✉ ❧✐♥❡❛❧ ❤♦♥❡❦✿
MMMk(x) = fff(xxxk) + JJJ(xxxk)(xxx− xxxk),

s♦rt✉t❛❦♦ ❡rr♦r❡❛ O(‖xxxk−xxx∗‖2) ❞❡♥❡③ ❣❡r♦✱ ❦♦♥❜❡r❣❡♥t③✐❛ ❦♦❛❞r❛t✐❦♦❛ ❞❡❧❛ ❢r♦❣❛t✉❦♦ ❞✉❣✉✳

■③❛♥ ❜❡❞✐

ε = min

{

r,
1

2βγ

}

. ✭✻✳✽✮

k✲r❡♥ ❣❛✐♥❡❦♦ ✐♥❞✉❦③✐♦③ ✭✻✳✼✮ ❜❡t❡t③❡♥ ❞❡❧❛ ❢r♦❣❛t✉❦♦ ❞✉❣✉✱ ❡t❛ ❤❛✉ ❡r❡ ❜❛✐✿

‖xxxk+1 − xxx∗‖ ≤ 1

2
‖xxxk − xxx∗‖

❡t❛✱ ❜❡r❛③✱
xxxk+1 ∈ Bε(xxx

∗). ✭✻✳✾✮

✶✺✺



✶✺✻ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

▲❡❤❡♥❞❛❜✐③✐✱ JJJ(xxx0) ❡③ ❞❡❧❛ s✐♥❣✉❧❛rr❛ ✐❦✉s✐❦♦ ❞✉❣✉✳ ❊r❛❜✐❧t③❡♥ ❜❛❞✐t✉❣✉ ‖xxx0 − xxx∗‖ ≤ ε✱
JJJ✲r❡♥ ▲✐♣s❝❤✐t③ ❥❛rr❛✐t✉t❛s✉♥❛ xxx∗ ♣✉♥t✉❛♥ ❡t❛ ✭✻✳✽✮ ✱ ❤❛✉ ❧♦rt③❡♥ ❞✉❣✉✿

‖JJJ(xxx∗)−1[JJJ(xxx0)− JJJ(xxx∗)]‖ ≤ ‖JJJ(xxx∗)−1‖ · ‖JJJ(xxx0)− JJJ(xxx∗)‖

≤ βγ‖xxx0 − xxx∗‖ ≤ β · γ · ε ≤ 1/2.

❍♦rr❡❣❛t✐❦ ❡t❛ ♠❛tr✐③❡✲♥♦r♠❛r❡♥ ❥❛rr❛✐t✉t❛s✉♥❛❣❛t✐❦✱ JJJ(xxx0) ❡③ ❞❡❧❛ s✐♥❣✉❧❛rr❛ ❛t❡r❛t③❡♥ ❞❛
❡t❛ ❛❧❞❡r❛♥t③✐③❦♦❛r❡♥ ♥♦r♠❛❦ ❤❛✉ ❜❡t❡t③❡♥ ❞✉❡❧❛ ❢r♦❣❛ ❞❛✐t❡❦❡ ✭✐❦✉s ❬✼❪ ✸✳✶✳✹✳ ❚❡♦r✳✮✿

‖JJJ(xxx0)
−1‖ ≤ ‖JJJ(xxx∗)−1‖

1− ‖JJJ(xxx∗)−1[JJJ(xxx0)− JJJ(xxx∗)]‖

≤ 2‖JJJ(xxx∗)−1‖

≤ 2 · β ✭✻✳✶✵✮

❇❡r❛③✱ xxx1 ♦♥❞♦ ❞❡✜♥✐t✉t❛ ❞❛❣♦ ❡t❛ ❤❛✉ ❜❡t❡t③❡♥ ❞✉✿

xxx1 − xxx∗ = xxx0 − xxx∗ − JJJ(xxx0)
−1fff(xxx0)

= xxx0 − xxx∗ − JJJ(xxx0)
−1[fff(xxx0)− fff(xxx∗)]

= JJJ(xxx0)
−1[fff(xxx∗)− fff(xxx0)− JJJ(xxx0)(xxx

∗ − xxx0)].

❖❤❛rt✉ ♣❛r❡♥t❡s✐❡♥ ❛rt❡❦♦ ❣❛✐❛ fff(xxx∗)✲r❡♥ ❡t❛MMM0(xxx
∗) ❡r❡❞✉❛r❡♥ ❛rt❡❦♦ ❦❡♥❞✉r❛ ❞❡❧❛✳ ❇❡r❛③✱

✻✳✷✳ ▲❡♠❛ ❡t❛ ✭✻✳✶✵✮ ❡r❛❜✐❧✐③✱ ❤❛✉ ❞✉❣✉✿

‖xxx1 − xxx∗‖ ≤ ‖JJJ(xxx0)
−1‖‖ · fff(xxx∗)− fff(xxx0)− JJJ(xxx0)(xxx

∗ − xxx0)‖

≤ 2 · β · γ
2
‖xxx0 − xxx∗‖2

= β · γ‖xxx0 − xxx∗‖2.
❍♦rr❡❦ ✭✻✳✼✮ ❢r♦❣❛t③❡♥ ❞✉✳ ●❛✐♥❡r❛✱ ‖xxx0 − xxx∗‖ ≤ 1/(2βγ) ❞❡♥❡③✱ ❤❛✉ ❧♦rt③❡♥ ❞✉❣✉✿

‖xxx1 − xxx∗‖ ≤ 1

2
‖xxx0 − xxx∗‖,

❤♦rr❡❦ ✭✻✳✾✮ ❢r♦❣❛t③❡♥ ❞✉ ❡t❛ k = 0 ❦❛s✉❛ ♦s❛t③❡♥ ❞✉✳ ■♥❞✉❦③✐♦❛r❡♥ ❜❡st❡ ✉rr❛ts❛❦ ❢r♦✲
❣❛t③❡❦♦✱ ❛♥t③❡❦♦ ❡r❛ ❜❛t❡❛♥ ❥♦❦❛t③❡♥ ❞❛✳ ✷

✻✳✷✳ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛r❡♥ ❛❧❞❛❦❡t❛❦

◆❡✇t♦♥❡♥ ♠❡t♦❞♦r❛❦♦ ❛❧❞❛❡r❛ ❜❛t③✉❦ ❡①✐st✐t③❡♥ ❞✐r❛❀ ♠❡t♦❞♦❛r✐ ❡❧❦❛rt✉t❛❦♦ s✐st❡♠❛r❡♥
❞❡✜♥✐③✐♦❛♥ ❡t❛ ❡❜❛③♣❡♥❡❛♥ ❞❡s❜❡r❞✐♥t③❡♥ ❞✐r❛✳ ❍♦r✐❡♥ ❣✉③t✐❡♥ ❤❡❧❜✉r✉❛ ❞❛ ❛❧❣♦r✐t♠♦❛r❡♥
❢❛s❡ ❤♦r✐ ♠✉rr✐③t❡❛ ❡t❛✱ ❤♦rr❡t❛r❛❦♦✱ ♠❛tr✐③❡ ❥❛❝♦❜✐❛rr❛ ❤✉r❜✐❧t③❡♥ ❞❛ ❡r❛ ❞❡s❜❡r❞✐♥❡t❛♥✳

✶✺✻



✻✳✷✳ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛r❡♥ ❛❧❞❛❦❡t❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✺✼

✻✳✷✳✶✳ ❉✐❢❡r❡♥t③✐❛ ✜♥✐t✉③❦♦ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛

❏❛❝♦❜✐❛rr❛r❡♥ ❛❞✐❡r❛③♣❡♥ ❛♥❛❧✐t✐❦♦❛ ❦❛❧❦✉❧❛t✉ ❡③✐♥ ❞❡♥❡❛♥✱ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛r❡♥ ❛❧❞❛❡r❛
❤♦♥❡❦ ♠❛tr✐③❡ ❥❛❝♦❜✐❛rr❛ ♦r❞❡③❦❛t③❡♥ ❞✉ ❜❡r❡ ❞✐❢❡r❡♥t③✐❛ ✜♥✐t✉③❦♦ ❤✉r❜✐❧♣❡♥❛③✳

✻✳✷✳ ❚❡♦r❡♠❛✳ ■③❛♥ ❜✐t❡③ fff : IRn → IRn ❡t❛ xxx∗ ✻✳✶✳ ❚❡♦r❡♠❛r❡♥ ❤✐♣♦t❡s✐❛❦ ❜❡t❡t③❡♥
❞✐t✉③t❡♥❛❦✳ ❖r❞✉❛♥✱ ε, h > 0 ❡①✐st✐t③❡♥ ❞✐r❛✱ ♥♦♥ ❜❛❧❞✐♥ {hk} s❡❣✐❞❛ ❡rr❡❛❧❛✱ 0 < |hk| ≤ h✱
❡t❛ xxx0 ∈ Bε(xxx

∗) ❜❛❞✐r❛✱ ♦♥❞♦r❡♥❣♦ ❛❞✐❡r❛③♣❡♥❛❦ s♦rt✉t❛❦♦ {xxxk} s❡❣✐❞❛ ♦♥❞♦ ❞❡✜♥✐t✉t❛ ❞❛❣♦
❡t❛ xxx∗✲r❛ ❥♦t③❡♥ ❞✉ ❧✐♥❡❛❧❦✐✿

aaa
(k)
j =

fff(xxxk + hkeeej)− fff(xxxk)

hk

, j = 1, . . . , n,

xxxk+1 = xxxk −AAA−1
k fff(xxxk), k = 0, 1, . . . ,

✭aaa
(k)
j ❜❡❦t♦r❡❛ AAAk✲r❡♥ j✲❣❛rr❡♥ ③✉t❛❜❡❛ ❞❛✮✳

❇❛❧❞✐♥ ❤❛✉ ❜❡t❡t③❡♥ ❜❛❞❛✿
lim
k→∞

hk = 0,

❦♦♥❜❡r❣❡♥t③✐❛ s✉♣❡r❧✐♥❡❛❧❛ ❞❛✳

❇❛❧❞✐♥ c1 ❦♦♥st❛♥t❡ ❜❛t ❜❛❞❛❣♦ ❤❛✉ ❜❡t❡t③❡♥ ❞✉❡♥❛✿

|hk| ≤ c1‖xxxk − xxx∗‖1,

❡❞♦✱ ❜❛❧✐♦❦✐❞❡❦✐✱ c2 ❦♦♥st❛♥t❡ ❜❛t ❜❛❞❛❣♦ ❤❛✉ ❜❡t❡t③❡♥ ❞✉❡♥❛✿

|hk| ≤ c2‖fff(xxxk)‖1,

♦r❞✉❛♥✱ ❦♦♥❜❡r❣❡♥t③✐❛ ❦♦❛❞r❛t✐❦♦❛ ❞❛✳

❚❡♦r❡♠❛ ❤♦♥❡♥ ❢r♦❣❛♥t③❛ ✻✳✶✳ t❡♦r❡♠❛❦♦❛r❡♥ ❛♥t③❡❦♦❛ ❞❛✱ ❡t❛ ❬✼❪ ❡rr❡❢❡r❡♥t③✐❛♥ ❛✉r❦✐
❞❛✐t❡❦❡✳

❊❞♦♥♦❧❛ ❡r❡✱ ✐t❡r❛③✐♦ ❜❛❦♦✐t③❡❛♥ JJJ(xxx)✲r❡♥ ❤✉r❜✐❧♣❡♥ ❤♦r✐ ❡❣✐t❡❦♦✱ n2+n ❢✉♥t③✐♦✲❜❛❧✐♦③t❛t③❡❛
❡❣✐♥ ❜❡❤❛r ❞✉❣✉ ✭n2✱ ❥❛❝♦❜✐❛rr❛ ❦❛❧❦✉❧❛t③❡❦♦✱ ❡t❛ n✱ ❢✉♥t③✐♦❛r❡♥ ❜❛❧✐♦❛ ❦❛❧❦✉❧❛t③❡❦♦✮✱ ❡t❛ s✐s✲
t❡♠❛ ❧✐♥❡❛❧❛ ❡❜❛③t❡❦♦ O(n3) ❡r❛❣✐❦❡t❛ ❣❡❤✐❛❣♦✳

❍♦♥❛❦♦ ❤❛✉ ❞❛ h ♣❛r❛♠❡tr♦❛ ❛✉❦❡r❛t③❡❦♦ ❡r❛ ❛rr❛③♦♥❛❣❛rr✐ ❜❛t✳ fff(xxx) t ❞✐❣✐t✉ ③✉③❡♥❡❦✐♥
❦❛❧❦✉❧❛ ❞❛✐t❡❦❡❡♥❡❛♥✱ ♦r❞✉❛♥✱ fff(xxx + heeej) ❡t❛ fff(xxx) ❞❡s❜❡r❞✐♥❛❦ ✐③❛♥ ❜❡❤❛r❦♦ ❧✐r❛t❡❦❡ ❛③❦❡♥
t/2 ❞✐❣✐t✉ ❤♦r✐❡t❛♥✳ ❍❛✐♥ ③✉③❡♥ ❡r❡✱ fff(xxx)✲r❡♥ ❦❛❧❦✉❧✉❛r❡♥ ❡rr♦r❡ ❡r❧❛t✐❜♦❛ η ❜❛❧✐t③✱ ❤❛✉ ❧♦rt✉
❜❡❤❛r❦♦ ❣❡♥✉❦❡✿

‖fff(xxx+ heeej)− fff(xxx)‖
‖fff(xxx)‖ ≤ √

η, j = 1, . . . , n. ✭✻✳✶✶✮

✶✺✼



✶✺✽ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❊③ ❜❛❞✉❣✉ ✐♥❢♦r♠❛③✐♦ ❤♦❜❡r✐❦✱ ✭✻✳✶✶✮ ❧♦rt③❡❦♦ ❡r❛ ❛rr❛③♦♥❛❣❛rr✐ ❜❛t xj ♦s❛❣❛✐ ❜❛❦♦✐t③❛
❤♦♥❡❧❛ ♣❡rt✉r❜❛t③❡❛ ❞❛✿

hj =
√
η · xj, ✭✻✳✶✷✮

❡t❛ ❣❡r♦✱ aaaj ③✉t❛❜❡ ❜❛❦♦✐t③❛ ❤♦♥❡❧❛ ❦❛❧❦✉❧❛t③❡❛✿

aaaj =
fff(xxx+ hjeeej)− fff(xxx)

hj

. ✭✻✳✶✸✮

●❛✐♥❡r❛✱ fff(xxx) ❢♦r♠✉❧❛ ❜❛t❡③ ❡♠❛t❡♥ ❞❡♥❡❛♥✱ η = εM ✭♠❛❦✐♥❛r❡♥ ❡rr♦r❡❛✮ ❤❛rt③❡❛ ❡r❡ ❛rr❛✲
③♦♥❛❣❛rr✐❛ ❞❛✳ ❖♥❞♦r❡♥❣♦ ❛❞✐❜✐❞❡❛♥✱ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛♥ ❞❡r✐❜❛t✉❛❦ ❞✐❢❡r❡♥t③✐❛ ✜♥✐t✉❡♥
❜✐❞❡③ ✭❞✳❞✳❢✳✮ ❦❛❧❦✉❧❛t③❡♥ ❞✐r❛✱ ❤♦ts ✭✻✳✶✷✮✲✭✻✳✶✸✮ ❡r❛❜✐❧✐③ η = εM ✲r❡❦✐♥✱ ❡t❛ ❜❛✐t❛ ❞❡r✐❜❛t✉
❛♥❛❧✐t✐❦♦❛❦ ✭❞✳❛✳✮ ❡r❛❜✐❧✐③ ❡r❡✱ ❡♠❛✐t③❛❦ ❤❛s✐❡r❛❦♦ ♣✉♥t✉ ❜❡r❞✐♥❡t✐❦ ❛❜✐❛t✉③ ❦♦♥♣❛r❛t③❡♥ ❞✐r❛✳
■❦✉s ❞❛✐t❡❦❡❡♥❡③✱ ❡♠❛✐t③❛❦ ✐❛ ❜❡r❞✐♥❛❦ ❞✐r❛✱ ❡t❛ ❤♦r✐ ❞❛ ♣r❛❦t✐❦❛♥ ❣❡rt❛t✉ ♦❤✐ ❞❡♥❛✳ ❍♦r✐
❞❡❧❛ ❡t❛✱ s♦❢t✇❛r❡ ♣❛❦❡t❡ ❜❛t③✉❡❦ ❡③ ❞✉t❡ ❜❡❤❛r ❞❡r✐❜❛t✉ ❛♥❛❧✐t✐❦♦r✐❦❀ ❤❛✐❡❦ ❜❡t✐ ❡r❛❜✐❧t③❡♥
❞✐t✉③t❡ ❞✐❢❡r❡♥t③✐❛ ✜♥✐t✉❛❦✳

✻✳✸✳ ❆❞✐❜✐❞❡❛✳ ■③❛♥ ❜❡❞✐ fff(x) =
[

x2
1 + x2

2 − 2
ex1−1 + x3

2 − 2

]

✳ ❊❜❛t③✐ fff(xxx) = 0✱ xxx0 = [2, 3]t ❤❛rt✉③✳

❉❛❦✐❣✉♥❡③ xxx∗ = [1, 1]t✳

❊❜❛③♣❡♥❛✳ ❑❛❧❦✉❧✉❛❦ ✶✹ ❞✐❣✐t✉ ❡s❛♥❣❛rr✐❡❦✐❦♦ ♦r❞❡♥❛❣❛✐❧✉ ❜❛t❡❛♥ ❡❣✐♥ ❞✐r❛✳ ❖♥❞♦r✐♦③✱
η = εM = 10−14 ❞✉❣✉❀ ❜❡r❛③✱ hj = 10−7|xj|✳

✶✺✽



✻✳✷✳ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛r❡♥ ❛❧❞❛❦❡t❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✺✾

◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛ ❞✳❛✳ ❡r❛❜✐❧✐③ xxxk ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛ ❞✳❞✳❢✳ ❡r❛❜✐❧✐③
[2, 3]t xxx0 [2, 3]t

[

0.57465515807608
2.1168965612826

]

xxx1

[

0.57465515450268
2.1168966735234

]

[

0.31178766389307
1.5241979559460

]

xxx2

[

0.31178738552306
1.5241981016335

]

[

1.4841388323960
1.1464779176945

]

xxx3

[

1.4841386151178
1.1464781318492

]

[

1.0592959013664
1.0348194625183

]

xxx4

[

1.0592958450507
1.0348195092235

]

[

1.0008031050945
1.0014625483617

]

xxx5

[

1.0008031056081
1.0014625533494

]

[

0.99999872187461
1.0000026672636

]

xxx6

[

0.99999872173640
1.0000026674316

]

[

0.99999999999548
1.0000000000089

]

xxx7

[

0.99999999999535
1.0000000000091

]

✹ [JJJ(xxx0)]11 ✹✳✵✵✵✵✵✵✸✸✵✾✻✶✺
✻ [JJJ(xxx0)]12 ✻✳✵✵✵✵✵✵✷✶✷✷✷✺✷

✷✳✼✶✽✷✽✶✽✷✽✹✺✾✵ [JJJ(xxx0)]21 ✷✳✼✶✽✷✽✷✹✶✻✾✸✺✽
✷✼ [JJJ(xxx0)]22 ✷✼✳✵✵✵✵✵✷✹✼✵✽✸✽

✻✳✷✳✷✳ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦ ❛❧❞❛t✉❛

▲❡❤❡♥❡♥❣♦ ❛❧❞❛❡r❛ ♠❛tr✐③❡ ❥❛❝♦❜✐❛r ❜❡r❞✐♥❛✱ JJJ(xxx0)✱ ♣r♦③❡s✉ ✐t❡r❛t✐❜♦ ♦s♦❛♥ ✐③❛t❡❛♥ ❞❛t③❛✱
❡❞♦✱ ✐t❡r❛③✐♦ ❦♦♣✉r✉ ✜♥❦♦ ❜❛t❡❛♥ ③❡❤❛r✱ ❣✉t①✐❡♥❡③✳

✻✳✷✳✸✳ ❏❛❝♦❜✐r❡♥ ❛❧❞❛❡r❛

❆❧❞❛❡r❛ ❤♦♥❡t❛♥✱ ❞✐❛❣♦♥❛❧ ♥❛❣✉s✐❦♦ ❣❛✐❡♥ ❜✐❞❡③ ❤✉r❜✐❧t③❡♥ ❞❛ ♠❛tr✐③❡ ❥❛❝♦❜✐❛rr❛✳ ❍♦ts✱

xxxk+1 = xxxk −DDD−1
k fff(xxxk),

♥♦♥ DDDk = diag{d(k)11 , . . . , d
(k)
nn} ❡t❛ d

(k)
ii = [JJJ(xxxk)]ii✱ i = 1, . . . , n✳ ■❦✉s ❞❛✐t❡❦❡❡♥❡③✱ s✐st❡♠❛

❧✐♥❡❛❧❡t❛r❛❦♦ ❏❛❝♦❜✐r❡♥ ♠❡t♦❞♦❛r❡♥ ❛♥t③❡❦♦❛ ❞❛✳ ❉✐❛❣♦♥❛❧❡❛♥ ❡③ ❞❛✉❞❡♥ ❣❛✐❛❦ t①✐❦✐❛❦ ❜❛❞✐r❛
❞✐❛❣♦♥❛❧❡❦♦ ❣❛✐❡❦✐❦♦ ✭❤♦ts✱ ❞✐❛❣♦♥❛❧ ♠❡♥♣❡r❛t③❛✐❧❡❛ ❜❛❞❛✮✱ ✐♥t❡r❡s❣❛rr✐❛ ✐③❛♥❣♦ ❞❛ ♠❡t♦❞♦
❤❛✉✳

✶✺✾
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✻✳✷✳✹✳ ●❛✉ss✲❙❡✐❞❡❧❡♥ ❛❧❞❛❡r❛

❆❧❞❛❡r❛ ❤♦♥❡t❛♥✱ ♠❛tr✐③❡ ❥❛❝♦❜✐❛rr❛ ❜❡r❡ ❞✐❛❣♦♥❛❧❛r❡❦✐♥ ❡t❛ ❞✐❛❣♦♥❛❧❛r❡♥ ❛③♣✐❦♦ ❛③♣✐♠❛✲
tr✐③❡❛r❡❦✐♥ ❤✉r❜✐❧t③❡♥ ❞❛ ✭❞✐❛❣♦♥❛❧❛r❡♥ ❣❛✐♥❡❦♦ ❣❛✐❛❦ ❡③ ❞✐r❛ ❡r❛❜✐❧t③❡♥✮✳ ❍♦ts✱

xxxk+1 = xxxk −LLL−1
k fff(xxxk),

♥♦♥ [LLLk]ij = [JJJ(xxxk)]ij✱ i ≥ j✳ ■t❡r❛③✐♦ ❜❛❦♦✐t③❡❛♥ LLLkpppk = −fff(xxxk) s✐st❡♠❛ ❡❜❛t③✐❦♦ ❞❛
❛✉rr❡r❛♥t③ ❡t❛✱ ❣❡r♦✱ xxxk+1 = xxxk + pppk ❡❣✐♥❣♦ ❞❛✳

✻✳✸✳ ◗✉❛s✐✲◆❡✇t♦♥ ♠❡t♦❞♦❛❦

❉✐❢❡r❡♥t③✐❛ ✜♥✐t✉③❦♦ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❦♦ ✐t❡r❛③✐♦ ❜❛❦♦✐t③❡❛♥✱ JJJ(xxx)✲r❡♥ ❤✉r❜✐❧♣❡♥❛ ❡❣✐t❡❦♦✱
n2 + n ❢✉♥t③✐♦✲❜❛❧✐♦③t❛t③❡ ❡❣✐♥ ❜❡❤❛r ❞✐t✉❣✉ ✭n2✱ ❥❛❝♦❜✐❛rr❛ ❦❛❧❦✉❧❛t③❡❦♦✱ ❡t❛ n✱ ❢✉♥t③✐♦❛r❡♥
❜❛❧✐♦❛ ❦❛❧❦✉❧❛t③❡❦♦✮ ❡t❛ s✐st❡♠❛ ❧✐♥❡❛❧❛ ❡❜❛③t❡❦♦ O(n3) ❡r❛❣✐❦❡t❛ ❣❡❤✐❛❣♦✳ ❆❤❛❧❡❣✐♥ ❦♦♥✲
♣✉t❛③✐♦♥❛❧❛r❡♥ ❦♦♣✉r✉ ❤♦r✐ ❤❛♥❞✐❡❣✐❛ ❞❛✱ n t①✐❦✐❛ ✐③❛♥ ❡③❡❛♥✳

❆t❛❧ ❤♦♥❡t❛♥ ✐❦✉s✐❦♦ ❞✉❣✉ s✐st❡♠❛ ❡③✲❧✐♥❡❛❧❛❦ ❡❜❛③t❡❦♦ ❡❜❛❦✐t③❛✐❧❡ ♠❡t♦❞♦❛r❡♥ ❤❡❞❛t③❡
❛rr❛❦❛st❛ts✉❡♥❛✳ ▼❡t♦❞♦ ❤♦♥❡❦ ✐t❡r❛③✐♦ ❜❛❦♦✐t③❡❛♥ n ❢✉♥t③✐♦ ❜❛❧✐♦③t❛t③❡ ❜❛❦❛rr✐❦ ❜❡❤❛r
✐③❛♥❣♦ ❞✐t✉✱ ❡t❛ O(n2) ❡r❛❣✐❦❡t❛ ❛r✐t♠❡t✐❦♦✳

●♦❣♦r❛ ❞❡③❛❣✉♥ ❡❜❛❦✐t③❛✐❧❡❛r❡♥ ♠❡t♦❞♦❛♥✱ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛r❡♥ f ′(x1)✲❡♥ ♦r❞❡③✱ ❛❞✐❡✲
r❛③♣❡♥ ❤❛✉ ❡r❛❜✐❧t③❡♥ ❣❡♥✉❡❧❛✿

f(x1)− f(x0)

x1 − x0

.

❆❧❞❛❣❛✐ ❛♥✐t③❡❦♦ fff(xxx) ❢✉♥t③✐♦❛r❡♥ ❞❡r✐❜❛t✉❛ xxx1 ♣✉♥t✉❛♥✱ JJJ(xxx1)✱ AAA1 ♠❛tr✐③❡❛③ ♦r❞❡③❦❛t③❡♥
❞❛ ♣r♦♣✐❡t❛t❡ ❤♦♥❡❦✐♥✿

AAA1(xxx1 − xxx0) = fff(xxx1)− fff(xxx0).

❇❡r❞✐♥t③❛ ❤♦rr✐ ❡❜❛❦✐t③❛✐❧❡❛r❡♥ ❡❦✉❛③✐♦ ❞❡r✐t③♦❣✉✳ ●❛✐♥❡r❛✱ sssk = xxxk+1−xxxk ♥♦t❛③✐♦❛ ❡r❛❜✐❧✐❦♦
❞✉❣✉ k✲❣❛rr❡♥ ✐t❡r❛③✐♦❛r✐ ❞❛❣♦❦✐♦♥ ✉rr❛ts❛ ❛❞✐❡r❛③t❡❦♦✱ ❡t❛ yyyk = fff(xxxk+1) − fff(xxxk) ♥♦t❛③✐♦❛
✉rr❛ts ❤♦rr✐ ❞❛❣♦❦✐♦♥ ❢✉♥t③✐♦❛r❡♥ ❜❛❧✐♦❛r❡♥ ❛❧❞❛❦✉♥t③❛ ❡♠❛t❡❦♦✳ ❇❡r❛③✱ k✲❣❛rr❡♥ ✐t❡r❛③✐♦❛♥✱
AAAk+1 ♠❛tr✐③❡❛❦ ❡❜❛❦✐t③❛✐❧❡❛r❡♥ ❡❦✉❛③✐♦ ❤❛✉ ❜❡t❡ ❜❡❤❛r ❞✉✿

AAAk+1sssk = yyyk. ✭✻✳✶✹✮

✭✻✳✶✹✮ ❡❦✉❛③✐♦❛ ❡③ ❞❛ ♥❛❤✐❦♦ ❡s♣❡③✐✜❦❛t③❡❦♦ AAAk+1 ❜❛❦❛r ❜❛t n > 1 ❞❡♥❡❛♥✳ ❊❣✐❛ ❡s❛♥✱
✭✻✳✶✹✮ n ❡❦✉❛③✐♦❦♦ ❡t❛ n2 ❡③❡③❛❣✉♥❡❦♦ s✐st❡♠❛ ❜❛t ❞❛✳ ❍♦rr❡❣❛t✐❦✱ ❡❜❛❦✐t③❛✐❧❡ ❤✉r❜✐❧♣❡♥
❛rr❛❦❛st❛ts✉ ❜❛t ❡r❛✐❦✐t③❡❛ ❞❛ ♣♦s✐❜✐❧✐t❛t❡ ❤♦r✐❡♥ ❛rt❡❛♥ ❤❛✉t❛t③❡❦♦ ✐r✐③♣✐❞❡ ❡❣♦❦✐❡♥❛ ❛✉❦❡✲
r❛t③❡❛✳

◗✉❛s✐✲◆❡✇t♦♥ ♠❡t♦❞♦❡❦ {AAAk} s❡❣✐❞❛ ❜❛t ❡r❛✐❦✐t③❡♥ ❞✉t❡✱ ♥♦♥ AAAk ♠❛tr✐③❡❛❦ JJJ(xxxk) ♠❛✲
tr✐③❡ ❥❛❝♦❜✐❛rr❛ ❛❤❛❧✐❦ ❡t❛ ❤♦❜❡r❡♥ ❤✉r❜✐❧t③❡♥ ❜❛✐t✉✳ ❆❧❡❣✐❛✱ k✲❣❛rr❡♥ ✐t❡r❛③✐♦❛♥ fff(xxx) ♦r✲
❞❡③❦❛t③❡♥ ❞✉❣✉ ❤✉r❜✐❧♣❡♥ ❧✐♥❡❛❧ ❤♦♥❡❦✐♥✿

MMMk(xxx) = fff(xxxk) +AAAk(xxx− xxxk),

✶✻✵



✻✳✸✳ ◗✉❛s✐✲◆❡✇t♦♥ ♠❡t♦❞♦❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✻✶

③❡✐♥❛ ❡r❡❞✉ ❛✜♥❛ ❜❛✐t❛✳

✻✳✸✳✶✳ ❇r♦②❞❡♥✲❡♥ ♠❡t♦❞♦❛

❇r♦②❞❡♥❡❦ ✐❞❡✐❛ ❡rr❛③ ❜❛t ❡r❛❜✐❧✐ ③✉❡♥ AAAk+1✲❡♥ ❤✉r❜✐❧♣❡♥ ❡❣♦❦✐❛ ❧♦rt③❡❦♦ ✭✐❦✉s ❬✹❪✮✿ ✐t❡r❛③✐♦
❜❡rr✐❛♥✱AAAk ♠❛tr✐③❡❛❦ ❥❛❝♦❜✐❛rr❛r✐ ❜✉r✉③ ❡♠❛t❡♥ ❞✐❣✉♥ ✐♥❢♦r♠❛③✐♦ ❣❡❤✐❡♥❛ ❣♦r❞❡t③❡❛✳ ❆❧❡❣✐❛✱
AAAk+1 ❛✉❦❡r❛t③❡❦♦ ♦r❞✉❛♥✱ s❛✐❛t✉❦♦ ❣❛r❛ ♠✐♥✐♠✐③❛t③❡♥ ❡r❡❞✉ ❛✜♥❛r❡♥ ❛❧❞❛❦✉♥t③❛ k✲❣❛rr❡♥
❡r❡❞✉ ❛✜♥❛r❡❦✐❦♦✱ ❤♦ts✿

MMMk+1(xxx)−MMMk(xxx) = [fff(xxxk+1) +AAAk+1(xxx− xxxk+1)]− [fff(xxxk) +AAAk(xxx− xxxk)]
= (fff(xxxk+1)− fff(xxxk)−AAAk(xxxk+1 − xxxk)) + (AAAk+1 −AAAk)(xxx− xxxk).

▲❡❤❡♥❡♥❣♦ ♣❛r❡♥t❡s✐❛r❡♥ ❣❛✐❛❦ ❦♦♥st❛♥t❡❛❦ ❞✐r❡♥❡③✱ ♠✐♥✐♠✐③❛t✉ ❜❡❤❛r ❞✉❣✉♥❛ ❤❛✉ ✐③❛♥❣♦
❞❛✿

(AAAk+1 −AAAk)(xxx− xxxk).

❖r❛✐♥✱ xxx ∈ IRn ❣✉③t✐❡t❛r❛❦♦✱ ❜❡t✐ ❛❞✐❡r❛③ ❞❡③❛❦❡❣✉ ❤♦♥❡❧❛ xxx− xxxk ❦❡♥❞✉r❛✿

xxx− xxxk = αsssk + ttt,

♥♦♥ sssk = xxxk+1 − xxxk( 6= 000) ❡t❛ ttttsssk = 0 ✭❤♦ts✱ ttt ∈ IRn ❞❛ sssk ∈ IRn ❜❡❦t♦r❡❛r❡❦✐❦♦ n −
1 ❞✐♠❡♥ts✐♦❦♦ ❛③♣✐❡s♣❛③✐♦ ♦rt♦❣♦♥❛❧❛r❡♥ ❡❞♦③❡✐♥ ❜❡❦t♦r❡✮✳ ❖♥❞♦r✐♦③✱ MMMk+1(xxx) − MMMk(xxx)
♠✐♥✐♠✐③❛t③❡❦♦✱ ❤❛✉ ♠✐♥✐♠✐③❛t✉ ❜❡❤❛r ❞✉❣✉✿

α(AAAk+1 −AAAk)sssk + (AAAk+1 −AAAk)ttt. ✭✻✳✶✺✮

▲❡❤❡♥❡♥❣♦ ❣❛✐❛③ ❡③✐♥ ❞✉❣✉ ❡③❡r ❡❣✐♥✱ ③❡r❡♥ ✭✻✳✶✹✮ ✱ ❡❜❛❦✐t③❛✐❧❡❛r❡♥ ❡❦✉❛③✐♦❛r❡♥ ❛r❛❜❡r❛✱
❤❛✉ ❣❡rt❛t③❡♥ ❜❛✐t❛✿

(AAAk+1 −AAAk)sssk = yyyk −AAAksssk, ✭✻✳✶✻✮

❤❛✉ ❞❛✱ ❡♠❛✐t③❛✲❜❡❦t♦r❡❛ ❦♦♥st❛♥t❡❛ ❞❛ ✭k✲❣❛rr❡♥ ✐t❡r❛③✐♦❛♥ ❞❛t✉ ❤♦r✐❡❦ ❣✉③t✐❛❦ ✜♥❦❛t✉t❛
❞❛✉❞❡✮✳ ❖r❛✐♥✱ ✭✻✳✶✺✮ ❛❞✐❡r❛③♣❡♥❛r❡♥ ❜✐❣❛rr❡♥ ❣❛✐❛③✱ ❤❛✉ ❡s❦❛ ❞❡③❛❦❡❣✉✿

(AAAk+1 −AAAk)ttt = 000 ∀ttt ∈ IRn ♥♦♥ ttttsssk = 0 ❜❛✐t❛✳

❍♦r✐ ❧♦r ❞❡③❛❦❡❣✉ AAAk+1 ❡❣♦❦✐ ❜❛t ❛✉❦❡r❛t✉③✳ ❇❡r❞✐♥t③❛ ❤♦rr❡❦ ❤❛✉ ✐③❛t❡❛ ❡①✐❥✐t③❡♥ ❞✉✿

AAAk+1 −AAAk = uuussstk, ✭✻✳✶✼✮

♥♦♥ uuu ∈ IRn✳ ❆❧❡❣✐❛✱ AAAk+1 −AAAk ❜❛t ❤❡✐♥❛❦♦❛ ✐③❛♥ ❜❡❤❛r ❞✉✳ ❖r❛✐♥✱ ✭✻✳✶✹✮ ❡❜❛❦✐t③❛✐❧❡❛r❡♥
❡❦✉❛③✐♦❛ ❜❡t❡t③❡❛✱ ✭✻✳✶✻✮ ❜❡t❡t③❡❛r❡♥ ❜❛❧✐♦❦✐❞❡❛ ❞❛ ❡t❛✱ ♦r❞✉❛♥✱ uuu ❜❡❦t♦r❡❛❦ ❤❛✉ ❜❡t❡
❜❡❤❛r ❞✉✿

(uuussstk)sssk = yyyk −AAAksssk,

♦♥❞♦r✐♦③✱ ❡❜❛❦✐t③❛✐❧❡❛r❡♥ ❡❦✉❛③✐♦❛ ❜❡t❡t③❡❦♦ ❤❛✉ ✐③❛♥❣♦ ❞✉❣✉✿

uuu =
yyyk −AAAksssk

ssstksssk
.

✶✻✶



✶✻✷ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❇❡r❛③✱ uuu ❤♦r✐ ✭✻✳✶✼✮ ❡❦✉❛③✐♦❛♥ ♦r❞❡③❦❛t✉③ ❡t❛ AAAk+1 ❜❛❦❛♥❞✉③✱ ❤❛✉ ❧♦rt③❡♥ ❞❛✿

AAAk+1 = AAAk +
yyyk −AAAksssk

ssstksssk
stk. ✭✻✳✶✽✮

❖♥❞♦r✐♦③✱ ✭✻✳✶✽✮ ❡❣✉♥❡r❛t③❡❛❦ ♦♥❞♦③ ♦♥❞♦❦♦ ❜✐ ❡r❡❞✉ ❛✜♥❡♥ ❞✐❢❡r❡♥t③✐❛ t①✐❦✐❛❣♦t③❡♥ ❞✉✱
❡t❛ ❡❜❛❦✐t③❛✐❧❡❛r❡♥ ❡❦✉❛③✐♦❛ ❜❡t❡t③❡♥ ❞✉✳

◆❡✇t♦♥❡♥ s✐st❡♠❛ ❤✉r❜✐❧❞✉❛r❡♥ ❡❜❛③♣❡♥❛

❇❛t ❤❡✐♥❡❦♦ ❇r♦②❞❡♥❡♥ ❡❣✉♥❡r❛t③❡❛ ❡r❛❜✐❧t③❡♥ ❜❛❞✉❣✉✱ ✭✻✳✶✽✮✱ n ❢✉♥t③✐♦ ❜❛❧✐♦③t❛t③❡ ❜❛❦❛rr✐❦
❡r❛❜✐❧✐ ❜❡❤❛r ❞✉❣✉ ✐t❡r❛③✐♦ ❜❛❦♦✐t③❡❛♥ ✭❞✐❢❡r❡♥t③✐❛ ✜♥✐t✉❡♥ ❦❛s✉❛♥✱ n2 + n ❜❡❤❛r ❞✐t✉❣✉✮✳
❇❡st❛❧❞❡✱ JJJ(xxxk)ppp = −fff(xxxk) ◆❡✇t♦♥❡♥ s✐st❡♠❛r❡♥ ♦r❞❡③✱ s✐st❡♠❛ ❤❛✉ ❡❜❛t③✐ ❜❡❤❛r ❞✉❣✉✿

AAAkppp = −fff(xxxk),

❡t❛ s✐st❡♠❛ ❤♦r✐ ❡❜❛③t❡❦♦✱ O(n3) ❡r❛❣✐❦❡t❛❦ ❡r❛❜✐❧✐ ❜❡❤❛r ❞✐t✉❣✉ ♦r❛✐♥❞✐❦✳ ❆r❛③♦ ❤♦r✐ ❣❛✐♥✲
❞✐t③❡❦♦✱ ♠❛tr✐③❡❡♥ ♣r♦♣✐❡t❛t❡ ❜❛t ❡r❛❜✐❧✐③✱ ❢♦r♠✉❧❛ ❡rr❛③ ❜❛t❡♥ ❜✐❞❡③ ❧♦rt✉❦♦ ❞✉❣✉ AAAk✲r❡♥
❛❧❞❡r❛♥t③✐③❦♦❛✳

✻✳✸✳ ▲❡♠❛✳ ✭❙❤❡r♠❛♥✲▼♦rr✐s♦♥✲❲♦♦❞❜✉r②✮ ■③❛♥ ❜✐t❡③ uuu,vvv ∈ IRn ❜❡❦t♦r❡❛❦ ❡t❛ ❞❡♠❛❣✉♥
AAA ∈ IRn×n ♠❛tr✐③❡❛ ❡③ ❞❡❧❛ s✐♥❣✉❧❛rr❛✳ ❖r❞✉❛♥✱ AAA + uuuvvvt ❡③ ❞❛ s✐♥❣✉❧❛rr❛✱ ❜❛❧❞✐♥ ❡t❛ s♦✐❧✐❦
❜❛❧❞✐♥ ❤❛✉ ❜❡t❡t③❡♥ ❜❛❞❛✿

σ = 1 + vvvtAAA−1uuu 6= 0.

●❛✐♥❡r❛✱ ❤❛✉ ❜❡t❡t③❡♥ ❞❛✿

(AAA+ uuuvvvt)−1 = AAA−1 − 1

σ
AAA−1uuuvvvtAAA−1.

▲❡♠❛ ❤♦r✐ ✭✻✳✶✽✮ ❛❞✐❡r❛③♣❡♥❛r✐ ③✉③❡♥❡❛♥ ❛♣❧✐❦❛t③❡❛❦ ❤❛✉ ❡♠❛t❡♥ ❞✐❣✉✿

AAA−1
k+1 = (AAAk + uuussstk)

−1 = AAA−1
k − AAA−1

k uuussstkAAA
−1
k

1 + ssstkAAA
−1uuu

= AAA−1
k −

AAA−1
k

(

yyyk −AAAksssk
ssstksssk

)

ssstkAAA
−1
k

1 + ssstkAAA
−1
k

(

yyyk −AAAksssk
ssstksssk

)

= AAA−1
k − (AAA−1

k yyyk − sssk)sss
t
kAAA

−1
k

ssstksssk + ssstkAAA
−1
k yyyk − ssstksssk

✶✻✷



✻✳✸✳ ◗✉❛s✐✲◆❡✇t♦♥ ♠❡t♦❞♦❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✻✸

❡t❛✱ ❛③❦❡♥✐❦✱ ❇r♦②❞❡♥❡♥ ❛❧❞❡r❛♥t③✐③❦♦ ❢♦r♠✉❧❛ ❤❛✉ ❧♦rt③❡♥ ❞❛✿

AAA−1
k+1 = AAA−1

k +
(sssk −AAA−1

k yyyk)sss
t
kAAA

−1
k

ssstkAAA
−1
k yyyk

. ✭✻✳✶✾✮

❆❞✐❡r❛③♣❡♥ ❤♦rr❡❦ O(n2) ❡r❛❣✐❦❡t❛ ❜❡❤❛r ❞✐t✉ ❡t❛✱ sssk = −AAA−1
k fff(xxxk) ❦❛❧❦✉❧❛t③❡❦♦✱ O(n2) ❡r❛✲

❣✐❦❡t❛ ❡❣✐♥ ❜❡❤❛r ❞✐t✉❣✉✳ ❇❡r❛③✱ xxxk+1 = xxxk −AAA−1
k fff(xxxk) ✐t❡r❛③✐♦ ❜❡rr✐❛ ❦❛❧❦✉❧❛t③❡❦♦✱ ❣✉③t✐r❛

O(n2) ❡r❛❣✐❦❡t❛ ❡❣✐♥ ❜❡❤❛r ❞✐t✉❣✉✱ O(n3) ❡r❛❜✐❧✐ ❜❡❤❛rr❡❛♥✳

❋r♦❣❛ ❞❛✐t❡❦❡ ❇r♦②❞❡♥❡♥ ♠❡t♦❞♦❛r❡♥ ❦♦♥❜❡r❣❡♥t③✐❛ ❧♦❦❛❧❛ s✉♣❡r❧✐♥❡❛❧❛ ❞❡❧❛❀ ✐❦✉s ❬✼❪✳

✻✳✷✳ ❛❧❣♦r✐t♠♦❛✳ ◗✉❛s✐✲◆❡✇t♦♥ ♠❡t♦❞♦❛✱ ❇r♦②❞❡♥❡♥ ❡❣✉♥❡r❛t③❡❛③✳

✵ ✉rr❛ts❛✳ ❙❆❘❘❊❘❆✳ ❙❛rt✉✿ fff(xxx)✱ xxx0 ✭❤❛s✐❡r❛❦♦ ♣✉♥t✉❛✮✱ AAA−1
0 ✭❂JJJ(xxx0)

−1 ✐③❛♥ ❞❛✐t❡❦❡✮✱
ze > 0 ✭③❡❤❛③t❛s✉♥ ❡r❧❛t✐❜♦❛✮✱ emax > 0 ✭❡rr♦r❡❛r❡♥ t♦❧❡r❛♥t③✐❛✮ ❡t❛ imax ✭✐t❡r❛③✐♦❡♥
❦♦♣✉r✉ ♠❛①✐♠♦❛✮✳ ❏❛rr✐ k = 0✳

✶ ✉rr❛ts❛✳ ❑❛❧❦✉❧❛t✉ fff(xxxk)✳

✷ ✉rr❛ts❛✳ ❑❛❧❦✉❧❛t✉ ❤❛✉✿
sssk = −AAA−1

k fff(xxxk). ✭✻✳✷✵✮

✸ ✉rr❛ts❛✳ ❑❛❧❦✉❧❛t✉ ❤♦♥❛❦♦ ♣✉♥t✉ ❤❛✉✿

xxxk+1 = xxxk + sssk.

✹ ✉rr❛ts❛✳ ❇❛❧❞✐♥ ‖sssk‖/‖xxxk+1‖ < ze ❡❞♦ ‖fff(xxxk+1)‖ < emax ❡❞♦ k ≥ imax ❜❛❞❛✱ ❣❡❧❞✐t✉
❡❣✐t❡♥ ❞❛✳ ❇❡st❡❧❛✱ ❤✉rr❡♥❣♦ ✉rr❛ts❡r❛ ❞♦❛✳

✺ ✉rr❛ts❛✳ ❑❛❧❦✉❧❛ ❡③❛③✉ AAA−1
k+1 ❤♦♥❡❧❛✿

AAA−1
k+1 = AAA−1

k +
(sssk −AAA−1

k yyyk)sss
t
kAAA

−1
k

ssstkAAA
−1
k yyyk

.

✻ ✉rr❛ts❛✳ ❊❣✐♥ k = k + 1 ❡t❛ ❥♦❛♥ ✶ ✉rr❛ts❡r❛✳

✼ ✉rr❛ts❛✳ ■❘❚❊❊❘❆✳ ❊♠❛✐t③❛✿ xxxk+1✳

✻✳✹✳ ❆❞✐❜✐❞❡❛✳ ■③❛♥ ❜❡❞✐

fff(xxx) =
[

x1 + x2 − 3
x2
1 + x2

2 − 9

]

,

③❡✐♥❛❦ [0, 3]t ❡t❛ [3, 0]t ❡rr♦❛❦ ❜❛✐t✐t✉✳ ■③❛♥ ❜❡❞✐ xxx0 = [1, 5]t ❡t❛ ❛♣❧✐❦❛t✉ ❛✉rr❡❦♦ ❛❧❣♦r✐t♠♦❛
❤❛✉ ❤❛rt✉③✿

AAA−1
0 = JJJ(xxx0)

−1 =
[

1 1
2 10

]−1

=
[

1.2500 −0.1250
−0.2500 0.1250

]

✶✻✸



✶✻✹ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❊❜❛③♣❡♥❛✳ ❆❧❣♦r✐t♠♦❛r❡♥ ✶✳ ❡t❛ ✷✳ ✉rr❛ts❛ ❡❣✐t❡♥ ❞✐r❛✿

sss0 = −AAA−1
0 fff(xxx0) = −

[

1.2500 −0.1250
−0.2500 0.1250

] [

3
17

]

=
[−1.625
−1.375

]

,

✸✳❛❦ ③❡r❛ ❡♠❛t❡♥ ❞✐❣✉✿

xxx1 = xxx0 + sss0 =
[

1
5

]

+
[−1.625
−1.375

]

=
[−0.625
3.625

]

✹✳❛r❡♥ ❜✐❞❡③✱ ❡rr❛③ ✐❦✉s ❞❛✐t❡❦❡ s♦❧✉③✐♦❛ ♦r❛✐♥❞✐❦ ❡③ ❞✉❣✉❧❛ ❛✉r❦✐t✉ ❤❡♠❡♥✿

fff(xxx1) =
[

0
4.53125

]

.

❇❡r❛③✱ ❛❧❣♦r✐t♠♦❛r❡♥ ✺✳ ✉rr❛ts❛ ❜✉r✉t③❡r❛❦♦❛♥✱ ❡♠❛✐t③❛ ❤❛✉❡❦ ❧♦rt③❡♥ ❞✐r❛✿

yyy0 = fff(xxx1)− fff(xxx0) =
[

0
4.53125

]

−
[

3
17

]

=
[ −3
−12.46875

]

zzz = −AAA−1
0 yyy0 = −

[

1.2500 −0.1250
−0.2500 0.1250

] [ −3
−12.46875

]

=
[

2.19141
0.80859

]

p = −ssst0zzz = −
[−1.625
−1.375

] [

2.19141
0.80859

]

= 4.6729

CCC =
(sss0 + zzz)ssst0AAA

−1
0

p
=

([−1.625
−1.375

]

+
[

2.19141
0.80859

])

[−1.625 − 1.375]
[

1.2500 −0.1250
−0.2500 0.1250

]

4.6729

=
[−0.2045 0.0038
0.2045 −0.0038

]

AAA−1
1 = AAA−1

0 +CCC =
[

1.2500 −0.1250
−0.2500 0.1250

]

+
[−0.2045 0.0038
0.2045 −0.0038

]

=
[

1.0455 −0.1212
−0.0455 0.1212

]

.

❇❡rr✐r♦ ✷✳ ✉rr❛ts❛ ❛♣❧✐❦❛t✉③✱ ③❡r❛ ❧♦rt③❡♥ ❞❛✿

sss1 = −AAA−1
1 fff(xxx1) = −

[

1.0455 −0.1212
−0.0455 0.1212

] [

0
4.53125

]

=
[

0.5492
−0.5492

]

❊t❛ ✸✳ ✉rr❛ts❛r❡♥ ❜✐t❛rt❡③✱ ❤❛✉✿

xxx2 = xxx1 + sss1 =
[−0.625
3.625

]

+
[

0.5492
−0.5492

]

=
[−0.07575
3.07575

]

■❦✉s ❞❡③❛❦❡❣✉♥❡③✱ xxx2 ≈ [0 3]t✳ ✷

Pr❛❦t✐❦❛♥✱ ✐♥♣❧❡♠❡♥t❛③✐♦ ❤❛✉ ♦♥❞♦ ❞❛❜✐❧✱ ❜❛✐♥❛ ❞❡s❛❜❛♥t❛✐❧❛ ❜❛t ❞❛✉❦❛✿ ♥❡❦❡③ ❞❡t❡❦✲
t❛t③❡♥ ❞❛ AAAk+1❡♥ ❜❛❧❞✐♥t③❛♣❡♥ t①❛rr❛✳ AAAk✲r❡♥ QQQRRR ❢❛❦t♦r✐③❛③✐♦❛❦ ❛r❛③♦ ❤♦r✐ ❡③ ❞✉❡♥❡③ ❡t❛
❡r❛❜✐❧t③❡♥ ❞✐t✉❡♥ ❡r❛❣✐❦❡t❡♥ ❦♦♣✉r✉❛ ❛♥t③❡❦♦❛ ❞❡♥❡③ ✭O(n2)✮✱ ❣❛✉r ❡❣✉♥✱ ✭✻✳✶✾✮ ❢♦r♠✉❧❛
♦r❞❡③❦❛t✉ ❡❣✐♥ ❞✉✳ ▼❡t♦❞♦ ❤♦rr❡t❛♥✱ AAAk = QQQRRR ❢❛❦t♦r✐③❛③✐♦❛ ❞✉❣✉♥❡③✱ ❡rr❛③ ❧♦rt③❡♥ ❞❛
AAAk+1 = AAAk + uuutsssk = QQQ RRR✳ ❍♦rr❡t❛r❛❦♦✱ ●✐✈❡♥s✲❡♥ ❡rr♦t❛③✐♦❛❦ ✭tr❛♥s❢♦r♠❛③✐♦ ♦rt♦❣♦♥❛❧❛❦✮
❡r❛❜✐❧t③❡♥ ❞✐r❛✱ ✐❦✉s ❬✶✸❪✳

✶✻✹



✻✳✹✳ ▼❡t♦❞♦ ❣❧♦❜❛❧❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✻✺

✻✳✹✳ ▼❡t♦❞♦ ❣❧♦❜❛❧❛❦

❖r❛✐♥ ❛rt❡ ❡r❛❜✐❧✐t❛❦♦ ♠❡t♦❞♦❛❦ ❧♦❦❛❧❛❦ ✐③❛♥ ❞✐r❛✱ ❤♦ts✱ xxx0 ❤❛s✐❡r❛❦♦ ♣✉♥t✉❛❦ xxx∗ ❡rr♦t✐❦
♥❛❤✐❦♦ ❤✉r❜✐❧ ❡❣♦♥ ❜❡❤❛r ❞✉✱ ♠❡t♦❞♦ ❤♦r✐❡❦ ❦♦♥❜❡r❣❡♥t❡❛❦ ✐③❛t❡❦♦✳ ❇❛✐♥❛✱ ❤♦r✐ ❣❡rt❛t③❡♥
❡③ ❞❡♥❡❛♥✱ ③❡✐♥ ♠❡t♦❞♦ ❡r❛❜✐❧ ❞❡③❛❦❡❣✉❄

■③❛♥ ❜❡❞✐ F (xxx) = 1
2
‖fff(xxx)‖22 ❢✉♥t③✐♦❛✳ ❖r❞✉❛♥✱ fff(xxx) = 000✲r❡♥ ❡rr♦❛❦ ❡t❛ {minxxx F (xxx)}

♣r♦❜❧❡♠❛r❡♥ s♦❧✉③✐♦❛❦ ❜❡r❞✐♥❛❦ ❞✐r❛✳

❇❡st❛❧❞❡✱ F ∈ C1 ❞❡♥❡❛♥✱ ddd ♥♦r❛❜✐❞❡❛r❡❦✐❦♦ F ✲r❡♥ ❞❡r✐❜❛t✉❛ xxx ♣✉♥t✉❛♥ ∇F (xxx)ddd ❞❛✳
●❛✐♥❡r❛✱ F (xxx+ ddd)✲r❡♥ ❜✐❣❛rr❡♥ ♦r❞❡♥❛❦♦ ❚❛②❧♦r❡♥ ❣❛r❛♣❡♥❛ ❤❛✉ ❞❛✿

F (xxx+ λddd) = F (xxx) + λ∇F (xxx)ddd+O(λ2‖ddd‖22).

❍♦rr❡♥ ♦♥❞♦r✐♦③✱ F (xxx + λddd) < F (xxx) ❜❡t❡❦♦ ❞❛ ∇F (xxx)ddd < 0 ❞❡♥❡❛♥ ✭❤♦ts✱ ddd ♥♦r❛❜✐❞❡
❜❡❤❡r❛❦♦rr❛ ❞❡♥❡❛♥✮ ❡t❛ λ ♥❛❤✐❦♦ t①✐❦✐❛ ❜❛❞❛ O(λ2‖ddd‖22) < λ∇F (xxx)ddd ❜❡t❡ ❞❛❞✐♥✳

✻✳✹✳✶✳ ●r❛❞✐❡♥t❡❛r❡♥ ♠❡t♦❞♦❛

❉❛❦✐❣✉♥❡③✱ ∇F (xxx)ddd = ‖∇F (xxx)‖2‖ddd‖2 cos(θ) ❞✉❣✉ ✭θ ❞❛ ∇F (xxx) ❡t❛ ddd ❜❡❦t♦r❡❡♥ ❛rt❡❦♦ ❛♥✲
❣❡❧✉❛✮✱ ❡t❛ ‖ddd‖2 = 1 ❜❛❞❛✱ ∇F (xxx)ddd ❜✐❞❡r❦❛❞✉r❛❦ ❜❛❧✐♦ t①✐❦✐❡♥❛ ❤❛rt✉❦♦ ❞✉ θ = −π ❞❡♥❡❛♥✱
❤♦ts✱ ddd = −∇F (xxx)t/‖∇F (xxx)‖2 ❞❡♥❡❛♥✳ ❍♦rr❡❧❛❦♦ ♥♦r❛❜✐❞❡❛ ❛✉❦❡r❛t③❡♥ ❞❡♥❡❛♥✱ ❣r❛❞✐❡♥✲
t❡❛r❡♥ ♠❡t♦❞♦❛ ✭❡❞♦ ❜❡❤❡r❛♣❡♥ ❛③❦❛rr❡♥❡❦♦ ♠❡t♦❞♦❛✮ ❞✉❣✉✳ ❖r❞✉❛♥✱ ddd = −∇F (xxx)t/‖∇F (xxx)
♥♦r❛❜✐❞❡❛♥ F ❢✉♥t③✐♦❛r❡♥ ❜❛❧✐♦❛ t①✐❦✐❛❣♦t③❡♥ ❞❛✱ ∇F (xxx) 6= 000 ✐③❛♥✐❦✱ ❡t❛ ❤♦♥❡❧❛ ❛✉r❦✐t③❡♥
❞❛ ♥♦r❛❜✐❞❡ ❤♦rr❡t❛♥ ❡♠❛♥ ❜❡❤❛r ❞✉❡♥ ✉rr❛ts❛r❡♥ ❧✉③❡r❛✱ ❛❧❡❣✐❛✱ α✲r❛❦♦ ❛✉❦❡r❛ ③❡❤❛t③❡♥❛
✭α > 0 ✐③❛♥✐❦✮✿

min
α

F (xxx+ λddd),

❜❛✐♥❛✱ ♦r♦❦♦r❦✐✱ ❦❛❧❦✉❧✉ ❤♦r✐ ❣❛r❡st✐❡❣✐❛ ❞❛ ❜❡st❡ ♠❡t♦❞♦ ❡③✲③❡❤❛t③ ❡t❛ ❡r❛❣✐♥❦♦r ❜❛t③✉❡❦✐♥
❦♦♥♣❛r❛t③❡♥ ❜❛❞✉❣✉✳ ❆✉rr❡t✐❦♦ ♠❡t♦❞♦ ❤♦rr❡❦ F ✲r❡♥ ♠✐♥✐♠♦ ❜❛t❡r❛ ❥♦t③❡♥ ❞✉ ❦♦♥❜❡r❣❡♥t③✐❛
❧✐♥❡❛❧❛r❡❦✐♥✱ ❡t❛✱ ❜❛t③✉❡t❛♥ ♦s♦ ❛st✐r♦✱ ❧✐♥❡❛❧❛ ❞❛✳

✻✳✹✳✷✳ ❑♦♥❜❡r❣❡♥t③✐❛ ❣❧♦❜❛❧❛✿ ❆r♠✐❥♦✲●♦❧❞st❡✐♥✲❡♥ ✐r✐③♣✐❞❡❛❦

❆r♠✐❥♦r❡♥ ❜❛❧❞✐♥t③❛ ❡r❛❜✐❧t③❡♥ ❞❛ ❢✉♥t③✐♦❛r❡♥ ❜❛❧✐♦❛r❡♥ ❜❡❤❡r❛♣❡♥ ♥❛❤✐❦♦ ❜❛t ✐③❛t❡❦♦✳ ❆❧❡✲
❣✐❛✱ α ∈ (0, 1) ❤❛rt✉③✱ ❡t❛ λ > 0✲r✐ ❤❛✉ ❜❡t❡t③❡❛ ❡①✐❥✐t✉③✿

F (xxx+ λddd) ≤ F (xxx) + αλ∇F (xxx)ddd. ✭✻✳✷✶✮

■❦✉s ✻✳✶✳ ✐r✉❞✐❛✳

❏❛❦✐♥ ❜❛❞❛❦✐❣✉ λ ♥❛❤✐❦♦ t①✐❦✐ ❜❛t❡r❛❦♦ F (xxx + λddd) < F (xxx) ❜❡t❡t③❡♥ ❞❡❧❛✱ ❜❛✐♥❛ ❡③
t①✐❦✐❡❣✐❛❀ ❤♦r✐ ❞❛✱ ❤❛✐♥ ③✉③❡♥ ❡r❡✱ ●♦❧❞st❡✐♥❡♥ ❜❛❧❞✐♥t③❛r❡❦✐♥ s❛✐❤❡st❡♥ ❞❡♥❛✳ ❇❛✐♥❛✱ ❣✉❦

✶✻✺



✶✻✻ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

✻✳✶✳ ✐r✉❞✐❛✳ ❆r♠✐❥♦r❡♥ ❜❛❧❞✐♥t③❛✳

♥❛❤✐ ❞✉❣✉ ddd ♥♦r❛❜✐❞❡❛♥ xxx + λddd ♣✉♥t✉❦♦ F ✲r❡♥ ❜❡❤❡r❛♣❡♥❛ ❛✉rr❡❦♦ xxx ♣✉♥t✉❛♥ ❞✉❣✉♥❛r❡♥
r❛t✐♦ ❜❛t ❜❛✐♥♦ ❤❛♥❞✐❛❣♦❛ ✐③❛t❡❛✱ ❤♦ts✿

∇F (xxx+ λddd)tddd ≥ β∇F (xxx)ddd ✭✻✳✷✷✮

♥♦♥ β ∈ (α, 1) ✭✐❦✉s ✻✳✷✳ ✐r✉❞✐❛✮✳ ❍♦r✐ ❞❛ ●♦❧❞st❡✐♥❡♥ ❜❛❧❞✐♥t③❛✳ ❆t③❡r❛♥③❦♦ ❡str❛t❡❣✐❛
❡r❛❜✐❧t③❡♥ ❜❛❞✉❣✉✱ ❜❛❧❞✐♥t③❛ ❤♦r✐ ❜✐❞❡ ❜❛t❡③ ❜❡t❡t③❡♥ ❞❛✳

❖♥❞♦r❡♥❣♦ t❡♦r❡♠❛❦ ❢r♦❣❛t③❡♥ ❞✉ ✭✐❦✉s ❬✷✻✱ ✷✼❪✮ ddd ♥♦r❛❜✐❞❡ ❜❡❤❡r❛❦♦r ❜❛t ✐③❛♥❡③ ❣❡r♦✱
xxx+ λddd ♣✉♥t✉❛❦ ❡❣♦♥✐❦✱ ✭✻✳✷✶✮ ❡t❛ ✭✻✳✷✷✮ ❜❛❧❞✐♥t③❛❦ ❜❡t❡t③❡♥ ❞✐t✉③t❡❧❛✳

✻✳✸✳ ❚❡♦r❡♠❛✳ ■③❛♥ ❜❡❞✐ F : IRn → IR ❡t❡♥❣❛❜❡ ❞✐❢❡r❡♥t③✐❛❣❛rr✐❛ ✭❤♦ts✱ C1 ❦❧❛s❡❦♦❛✮✳
■③❛♥ ❜✐t❡③ xxxk, dddk ∈ IRn✱ ♥♦♥ ∇F (xxxk)dddk < 0 ❜❛✐t❛ ✭❤♦ts✱ dddk ♥♦r❛❜✐❞❡ ❜❡❤❡r❛❦♦rr❛ ❞❛✮✱ ❡t❛
❞❡♠❛❣✉♥ {F (xxxk + λdddk | λ > 0} ❜❡❤❡ ❜♦r♥❛t✉❛ ❞❡❧❛✳ ❖r❞✉❛♥✱ ❜❛❧❞✐♥ 0 ≤ α ≤ β < 1✱ ❜❛❞❛✉❞❡
λu > λl > 0 ❦♦♥st❛♥t❡❛❦✱ ♥♦♥ xxxk+1 = xxxk + λkdddk ♣✉♥t✉❛❦ ✭✻✳✷✶✮ ❡t❛ ✭✻✳✷✷✮ ❜❛❧❞✐♥t③❛❦
❜❡t❡t③❡♥ ❜❛✐t✐t✉③t❡✱ λk ∈ (λl, λu) ❜❛❞❛✳

❬✼❪ ❡rr❡❢❡r❡♥t③✐❛♥ ❛✉r❦✐ ❞❛✐t❡❦❡ t❡♦r❡♠❛ ❤♦♥❡♥ ❢r♦❣❛♥t③❛✳

✻✳✺✳ ❆❞✐❜✐❞❡❛✳ ■③❛♥ ❜✐t❡③ F (x1, x2) = x4
1+x2

1+x2
2, xxx = (x1, x2)

t = (1, 1)t, ddd = (−3,−1)t✱
❡t❛ α = 0.1 ✭✻✳✷✶✮ ❛❞✐❡r❛③♣❡♥❡❛♥ ❡t❛ β = 0.5 ✭✻✳✷✷✮ ✲♥✳

❊❜❛③♣❡♥❛✳ ❍❛✉ ❞✉❣✉♥❡③✿

∇F (xxx)ddd = (6, 2)(−3,−1)t = −20 < 0,

✶✻✻



✻✳✹✳ ▼❡t♦❞♦ ❣❧♦❜❛❧❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✻✼

✻✳✷✳ ✐r✉❞✐❛✳ ❆r♠✐❥♦✲●♦❧❞st❡✐♥❡♥ ❜❛❧❞✐♥t③❛❦✳

ddd ♥♦r❛❜✐❞❡ ❜❡❤❡r❛❦♦rr❛ ❞❛ xxx ❤♦rr❡t❛♥ F (xxx)✲r❛❦♦✳ ❖r❛✐♥✱ ❞❡♠❛❣✉♥ xxx(λ) = xxx + λddd ❞❡❧❛✳
❇❛❧❞✐♥ λ = 1 ❜❛❞❛✱ xxx = xxx(1) = (−2, 0)t ❞✉❣✉ ❡t❛✱ ♦r❞✉❛♥✿

∇F (xxx)ddd = (−36, 0)(−3,−1)t = 108 > −10 = β∇F (xxx)ddd.

❇❡r❛③✱ xxx ✭✻✳✷✷✮ ❜❡t❡t③❡♥ ❞✉✱ ❜❛✐♥❛✿

F (xxx) = 20 > 1 = F (xxx) + αλ∇F (xxx)ddd

❡t❛✱ ♦♥❞♦r✐♦③✱ ❡③ ❞✉ ✭✻✳✷✶✮ ❜❡t❡t③❡♥✳ ❍❛❧❛❜❡r✱ λ = 0.1 ❜❛❞❛✱ xxx = x(0.1) = (0.7, 0.9)t

♣✉♥t✉❛❦ ✭✻✳✷✶✮ ❜❡t❡t③❡♥ ❞✉✱ ❜❛✐♥❛ ✭✻✳✷✷✮ ❡③✳ ❆❧❞✐③✱ λ = 0.5 ❜❛❞❛✱ xxx = x(0.5) = (−0.5, 0.5)t

❜✐ ❜❛❧❞✐♥t③❛❦ ❜❡t❡t③❡♥ ❞✐t✉✱ ✭✻✳✷✶✮ ❡t❛ ✭✻✳✷✷✮ ✳ ❇❡r❛③✱ ✻✳✷✳ ✐r✉❞✐❛♥ λ = 0.1 ❡s❦✉❛❧❞❡
♦♥❛r❣❛rr✐❛r❡♥ ❡③❦❡rr❛❧❞❡❛♥ ❞❛❣♦✱ λ = 1 ❡s❦✉❛❧❞❡ ❤♦rr❡♥ ❡s❦✉✐♥❛❧❞❡❛♥✱ ❡t❛ λ = 0.5 ❡s❦✉❛❧❞❡
♦♥❛r❣❛rr✐❛♥ ❜❡rt❛♥✳ ✷

✻✳✹✳✸✳ ❆t③❡r❛♥③❦♦ ❜✐❧❛❦❡t❛ ❧✐♥❡❛❧❛

❖r❛✐♥ ③❡❤❛③t✉❦♦ ❞✉❣✉ ♥♦❧❛ ❛✉❦❡r❛t✉ ❜❡❤❛r ❞✉❣✉♥ λk✳ ●❛✉r ❡❣✉♥❣♦ ❡str❛t❡❣✐❛ ❞❛ ❤❛s✐❡r❛♥
λk = 1 ❤❛rt③❡❛✱ ❡t❛ xxxk + dddk ❡③ ❜❛❞❛ ♦♥❛r❣❛rr✐❛✱ ✏❛t③❡r❛ ❡❣✐t❡❛✑ ✭❤♦ts✱ λk t①✐❦✐❛❣♦t③❡❛✮
xxxk+λkdddk ♦♥❛r❣❛rr✐ ❜❛t ❧♦rt✉ ❛rt❡✳ ✏❖♥❛r❣❛rr✐❛❦✑ ❡s❛♥ ♥❛❤✐ ❞✉ ✭✻✳✷✶✮ ❡t❛ ✭✻✳✷✷✮ ❜❛❧❞✐♥t③❛❦
❜❡t❡t③❡❛✳ ❇✐❣❛rr❡♥ ❜❛❧❞✐♥t③❛ ❜❡t❡t③❡♥ ❞❛ ❛t③❡r❛♥③❦♦ ❡str❛t❡❣✐❛ ❡r❛❜✐❧t③❡❛❣❛t✐❦✱ ③❡r❡♥ ❤♦rr❡❦
✉rr❛ts t①✐❦✐❡❣✐❛❦ s❛✐❤❡st❡♥ ❜❛✐t✐t✉✳ ❍♦r✐ ❞❡❧❛ ❡t❛✱ ❡③ ❞❛ ❛❣❡rt③❡♥ ❛❧❣♦r✐t♠♦❛♥✳

✻✳✸✳ ❛❧❣♦r✐t♠♦❛✳ ❆t③❡r❛♥③❦♦ ❜✐❧❛❦❡t❛ ❧✐♥❡❛❧❛✳

✶✻✼



✶✻✽ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

✵ ✉rr❛ts❛✳ ❊♠❛♥ α ∈ (0, 1/2)✱ 0 < l < u < 1 ❡t❛ λk = 1❀

✶ ✉rr❛ts❛✳ F (xxxk + λkdddk) > F (xxxk) + αλk∇F (xxxk)dddk ❣❡rt❛t③❡♥ ❞❡♥ ❜✐t❛rt❡❛♥✱ ❡❣✐♥ λk := ρλk✱
♥♦♥ ρ ∈ [l, u]❀

✷ ✉rr❛ts❛✳ xxxk+1 = xxxk + λkdddk❀

Pr❛❦t✐❦❛♥✱ α ♥❛❤✐❦♦ t①✐❦✐❛ ❞❡♥❡③✱ ❢✉♥t③✐♦❛r❡♥ ❜❛❧✐♦❛r✐ ❜❡❤❡r❛t③❡ ♦s♦ t①✐❦✐❛ ❡s❦❛t③❡♥ ❜❛✐t③❛✐♦✱
❣✉r❡ ❛❧❣♦r✐t♠♦❛♥ α = 10−4✳ ❇❡rts❡❦❛s✲❡❦ ρ = 1/2 ❤❛rt③❡❛ ♣r♦♣♦s❛t③❡♥ ❞✉ ✭✐❦✉s ❬✷❪✮✳ ❇❡r❛③✱
❤♦rr❡❧❛ ❜❛❞❛✱ λk ❛✉❦❡r❛t③❡❦♦ {1, 2−1, 2−2, 2−3, . . .} s❡❣✐❞❛r✐ ❥❛rr❛✐t✉❦♦ ❞✐♦❣✉✱ ❡t❛ ❤❡❧❞✉❦♦ ❞❛
2−m ✭m ∈ ■◆✮ ❜❛❧✐♦ ❜❛t❡r❛✱ ♥♦♥ ❤❛✉ ❜❡t❡t③❡♥ ❜❛✐t❛ ✭❆r♠✐❥♦r❡♥ ❜❛❧❞✐♥t③❛✮ ✿

F (xxxk + λkdddk) ≤ F (xxxk) + 10−4λk∇F (xxxk)dddk

✻✳✺✳ ▼✐♥✐♠♦ ❦❛rr❛t✉ ❡③✲❧✐♥❡❛❧❛❦

❍♦♥❡❧❛❦♦ ♣r♦❜❧❡♠❛❦ ❞✐r❛✿

min f(xxx) =
1

2

m
∑

j=1

r2j (xxx),

♥♦♥ rj : IR
n → IR ❢✉♥t③✐♦ ❧❡✉♥❛ ❜❛✐t❛ ✭rj ∈ C1✮ ❡t❛ m ≥ n✳ ●❛✐♥❡r❛✱ rj ❜❛❦♦✐t③❛r✐ ❤♦♥❞❛r

❞❡r✐t③♦❣✉ ❡t❛ rrr(xxx) = (r1(xxx), r2(xxx), . . . , rm(xxx))
t ❜❡❦t♦r❡❛r✐ ❤♦♥❞❛r✲❜❡❦t♦r❡ ❀ f(xxx) ❤♦♥❡❧❛ ✐❞❛t③

❞❡③❛❦❡❣✉✿

f(xxx) =
1

2
‖rrr(xxx)‖2.

❇❡st❛❧❞❡✱ f(xxx)✲r❡♥ ❞❡r✐❜❛t✉❛❦ ❤♦♥❡❧❛ ✐❞❛t③ ❞❛✐t❡③❦❡ rrr ❢✉♥t③✐♦❛r❡♥ ♠❛tr✐③❡ ❥❛❝♦❜✐❛rr❛r❡♥
❜✐t❛rt❡③✿

JJJ(xxx) =













∂r1
∂x1

∂r1
∂x2

. . . ∂r1
∂xn

∂r2
∂x1

∂r2
∂x2

. . . ∂r2
∂xn

. . . . . . . . . . . .
∂rm
∂x1

∂rm
∂x2

. . . ∂rm
∂xn













=













∇r1(xxx)
∇r2(xxx)

✳✳✳
∇rm(xxx)













.

∇f(xxx) =
m
∑

j=1

rj(xxx)∇rj(xxx) = JJJ(xxx)trrr(xxx) ✭✻✳✷✸✮

∇2f(xxx) =
m
∑

j=1

∇rj(xxx)∇rj(xxx)
t +

m
∑

j=1

rj(xxx)∇2rj(xxx)

= JJJ(xxx)tJJJ(xxx) +
m
∑

j=1

rj(xxx)∇2rj(xxx). ✭✻✳✷✹✮

✶✻✽



✻✳✺✳ ▼✐♥✐♠♦ ❦❛rr❛t✉ ❡③✲❧✐♥❡❛❧❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✻✾

✻✳✺✳✶✳ ●❛✉ss✲◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛

f ❢✉♥t③✐♦❛ ❞❡r✐❜❛❣❛rr✐❛ ❜❛❞❛✱ ❜❡r❡ ♠✐♥✐♠♦❛♥ ∇f(xxx) = 000 ❡❦✉❛③✐♦❛ ❜❡t❡ ❜❡❤❛r ❞✉✳ ●❛✐♥❡r❛✱
❜❛❧❞✐♥t③❛ ❤♦r✐ xxx∗ ♣✉♥t✉❛♥ ❜❡t❡t③❡♥ ❜❛❞❛ ❡t❛ ∇2f(xxx∗) ❞❡✜♥✐t✉ ♣♦s✐t✐❜♦❛ ❜❛❞❛ ✭❤♦r✐ ❣❡rt❛t③❡♥
❞❛ J(xxx∗) ❤❡✐♥ ❜❡t❡❦♦❛ ❜❛❞❛✮✱ ♦r❞✉❛♥ xxx∗ ♣✉♥t✉❛♥ f ❢✉♥t③✐♦❛❦ ♠✐♥✐♠♦ ❜❛t ❤❡❧t③❡♥ ❞✉✳ ❇❡✲
r❛③✱ ∇f(xxx) = 000 s✐st❡♠❛ ❡③✲❧✐♥❡❛❧❛ ❡❜❛③t❡❦♦ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛ ❡r❛❜✐❧t③❡♥ ❜❛❞✉❣✉✱ ✐t❡r❛③✐♦
❜❛❦♦✐t③❡❛♥ ❤♦♥❡❧❛❦♦ s✐st❡♠❛ ❜❛t ❡❜❛t③✐ ❜❡❤❛r❦♦ ❞✉❣✉✿

∇2f(xxx)ddd = −∇f(xxx). ✭✻✳✷✺✮

●❛✉ss✲◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛r❡♥ ❛❧❞❛❡r❛ ❜❡③❛❧❛ ✐❦✉s ❞❛✐t❡❦❡✳ ❑❛s✉ ❤♦♥❡✲
t❛♥✱ dddk ❜✐❧❛❦❡t❛✲♥♦r❛❜✐❞❡❛ ❦❛❧❦✉❧❛t③❡❦♦ ✭✻✳✷✺✮ ◆❡✇t♦♥❡♥ s✐st❡♠❛♥✱ ✭✻✳✷✹✮ ❞❡r✐❜❛t✉❛r❡♥
❜✐❣❛rr❡♥ ❜❛t✉❣❛✐❛ ✭❤♦ts✱

∑m
j=1 rj(xxx)∇2rj(xxx)✮ ❦❡♥❞✉ ❡t❛ ❣❡r♦ s✐st❡♠❛ ❡❜❛t③✐③ ❧♦rt③❡♥ ❞❛✳ ❆❧❡✲

❣✐❛✱ dddGN
k ❦❛❧❦✉❧❛t③❡♥ ❞❛ s✐st❡♠❛ ❤❛✉ ❡❜❛t③✐③✿

JJJ t
kJJJkddd = −JJJ t

krrrk, ♥♦♥ JJJk = JJJ(xxxk) ❡t❛ rrrk = rrr(xk). ✭✻✳✷✻✮

❍❛✉❡❦ ❞✐r❛ ♠❡t♦❞♦ ❤♦rr❡♥ ❛❜❛♥t❛✐❧❛ ❜❛t③✉❦✿

❼ ∇2f(xxxk) ≈ JJJ t
kJJJk ❤✉r❜✐❧♣❡♥❛❦ ∇2rj(xxx) ♠❛tr✐③❡ ❤❡ss✐❛rr❡♥ ❦❛❧❦✉❧✉❛ s❛✐❤❡st❡♥ ❞✉✳

❼ ❆s❦♦t❛♥✱ JJJ tJJJ ❣❛✐❛ ❦❡♥❞✉t❛❦♦ ❣❛✐❛ ❜❛✐♥♦ ❛s❦♦③ ❡s❛♥❣❛rr✐❛❣♦❛ ❞❛✱ ❜❛✐ rj ❤♦♥❞❛rr❛❦
t①✐❦✐❛❦ ❞✐r❡❧❛❦♦ ❜❛✐ ✐❛ ❧✐♥❡❛❧❛❦ ❞✐r❡❧❛❦♦❀ ❡t❛✱ ♦r❞✉❛♥✱ ‖∇2rj‖ t①✐❦✐❛ ❞❛✳ ❍♦r✐ ❞❡❧❛ ❡t❛✱
♦s♦ s❛rr✐✱ ♠❡t♦❞♦ ❤♦♥❡❦ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛r❡♥ ✐❛ ♣♦rt❛❡r❛ ❜❡r❞✐♥❛ ❞✉✱ ❡t❛ ❦♦♥❜❡r✲
❣❡♥t③✐❛ ❧♦❦❛❧ ❛③❦❛rr❛ ✭✐❛ ❦♦❛❞r❛t✐❦♦❛✮✳ ■③❛♥ ❡r❡✱ xxx∗ s♦❧✉③✐♦❛♥ ❤♦♥❞❛r✲❜❡❦t♦r❡❛ ♥✉❧✉❛
❞❡♥❡❛♥ ✭❤♦ts✱ rrr(xxx∗) = 000✮✱ ♦r❞✉❛♥✱ ❜❛❧❞✐♥ xxx0 ❤❛s✐❡r❛❦♦ ❜❡❦t♦r❡❛ xxx∗✲t✐❦ ♥❛❤✐❦♦ ❤✉r❜✐❧
❜❛❞❛❣♦✱ ❦♦♥❜❡r❣❡♥t③✐❛ ❦♦❛❞r❛t✐❦♦❛ ❞❡❧❛ ❢r♦❣❛ ❞❛✐t❡❦❡❀ ✐❦✉s ❬✼❪✳

❼ JJJk ❤❡✐♥ ❜❡t❡❦♦❛ ❞❡♥❡❛♥ ❡t❛ ∇f(xxxk) 6= 000✱ dddGN
k ♥♦r❛❜✐❞❡❛ ♥♦r❛❜✐❞❡ ❜❡❤❡r❛❦♦rr❛ ❞❛✱

③❡r❡♥ JJJ t
kJJJk ❞❡✜♥✐t✉ ♣♦s✐t✐❜♦❛ ❜❛✐t❛✳ ❖r❞✉❛♥✱ xxxk+1 = xxxk + λdddGN

k ❦❛❧❦✉❧❛t③❡❦♦ ❜✐❧❛❦❡t❛
❧✐♥❡❛❧❛ ❡r❛❜✐❧ ❞❡③❛❦❡❣✉ λ ❡❣♦❦✐ ❜❛t ❛✉r❦✐t✉③ ✭❤♦ts✱ ❲♦❧❢❡✲♥ ❜❛❧❞✐♥t③❛❦ ❡❣✐❛③t❛t✉③✮ ✱
♥♦♥ f ✲r❡♥ ❜❡❤❡r❛♣❡♥❛ ♥❛❤✐❦♦❛ ❜❛✐t❛✳

❼ ❇✐st❛♥ ❞❡♥❡③✱ dddGN
k ❛✉r❦✐t③❡❦♦ ✭✻✳✷✻✮ ❡❦✉❛③✐♦ ♥♦r♠❛❧❛❦ ❞✐t✉❣✉ ❡t❛✱ ❞❛❦✐❣✉♥❡③✱ ❜❛❧✐♦❦✐❞❡❛❦

❞✐r❛ s✐st❡♠❛ ❤♦r✐ ❡❜❛③t❡❛ ❡t❛ ❤♦♥❛❦♦ ♠✐♥✐♠♦ ❦❛rr❛t✉ ❧✐♥❡❛❧ ❤❛✉❡♥ ♣r♦❜❧❡♠❛ ❡❜❛③t❡❛✿

min
ddd

‖JJJkddd+ rrrk‖2.

❇❡r❛③✱ dddGN
k ♥♦r❛❜✐❞❡❛ ❦❛❧❦✉❧❛ ❞❡③❛❦❡❣✉ ✐❦✉s✐t❛❦♦ QR ❢❛❦t♦r✐③❛③✐♦❛ ❡r❛❜✐❧✐③✱ ❡t❛ ❤♦rr❡❧❛

❡③ ❞✉❣✉ ✐③❛♥❣♦ JJJ t
kJJJk ❦❛❧❦✉❧❛t③❡❦♦ ❜❡❤❛rr✐❦✳

▼❡t♦❞♦ ❤♦rr❡❦ ❞❡s❛❜❛♥t❛✐❧❛ ❤❛✉❡❦ ❞✐t✉✿

✶✻✾



✶✼✵ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❼ Pr♦❜❧❡♠❛❦ ♥❛❤✐❦♦ ❡③✲❧✐♥❡❛❧❛❦ ❞✐r❡♥❡❛♥ ❡❞♦ ❤♦♥❞❛r ♥❛❤✐❦♦ ❤❛♥❞✐❛❦ ❞✐t✉❡♥❡❛♥✱ ❦♦♥❜❡r✲
❣❡♥t③✐❛ ❧✐♥❡❛❧ ❧♦❦❛❧❛ ❣❡❧❞✐r♦ ❞♦❛✳

❼ Pr♦❜❧❡♠❛❦ ♦s♦ ❡③✲❧✐♥❡❛❧❛❦ ❞✐r❡♥❡❛♥ ❡❞♦ ❤♦♥❞❛r ♦s♦ ❤❛♥❞✐❛❦ ❞✐t✉❡♥❡❛♥✱ ❡③ ❞❛ ❧♦❦❛❧❦✐
❦♦♥❜❡r❣❡♥t❡✳

❼ ❊③ ❞❛❣♦ ♦♥❞♦ ❞❡✜♥✐t✉t❛ JJJk ❥❛❝♦❜✐❛rr❛ ③✉t❛❜❡ ❤❡✐♥ ❜❡t❡❦♦❛ ❡③ ❞❡♥❡❛♥✳

❼ ❊③ ❞✉ ❣❧♦❜❛❧❦✐ ❦♦♥❜❡r❣❡♥t❡❛ ✐③❛♥ ❜❡❤❛r✳

✶✼✵


