
✺✳ ❣❛✐❛

❊❦✉❛③✐♦ ❧✐♥❡❛❧❡♥ s✐st❡♠❡♥ ❡❜❛③♣❡♥❛

❇✐ ✭❡❞♦ ❤✐r✉✮ ❡❦✉❛③✐♦ ❡t❛ ❜✐ ✭❡❞♦ ❤✐r✉✮ ❡③❡③❛❣✉♥ ❞✐t✉❡♥ s✐st❡♠❛ ❜❛t ❡❜❛③t❡❛ ❡s❦✉③ ❡❣✐♥
❞❡③❛❦❡❣✉✱ ♦r❞❡③❦❛♣❡♥❛③ ❡❞♦ ❜❡st❡ ♠❡t♦❞♦ ❜❛t ❡r❛❜✐❧✐③ ✭❡s❛t❡ ❜❛t❡r❛❦♦✱ ❈r❛♠❡r✲❡♥ ♠❡t♦❞♦❛✮✳
❙✐st❡♠❛ ❜❛t ❤♦rr❡❧❛ ❡❜❛③t❡❛✱ ♣r❛❦t✐❦❛♥✱ ❡③✐♥❡③❦♦ ❜✐❤✉rt③❡♥ ❞❛ ❡❦✉❛③✐♦❡♥ ❡t❛ ❡③❡③❛❣✉♥❡♥
❦♦♣✉r✉❛ ❤❛♥❞✐❛❣♦❛ ❞❡♥❡❛♥✳

✺✳✶✳ ❙✐st❡♠❛ ❧✐♥❡❛❧❡♥ ❡❜❛③♣❡♥❛

◆♦t❛③✐♦ ♠❛tr✐③✐❛❧❛r❡❦✐♥✱ ❤♦♥❡❧❛ ✐❞❛t③ ❞❛✐t❡❦❡ ❡❦✉❛③✐♦ ❧✐♥❡❛❧❡♥ s✐st❡♠❛ ❜❛t✿

AAAxxx = bbb.

❆s❦♦t❛♥✱ ❡❦✉❛③✐♦❡♥ ❡t❛ ❡③❡③❛❣✉♥❡♥ ❦♦♣✉r✉❛ ❜❡r❞✐♥❛ ❡t❛ ❤❛♥❞✐❛ ❞❛✱ n ♦r❞❡♥❛❦♦ AAA ♠❛tr✐③❡
❦❛rr❛t✉❛ ❡③❛❣✉♥❛ ❞❛✱ ❡t❛ n ❞✐♠❡♥ts✐♦❦♦ bbb ③✉t❛❜❡✲❜❡❦t♦r❡❛ ❡r❡ ❜❛✐✱ ❡t❛ xxx ❡③❡③❛❣✉♥ ③✉t❛❜❡✲
❜❡❦t♦r❡❛ n ❞✐♠❡♥ts✐♦❦♦❛ ❞❛✳

❏❛❦✐♥ ❜❛❞❛❦✐❣✉ AAAxxx = bbb✲r❡♥ s♦❧✉③✐♦❛ xxx = AAA−1bbb ✐❞❛t③ ❞❛✐t❡❦❡❡❧❛✱ ♥♦♥ AAA−1 ♠❛tr✐③❡❛ AAA✲
r❡♥ ❛❧❞❡r❛♥t③✐③❦♦❛ ❜❛✐t❛✳ ❍❛❧❛ ❡r❡✱ ❦♦♥♣✉t❛③✐♦ ♣r❛❦t✐❦❛❦♦ ♣r♦❜❧❡♠❛ ❣❡❤✐❡♥❡t❛♥✱ ❡③ ❞❛ ❜❡✲
❤❛rr❡③❦♦❛✱ ❡③t❛ ❣♦♠❡♥❞❛❣❛rr✐ ❡r❡✱ AAA−1 ❦❛❧❦✉❧❛t③❡❛✳ ❆❞✐❜✐❞❡ ❡r❛❦✉s❣❛rr✐ ♠♦❞✉❛♥✱ ❡❦✉❛③✐♦
❜❛t❡❦♦ ❡t❛ ❡③❡③❛❣✉♥ ❜❛t❡❦♦ ❡❦✉❛③✐♦ ❤❛✉ ❤❛rt✉❦♦ ❞✉❣✉✿

7x = 21.

❙✐st❡♠❛ ❤♦r✐ ❡❜❛③t❡❦♦ ♠♦❞✉ ❤♦❜❡r❡♥❛ ③❛t✐❦❡t❛ ❞❛✿

x =
21

7
= 3.

❆❧❞❡r❛♥t③✐③❦♦ ♠❛tr✐③❡❛ ❡r❛❜✐❧t③❡❛❦ ❤♦♥❡t❛r❛ ❡r❛♠❛t❡♥ ❣❛✐t✉✿

x = 7−1 × 21 = 0.142857× 21 = 2.99997.

✾✾



✶✵✵ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❆❧❞❡r❛♥t③✐③❦♦❛❦ ❛r✐t♠❡t✐❦❛ ❣❡❤✐❛❣♦ ❜❡❤❛r ❞✉ ✭③❛t✐❦❡t❛ ❜❛t ❡t❛ ❜✐❞❡r❦❡t❛ ❜❛t✱ ③❛t✐❦❡t❛ ❜❛t
❜❛❦❛rr✐❦ ✐③❛♥ ❜❡❤❛rr❡❛♥✮ ❡t❛ ❡♠❛✐t③❛r❡♥ ③❡❤❛③t❛s✉♥❛ t①✐❦✐❛❣♦❛ ❞❛✳ ❆♥t③❡❦♦ ③❡r❜❛✐t ❣❡rt❛t③❡♥
❞❛ s✐st❡♠❛ ❤❛♥❞✐❛❣♦❡t❛♥✳ ❖♥❞♦r✐♦③✱ ❡❦✉❛③✐♦✲s✐st❡♠❡♥ ❡❜❛③♣❡♥ ③✉③❡♥❡❛♥ ③❡♥tr❛t✉❦♦ ❣❛r❛✱
❛❧❞❡r❛♥t③✐③❦♦❛r❡♥ ❦❛❧❦✉❧✉❛ ❡❣✐♥ ❜❡❤❛rr❡❛♥✳

▼❆❚▲❆❇❡❦♦ ❛t③❡r❛♥③❦♦ ❜❛rr❛ ✏\✑ ❡r❛❜✐❧✐❦♦ ❞✉❣✉ AAAXXX = BBB s✐st❡♠❛ ❡❜❛③t❡❦♦✱ ♥♦♥ AAA✲r❡♥
❧❡rr♦❡♥ ❦♦♣✉r✉❛ ❡t❛ BBB✲r❡♥❛ ❜❡r❞✐♥❛❦ ❜❛✐t✐r❛✳ ❖r❞✉❛♥✱ s✐st❡♠❛ ❤♦rr❡♥ s♦❧✉③✐♦❛ ❳❂❆\❇ ❞❛ ❡t❛
❤♦rr❡❦ XXX = AAA−1BBB ❡♠❛t❡♥ ❞✉✳ ❆❧❡❣✐❛✱ ❡③❦❡r ③❛t✐❦❡t❛ ❞❛✳

▼❆❚▲❆❇❡❦♦ ❛✉rr❡r❛♥③❦♦ ❜❛rr❛ ✏✴✑ ❡r❛❜✐❧✐❦♦ ❞✉❣✉XXXAAA = BBB s✐st❡♠❛ ❡❜❛③t❡❦♦✱ ♥♦♥ AAA✲r❡♥
③✉t❛❜❡❡♥ ❦♦♣✉r✉❛ ❡t❛ BBB✲r❡♥❛ ❜❡r❞✐♥❛❦ ❜❛✐t✐r❛✳ ❖r❞✉❛♥✱ s✐st❡♠❛ ❤♦rr❡♥ s♦❧✉③✐♦❛ ❳❂❇✴❆ ❞❛
❡t❛ ❤♦rr❡❦ XXX = BBBAAA−1 ❡♠❛t❡♥ ❞✉✳ ❆❧❡❣✐❛✱ ❡s❦✉✐♥ ③❛t✐❦❡t❛ ❞❛✳

◆♦t❛③✐♦ ❤♦r✐ ❡r❛❜✐❧t③❡♥ ❞❛ AAA ❦❛rr❛t✉❛ ❡③ ❞❡♥❡❛♥ ❡r❡❀ ❤♦ts✱ ❡❦✉❛③✐♦❡♥ ❦♦♣✉r✉❛ ❡t❛ ❡③❡③❛✲
❣✉♥❡♥ ❦♦♣✉r✉❛ ❞❡s❜❡r❞✐♥❛❦ ✐③❛♥ ❛rr❡♥✳ ❖r❛✐♥❣♦③✱ ♠❛tr✐③❡ ❦❛rr❛t✉❦♦ s✐st❡♠❡❦✐♥ ❛r✐t✉❦♦ ❣❛r❛✳

✺✳✷✳ ✸x✸ ❛❞✐❜✐❞❡ ❜❛t

❙✐st❡♠❛ ❧✐♥❡❛❧ ❜❛t❡♥ ❡❜❛③t❡✲❛❧❣♦r✐t♠♦ ❜❛t ❡r❛❦✉ts✐❦♦ ❞✉❣✉✳ ■③❛♥ ❜❡❞✐AAAxxx = bbb ❡❦✉❛③✐♦✲s✐st❡♠❛
❤❛✉✿ 


10 −7 0
−3 2 6
5 −1 5






x1

x2

x3


 =



7
4
6




❆❞✐❡r❛③♣❡♥ ❤♦r✐ ❡❦✉❛③✐♦ ❤❛✉❡♥ s✐st❡♠❛r✐ ❞❛❣♦❦✐♦✿

E1 : 10x1 − 7x2 = 7,
E2 : −3x1 + 2x2 + 6x3 = 4,
E3 : 5x1 − x2 + 5x3 = 6.

❆❧❣♦r✐t♠♦❛r❡♥ ❧❡❤❡♥❡♥❣♦ ✉rr❛ts❛❦ ❧❡❤❡♥❡♥❣♦ ❡❦✉❛③✐♦❛ ❡r❛❜✐❧t③❡♥ ❞✉ ❜❡st❡ ❡❦✉❛③✐♦❡t❛❦♦ x1

❡③❛❜❛t③❡❦♦✳ ❍♦r✐ ❧♦rt③❡❦♦✱ E2 + 0.3 · E1 ❡t❛ E3 − 0.5 · E1 ❡❣✐t❡♥ ❞❛✳ E1 ❡❦✉❛③✐♦❦♦ x1✲❡♥ ✶✵
❦♦❡✜③✐❡♥t❡❛r✐ ♣✐❜♦t ❞❡r✐t③♦❣✉✱ ❡t❛ ❜✐❞❡r❦❛t③❛✐❧❡ ❞❡r✐t③❡ ❜❡st❡ ❡❦✉❛③✐♦❡t❛❦♦ x1✲❡♥ ❦♦❡✜③✐❡♥t❡❛❦
✶✵ ♣✐❜♦t❛③ ③❛t✐t✉③ ❧♦rt✉t❛❦♦ ✲✵✳✸ ❡t❛ ✵✳✺ ❦♦♣✉r✉❡✐✳ ▲❡❤❡♥❡♥❣♦ ✉rr❛ts❛❦ ❤♦♥❡❧❛ ❛❧❞❛t③❡♥ ❞✐t✉
❡❦✉❛③✐♦❛❦✿ 


10 −7 0
0 −0.1 6
0 2.5 5






x1

x2

x3


 =




7
6.1
2.5


 .

❖❤❛rt✉ ❤❛✉ ❜❡t❡t③❡♥ ❞❡❧❛✿




1 0 0
−0.3 1 0
0.5 0 1






10 −7 0
0 −0.1 6
0 2.5 5


 =




10 −7 0
−3 2 6
5 −1 5


 ,

✶✵✵



✺✳✷✳ ✸x✸ ❛❞✐❜✐❞❡ ❜❛t ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✵✶

❇✐❣❛rr❡♥ ✉rr❛ts❡❛♥✱ ❜✐❣❛rr❡♥ ❡❦✉❛③✐♦❛ ❡r❛❜✐❧ ❞❡③❛❦❡❣✉ ❤✐r✉❣❛rr❡♥ ❡❦✉❛③✐♦❦♦ x2 ❡③❛❜❛t③❡❦♦✳
❇❛✐♥❛✱ ❜✐❣❛rr❡♥ ♣✐❜♦t❛✱ ❜✐❣❛rr❡♥ ❡❦✉❛③✐♦❦♦ x2✲r❡♥ ❦♦❡✜③✐❡♥t❡❛✱ −0.1 ❞❛✱ ❡t❛ ❤♦r✐ ❤✉rr❡♥❣♦
❦♦❡✜③✐❡♥t❡❛ ❜❛✐♥♦ t①✐❦✐❛❣♦❛ ❞❛✳ ❖♥❞♦r✐♦③✱ ❛③❦❡♥ ❜✐ ❡❦✉❛③✐♦❛❦ tr✉❦❛t③❡♥ ❞✐r❛✳ ❍♦rr✐ ♣✐✲
❜♦t❛t③❡❛ ❞❡r✐t③♦❣✉✳ ❆❞✐❜✐❞❡ ❤♦♥❡t❛♥✱ ❡❣✐❛ ❡s❛♥✱ ❤♦r✐ ❡③ ❞❛ ❜❡❤❛rr❡③❦♦❛✱ ❡③❡♥ ❡③ ❜❛✐t❛❣♦
❜✐r✐❜✐❧t③❡✲❡rr♦r❡r✐❦❀ ❜❛✐♥❛✱ ♦r♦ ❤❛r✱ ❡r❛❜❛❦✐❣❛rr✐❛ ❞❛✳ ❇❡r❛③✱ ♣✐❜♦t❛t✉ ❡t❛ ❣❡r♦✱ ③❡r❛ ❞✉❣✉✿



10 −7 0
0 2.5 5
0 −0.1 6






x1

x2

x3


 =




7
2.5
6.1


 .

❖r❛✐♥✱ ❜✐❣❛rr❡♥ ♣✐❜♦t❛ ✷✳✺ ❞❛ ❡t❛ ❡r❛❜✐❧ ❞❡③❛❦❡❣✉ ❤✐r✉❣❛rr❡♥ ❡❦✉❛③✐♦❦♦ x2 ❡③❛❜❛t③❡❦♦✳ ❍♦r✐
❧♦rt✉❦♦ ❞✉❣✉ ❤✐r✉❣❛rr❡♥ ❡❦✉❛③✐♦❛r✐ ✵✳✵✹ ❜✐❞❡r ❜✐❣❛rr❡♥❛ ❜❛t✉③ ✭❤♦ts✱ ✲✵✳✵✹ ❜✐❞❡r❦❛t③❛✐❧❡❛
❞❛✮✱ ❤❛✉ ❧♦rt✉③✿ 


10 −7 0
0 2.5 5
0 0 6.2






x1

x2

x3


 =




7
2.5
6.2


 .

❖r❛✐♥✱ ❛③❦❡♥ ❡❦✉❛③✐♦❛ ❤❛✉ ❞❛✿
6.2x3 = 6.2

❡t❛✱ ♦♥❞♦r✐♦③✱ x3 = 1✳ ❇❛❧✐♦ ❤♦r✐ ❜✐❣❛rr❡♥ ❡❦✉❛③✐♦❛♥ ♦r❞❡③❦❛ ❞❡③❛❦❡❣✉✿

2.5x2 + (5) · (1) = 2.5

❡t❛ x2 ❛s❦❛t✉③✱ x2 = −1 ❞✉❣✉✳ ❆③❦❡♥✐❦✱ ❧❡❤❡♥❡♥❣♦ ❡❦✉❛③✐♦❛♥ ♦r❞❡③❦❛t③❡♥ ❞✐t✉❣✉ x2✲r❡♥ ❡t❛
x3✲r❡♥ ❜❛❧✐♦❛❦✿

10x1 + (−7) · (−1) = 7

❡t❛ x1 ❛s❦❛t✉③✱ x1 = 0 ❞✉❣✉✳ ❊♠❛✐t③❛ ❤❛✉ ❞❛✿

xxx =




0
−1
1


 .

❊♠❛✐t③❛ ❤❛✉ ❡rr❛③ ❡❣✐❛③t❛ ❞❛✐t❡❦❡ ❥❛t♦rr✐③❦♦ ❡❦✉❛③✐♦❛❦ ❡r❛❜✐❧✐③✿



10 −7 0
−3 2 6
5 −1 5







0
−1
1


 =



7
4
6


 .

❖❤❛rt✉ LLL1LLL2 = LLL ❜❡t❡t③❡♥ ❞❡❧❛✱ ♥♦♥

LLL1 =




1 0 0
0.5 1 0

−0.3 0 1


 , LLL2 =



1 0 0
0 1 0
0 −0.04 1


 , LLL =




1 0 0
0.5 1 0

−0.3 −0.04 1


 .

❇❡st❛❧❞❡✱ AAA ♠❛tr✐③❡❛♥ ❜✐❣❛rr❡♥ ❡t❛ ❤✐r✉❣❛rr❡♥ ❧❡rr♦❛❦ tr✉❦❛t✉ ✭♣❡r♠✉t❛t✉✮ ❞✐t✉❣✉❀ ❤♦r✐ PPP
♣❡r♠✉t❛③✐♦✲♠❛tr✐③❡ ❜❛t❡③ ❛✉rr❡❜✐❞❡r❦❛t✉③ ❧♦rt③❡♥ ❞❛✱ ❛❧❡❣✐❛✿

PPPAAA =



1 0 0
0 0 1
0 1 0







10 −7 0
−3 2 6
5 −1 5


 =




10 −7 0
5 −1 5

−3 2 6


 .

✶✵✶



✶✵✷ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❆❧❣♦r✐t♠♦ ♦s♦❛ ❡r❛ tr✐♥❦♦ ❜❛t❡❛♥ ❛❞✐❡r❛③ ❞❛✐t❡❦❡ ♥♦t❛③✐♦ ♠❛tr✐③✐❛❧❛ ❡r❛❜✐❧✐③✳ ❆❞✐❜✐❞❡ ❤♦♥❡✲
t❛r❛❦♦ ❤❛✉ ❞✉❣✉✿

LLLUUU = PPPAAA,

♥♦♥

UUU =



10 −7 0
0 2.5 5
0 0 6.2


 .

❍❛✉ ❞❛✱ LLL ♠❛tr✐③❡❛❦ ❡③❛❜❛t③❡ ♣r♦③❡s✉❦♦ ❜✐❞❡r❦❛t③❛✐❧❡❛❦ ❣♦r❞❡t③❡♥ ❞✐t✉ ❜❛t❡❦♦ ❞✐❛❣♦♥❛❧
❛③♣✐❛♥✱ UUU ♠❛tr✐③❡❛ ❛③❦❡♥ ❦♦❡✜③✐❡♥t❡✲♠❛tr✐③❡❛ ❞❛✱ ❡t❛PPP ♠❛tr✐③❡❛❦ ♣✐❜♦t❛t③❡ ♣r♦③❡s✉❛ ❞❡s❦r✐✲
❜❛t③❡♥ ❞✉✳

✺✳✸✳ P❡r♠✉t❛③✐♦✲ ❡t❛ tr✐❛♥❣❡❧✉✲♠❛tr✐③❡❛❦

P❡r♠✉t❛③✐♦✲♠❛tr✐③❡ ❜❛t ✐❞❡♥t✐t❛t❡✲♠❛tr✐③❡ ❜❛t ❞❛✱ ❧❡rr♦❛❦ ❡t❛ ③✉t❛❜❡❛❦ tr✉❦❛t✉t❛ ❞❛✉③❦❛♥❛✳
❍❛✐♥ ③✉③❡♥ ❡r❡✱ ✶ ❜❛❦❛rr❛ ❞❛✉❦❛ ❧❡rr♦ ❡t❛ ③✉t❛❜❡ ❜❛❦♦✐t③❡❛♥✱ ❡t❛ ③❡r♦ ❞✐r❛ ❜❡st❡ ❣❛✐❛❦✳
❆❞✐❜✐❞❡③✱

PPP =




0 0 0 1
1 0 0 0
0 0 1 0
0 1 0 0




AAA ♠❛tr✐③❡❛ ❡③❦❡rr❡t✐❦ ❜✐❞❡r❦❛t③❡♥ ❜❛❞✉❣✉ PPP ♣❡r♠✉t❛③✐♦✲♠❛tr✐③❡ ❜❛t❡③ ✭❤♦ts✱ PPPAAA✮✱ AAA ♠❛✲
tr✐③❡❛r❡♥ ❧❡rr♦❛❦ ♣❡r♠✉t❛t③❡♥ ❞✐r❛✳ ❆❧❞✐③✱ ❡s❦✉✐♥❡t✐❦ ❜✐❞❡r❦❛t③❡♥ ❜❛❞✉❣✉ ✭❤♦ts✱ AAAPPP ✮✱ ♦r✲
❞✉❛♥✱ AAA ♠❛tr✐③❡❛r❡♥ ③✉t❛❜❡❛❦ ♣❡r♠✉t❛t③❡♥ ❞✐t✉✳

▼❆❚▲❆❇❡❦ ❜❛❞❛✉❦❛ ♣ ♣❡r♠✉t❛③✐♦✲❜❡❦t♦r❡ ❜❛t ♠❛tr✐③❡ ❜❛t❡♥ ❧❡rr♦❛❦ ❡❞♦ ③✉t❛❜❡❛❦
❜❡rr♦r❞❡♥❛t③❡❦♦✳ ●♦✐❦♦ PPP ♠❛tr✐③❡❛r❡♥ ❦❛s✉❛♥✱ ♣ ❤❛✉ ❞❛✿

♣❂❬✹ ✶ ✸ ✷❪

❖r❞✉❛♥✱ P✯❆ ❡t❛ ❆✭♣✱✿✮ ❜❡r❞✐♥❛❦ ❞✐r❛✳ ▲♦rt✉t❛❦♦ ♠❛tr✐③❡❛♥ ✶✳ ❧❡rr♦❛ AAA✲r❡♥ ✹✳❛ ✐③❛♥❣♦
❞❛✱ ✷✳ ❧❡rr♦❛ AAA✲r❡♥ ✶✳❛✱ ✸✳ ❧❡rr♦❛ AAA✲r❡♥ ✸✳❛✱ ❡t❛ ✹✳ ❧❡rr♦❛ AAA✲r❡♥ ✷✳❛✳ ❍❛❧❛❜❡r✱ ❆✯P ❡t❛ ❆✭✿✱♣✮

❜❡r❞✐♥❛❦ ❞✐r❛✱ ❜✐❡❦ AAA✲r❡♥ ③✉t❛❜❡❡♥ ♣❡r♠✉t❛③✐♦ ❜❡r❞✐♥❛ s♦rt③❡♥ ❞✉t❡✳

PPPxxx = bbb ❡❦✉❛③✐♦✲s✐st❡♠❡t❛r❛❦♦ s♦❧✉③✐♦❛ ❦❛❧❦✉❧❛t③❡❦♦✱ ❤❛✉ ❜❛❦❛rr✐❦ ❡❣✐♥ ❜❡❤❛r ❞✉❣✉✿

xxx = PPP tbbb,

③❡r❡♥ PPP−1 = PPP t ❜❛✐t❛❀ ❤♦ts✱ PPP ♦rt♦❣♦♥❛❧❛ ❞❛✳

▼❛tr✐③❡ ❣♦✐✲tr✐❛♥❣❡❧✉❛r ❜❛t❡❛♥✱ ③❡r♦❛❦ ❞✐r❛ ❞✐❛❣♦♥❛❧ ♥❛❣✉s✐❛r❡♥ ❛③♣✐❦♦ ❣❛✐ ❣✉③t✐❛❦✳ ▼❛✲
tr✐③❡ ❜❡❤❡✲tr✐❛♥❣❡❧✉❛r ❜❛t❡❛♥✱ ③❡r♦❛❦ ❞✐r❛ ❞✐❛❣♦♥❛❧ ♥❛❣✉s✐❛r❡♥ ❣♦✐❦♦ ❣❛✐ ❣✉③t✐❛❦✳ ❆❞✐❜✐❞❡③✱
❛✉rr❡❦♦ ❛t❛❧❡❛♥✱ LLL ♠❛tr✐③❡❛ ❜❡❤❡✲tr✐❛♥❣❡❧✉❛rr❛ ❞❛ ❡t❛ UUU ♠❛tr✐③❡❛ ❣♦✐✲tr✐❛♥❣❡❧✉❛rr❛✳

✶✵✷



✺✳✸✳ P❡r♠✉t❛③✐♦✲ ❡t❛ tr✐❛♥❣❡❧✉✲♠❛tr✐③❡❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✵✸

❙✐st❡♠❛ ❜❛t❡❦♦ ♠❛tr✐③❡❛ tr✐❛♥❣❡❧✉❛rr❛ ❜❛❞❛✱ ❡rr❛③ ❡❜❛③t❡♥ ❞❛✳ ■③❛♥ ❜❡❞✐ UUUxxx = bbb s✐st❡♠❛
❣♦✐✲tr✐❛♥❣❡❧✉❛r ❤❛✉✿

u11x1 + u12x2 + . . .+ u1,n−1xn−1 + u1nxn = b1
u22x2 + . . .+ u2,n−1xn−1 + u2nxn = b2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

un−1,n−1xn−1 + un−1,nxn = bn−1

unnxn = bn.

✭✺✳✶✮

❇❡r❛③✱ s♦❧✉③✐♦❛ ❧♦rt③❡❦♦✱ ❛t③❡r❛♥③❦♦ ♦r❞❡③❦❛t③❡✲♣r♦③❡s✉ ❤♦♥✐ ❥❛rr❛✐t✉ ❜❡❤❛r ❞✐♦❣✉ ✭❤♦ts✱ ❜❡✲
❤❡t✐❦ ❣♦r❛✮✿

xn =
bn
unn

xn−1 =
bn−1 − un−1,nxn

un−1,n−1

.

✭✺✳✷✮

❊t❛✱ ❤♦♥❡❧❛✱ ♦♥❞♦③ ♦♥❞♦ ❥❛r❞✉♥❡③✱ ③❡r❛ ❞✉❣✉✿

xi =
bi − uinxn − ui,n−1xn−1 − . . .− ui,i+1xi+1

uii

=

bi −
n∑

j=i+1

uijxj

uii

✭✺✳✸✮

♥♦♥ i = n− 1, n− 2, . . . , 3, 2, 1✳

❊r❛❣✐❦❡t❛ ❤♦r✐❡❦✱ ▼❆❚▲❆❇❡♥ ❜✐t❛rt❡③✱ ❤♦♥❡❧❛ ❡❣✐♥ ❞✐t③❛❦❡❣✉✿

① ❂ ③❡r♦s✭♥✱✶✮❀

❢♦r ❦ ❂ ♥✿✲✶✿✶

①✭❦✮ ❂ ❜✭❦✮✴❯✭❦✱❦✮❀

✐ ❂ ✭✶✿❦✲✶✮✬❀

❜✭✐✮ ❂ ❜✭✐✮✲①✭❦✮✯❯✭✐✱❦✮❀

❡♥❞

❇❡st❛❧❞❡✱ ❞❡♠❛❣✉♥ LLLxxx = bbb s✐st❡♠❛ ❜❡❤❡✲tr✐❛♥❣❡❧✉❛r ❤❛✉ ❞✉❣✉❧❛✱ ❡t❛ LLL✲r❡♥ ❞✐❛❣♦♥❛❧❡❦♦
❣❛✐❛❦ ❜❛t❛❦ ❞✐r❡❧❛✿

x1 = b1
l21x1 + x2 = b2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
ln1x1 + ln2x2 + . . .+ ln,n−1xn−1 + xn = bn

✭✺✳✹✮

❙♦❧✉③✐♦❛ ❧♦rt③❡❦♦✱ ❛✉rr❡r❛♥③❦♦ ♦r❞❡③❦❛t③❡✲♣r♦③❡s✉ ❤♦♥✐ ❥❛rr❛✐t✉ ❜❡❤❛r ❞✐♦❣✉ ✭❤♦ts✱ ❣♦✐t✐❦
❜❡❤❡r❛✮✿

x1 = b1

x2 = b2 − l2,1x1.
✭✺✳✺✮

✶✵✸



✶✵✹ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❊t❛✱ ❤♦♥❡❧❛✱ ♦♥❞♦③ ♦♥❞♦ ❥❛r❞✉♥❡③✱ ③❡r❛ ❞✉❣✉✿

xi = bi − li1x1 − li,2x2 − . . .− li,i−1xi−1 = bi −
i−1∑

j=1

lijxj ✭✺✳✻✮

♥♦♥ i = 2, 3, . . . , n− 1, n✳

❆r✐❦❡t❛ ♠♦❞✉❛♥✱ s♦rt✉ ▼❆❚▲❆❇❡♥ ❦♦❞❡ ❜❛t ❡r❛❣✐❦❡t❛ ❤♦r✐❡❦ ❡❣✐t❡❦♦✳

✺✳✹✳ P✐❜♦t❛t③❡❛r❡♥ ❜❡❤❛rr❛

UUU ♠❛tr✐③❡❛r❡♥ ❞✐❛❣♦♥❛❧❡❦♦ ❣❛✐❡✐ ♣✐❜♦t❛❦ ❞❡r✐t③❡❣✉✳ ●♦✐❦♦ ❛❞✐❜✐❞❡❛♥✱ ♣✐❜♦t❛❦ ❞✐r❛ ✶✵✱ ✷✳✺
❡t❛ ✻✳✷✳ ❇✐❞❡r❦❛t③❛✐❧❡❡♥ ❦❛❧❦✉❧✉❛❦ ❡t❛ ❛t③❡r❛♥③❦♦ ♦r❞❡③❦❛♣❡♥❛❦ ♣✐❜♦t❡❦✐♥ ③❛t✐t✉ ❜❡❤❛r ❞✐r❛✳
❖♥❞♦r✐♦③✱ ♣✐❜♦t❡♥ ❜❛t ③❡r♦ ❜❛❞❛✱ ❡③✐♥ ❞✉❣✉ ❜✉r✉t✉ ❛❧❣♦r✐t♠♦❛✳ ■♥t✉✐③✐♦③✱ ❜❛❞❛❦✐❣✉ ❡③ ❞❡❧❛
✐❞❡✐❛ ♦♥❛ ❦❛❧❦✉❧✉❛ ❛✉rr❡r❛ ❡r❛♠❛t❡❛ ♣✐❜♦t❡♥ ❜❛t ✐❛ ③❡r♦ ❜❛❞❛✳ ❍♦r✐ ❡r❛❦✉st❡❦♦✱ ♣✐①❦❛ ❜❛t
❛❧❞❛t✉❦♦ ❞✉❣✉ ❣✉r❡ ❣♦✐❦♦ ❛❞✐❜✐❞❡❛✿




10 −7 0
−3 2.099 6
5 −1 5






x1

x2

x3


 =




7
3.901

6


 .

▼❛tr✐③❡❦♦ (2, 2) ❣❛✐❛ ❛❧❞❛t✉ ❡❣✐♥ ❞❛ ✷✳✵✵✵ ✐③❛t❡t✐❦ ✷✳✵✾✾ ✐③❛t❡r❛✱ ❡t❛ ❜❡r❞✐♥t③❛r❡♥ ❡s❦✉✐♥❡❦♦
❛❧❞❡❛ ❛❧❞❛t✉ ❡❣✐♥ ❞✉❣✉ ❡♠❛✐t③❛ ❜❡r❜❡r❛ ✐③❛t❡❦♦ ♠♦❞✉❛♥✱ (0,−1, 1)t✳ ❉❡♠❛❣✉♥ ❜♦st ③✐❢r❛
❡s❛♥❣❛rr✐t❛❦♦ ❦♦♠❛ ♠✉❣✐❦♦r ❤❛♠❛rt❛rr❛ ❞✉❡♥ ♠❛❦✐♥❛ ❜❛t❡❛♥ ❦❛❧❦✉❧❛t✉ ❞✉❣✉❧❛ s♦❧✉③✐♦❛✳

❊③❛❜❛♣❡♥❛r❡♥ ❧❡❤❡♥❡♥❣♦ ✉rr❛ts❛❦ ❤❛✉ ❡♠❛t❡♥ ❞✉✿



10 −7 0
0 −0.001 6
0 2.5 5






x1

x2

x3


 =




7
6.001
2.5


 .

❖r❛✐♥✱ (2, 2) ❣❛✐❛ ♥❛❤✐❦♦ t①✐❦✐❛ ❞❛ ♠❛tr✐③❡❦♦ ❜❡st❡ ❣❛✐❡❦✐♥ ❦♦♥♣❛r❛t③❡♥ ❜❛❞✉❣✉✳ ❍❛❧❛ ❡r❡✱
tr✉❦❡r✐❦ ❣❛❜❡ ❜❡t❡❦♦ ❞✉❣✉ ❡③❛❜❛♣❡♥❛✳ ❍✉rr❡♥❣♦ ✉rr❛ts❡❛♥✱ ❤✐r✉❣❛rr❡♥ ❡❦✉❛③✐♦❛r✐ 2.5 · 103
❜✐❞❡r ❜✐❣❛rr❡♥❛ ❜❛t✉❦♦ ❞✐♦❣✉✱ ❤♦♥❡❧❛✿

(5 + (2.5 · 103) · 6)x3 = 2.5 + (2.5 · 103) · 6.001.

❇❡r❞✐♥t③❛r❡♥ ❡s❦✉✐♥ ❛❧❞❡❦♦ ❣❛✐❛♥ 6.001 · 2.5 · 103 = 1.50025 · 104 ❞✉❣✉✳ ❊♠❛✐t③❛ 1.50025 ·
104 ❞❛✱ ❡t❛ ❤♦r✐ ❡③✐♥ ❞❛ ❛❞✐❡r❛③✐ ③❡❤❛t③✲♠❡❤❛t③ ❣✉r❡ ❦♦♠❛ ♠✉❣✐❦♦rr❛r❡♥ ③❡♥❜❛❦✐✲s✐st❡♠❛
❤✐♣♦t❡t✐❦♦❛♥✳ ❍✉r❛ 1.5002 · 104r❛ ❜✐r✐❜✐❧❞✉ ❜❡❤❛r❦♦ ❞✉❣✉✳ ●❡r♦✱ ❡♠❛✐t③❛ ❤♦r✐ ✷✳✺ ③❡♥❜❛❦✐❛r✐
❣❡❤✐t✉❦♦ ❞✐♦❣✉✱ ❡t❛ ❜✐r✐❜✐❧❞✉ ❜❡rr✐r♦✳ ❇❡st❡❧❛ ❡s❛♥❞❛✱ ❤♦♥❛❦♦ ❡r❛❣✐❦❡t❛ ❤❛✉❡t❛♥ ❜❡❧t③❡③
✐❞❛t③✐t❛❦♦ ✺❛❦ ❣❛❧t③❡♥ ❞✐r❛ ❜✐r✐❜✐❧t③❡✲❡rr♦r❡❡t❛♥✿

(5 + 1.5000 · 104)x3 = 2.555 + 1.5002555 · 104.

✶✵✹



✺✳✹✳ P✐❜♦t❛t③❡❛r❡♥ ❜❡❤❛rr❛ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✵✺

❖♥❞♦r✐♦③✱ ❣✉r❡ ♠❛❦✐♥❛ ❤✐♣♦t❡t✐❦♦❛♥✱ ❛③❦❡♥ ❡❦✉❛③✐♦❛ ❤❛✉ ❜✐❤✉rt③❡♥ ❞❛✿

1.5005 · 104x3 = 1.5004 · 104.

❇❡r❛③✱ ❤♦♥❡❦✐♥ ❤❛st❡♥ ❞❛ ❛t③❡r❛♥③❦♦ ♦r❞❡③❦❛♣❡♥❛✿

x3 =
1.5004 · 104
1.5005 · 104 = 0.99993.

❊♠❛✐t③❛ ③❡❤❛t③❛ x3 = 1 ❞❡♥❡③✱ ❡rr♦r❡❛❦ ❡③ ❞✐r✉❞✐ s❡r✐♦❡❣✐❛✳ ❩♦r✐t①❛rr❡③✱ x2 ❡❦✉❛③✐♦ ❤♦♥❡t❛t✐❦
❛✉r❦✐t✉ ❜❡❤❛r ❞✉❣✉✿

−0.001x2 + 6 · (0.99993) = 6.001,

❡t❛ ❤♦rr❡❦ ❤❛✉ ❡♠❛t❡♥ ❞✉✿

x2 =
1.5 · 10−3

−1.0 · 10−3
= −1.5.

❆③❦❡♥✐❦✱ x1 ❧❡❤❡♥❡♥❣♦ ❡❦✉❛③✐♦❛③ ❤♦♥❡❧❛ ③❡❤❛③t❡♥ ❞❛✿

10x1 + (−7) · (−1.5) = 7,

❤❛✉ ❧♦rt✉③✿
x1 = −0.35.

❆❧❡❣✐❛✱ (0,−1, 1)t ❧♦rt✉ ❜❡❤❛rr❡❛♥ (−0.35,−1.5, 0.99993)t ❧♦rt✉ ❞✉❣✉✳

◆♦♥ ❞❛❣♦ ❡rr♦r❡❛❄ ❊③ ❞❛❣♦ ✏❜✐r✐❜✐❧t③❡✲❡rr♦r❡❛r❡♥ ♣✐❧❛❦❡t❛✑ s♦rt✉t❛ ♠✐❧❛❦❛ ❡r❛❣✐❦❡t❛ ❛r✐t✲
♠❡t✐❦♦ ❡❣✐♥❡③✳ ▼❛tr✐③❡❛ ❡③ ❞❛ ✐❛ s✐♥❣✉❧❛rr❛✳ ❩❛✐❧t❛s✉♥❛ ❡③❛❜❛♣❡♥❡❦♦ ❜✐❣❛rr❡♥ ✉rr❛ts❡❛♥
♣✐❜♦t t①✐❦✐ ❜❛t ❤❛rt③❡t✐❦ ❞❛t♦r✳ ❖♥❞♦r✐♦③✱ ❜✐❞❡r❦❛t③❛✐❧❡❛ 2.5 · 103 ❞❛✱ ❡t❛ ❛③❦❡♥ ❡❦✉❛③✐♦❛❦
❞❛✉③❦❛♥ ❦♦❡✜③✐❡♥t❡❛❦ ✐❛ 103 ❜✐❞❡r ❥❛t♦rr✐③❦♦ ♣r♦❜❧❡♠❛r❡♥ ❦♦❡✜③✐❡♥t❡❛❦ ❞✐r❛✳

❆r✐❦❡t❛ ♠♦❞✉❛♥✱ ❛③t❡rt✉ ③❡r ❣❡rt❛t✉❦♦ ❧✐t③❛t❡❦❡❡♥ ❜✐❣❛rr❡♥ ✉rr❛ts❡❛♥ tr✉❦❛t✉❦♦ ❜❛❣❡✲
♥✐t✉ ❜✐❣❛rr❡♥ ❡t❛ ❤✐r✉❣❛rr❡♥ ❡❦✉❛③✐♦❛❦✳

❇✐❞❡r❦❛t③❛✐❧❡ ❣✉③t✐❛❦ ❜❛❧✐♦ ❛❜s♦❧✉t✉❛♥ ✶ ❡❞♦ t①✐❦✐❛❣♦❛❦ ❜❛❞✐r❛✱ ❦❛❧❦✉❧❛t✉t❛❦♦ s♦❧✉③✐♦❛
③✉③❡♥❛ ❞❡❧❛ ❢r♦❣❛ ❞❛✐t❡❦❡✳ ❇✐❞❡r❦❛t③❛✐❧❡❡♥ ❜❛❧✐♦ ❛❜s♦❧✉t✉❛❦ ✶ ❜❛✐♥♦ ❤❛♥❞✐❛❣♦❛❦ ❡③ ✐③❛t❡❦♦✱
♣✐❜♦t❛t③❡ ♣❛rt③✐❛❧❛ ✐③❡♥❞❛t✉t❛❦♦ ♣r♦③❡s✉❛ ❡r❛❜✐❧ ❞❡③❛❦❡❣✉✳

✺✳✹✳✶✳ P✐❜♦t❛t③❡ ♣❛rt③✐❛❧❛

❊③❛❜❛t③❡✲♣r♦③❡s✉❛♥ i✲❣❛rr❡♥ ❧❡rr♦❛♥ ❜❛❣❛✉❞❡✱ i✲❣❛rr❡♥ ③✉t❛❜❡❛♥ ❣❡r❛t③❡♥ ❞✐r❡♥ ❣❛✐❡♥ ❛rt❡❛♥
✭❤♦ts✱ aji✱ ♥♦♥ j = i, i+ 1, . . . , n ❜❛✐t❛✮ ❜❛❧✐♦ ❛❜s♦❧✉t✉ ❤❛♥❞✐❡♥❡❦♦ ❣❛✐❛ ❜✐❧❛t✉ ❜❡❤❛r ❞❛✳ ●❛✐
❤♦r✐ p✲❣❛rr❡♥❛ ❜❛❞❛✱ i✲❣❛rr❡♥ ❡t❛ p✲❣❛rr❡♥ ❧❡rr♦❛❦ tr✉❦❛t✉❦♦ ❞✐t✉❣✉✳ ❆❧❡❣✐❛✱ ❤❛✉ ❜❛❞✉❣✉✿

max
j≥i

{|aji|} = |api|,

i✲❣❛rr❡♥ ❡t❛ p✲❣❛rr❡♥ ❧❡rr♦❛❦ tr✉❦❛t✉❦♦ ❞✐t✉❣✉✳ ❚r✉❦❡ ❜❡r❞✐♥❛❦ ❡❣✐t❡♥ ❞✐r❛ ❜❡r❞✐♥t③❛r❡♥
❡s❦✉✐♥❡❦♦ b ❜❡❦t♦r❡❛♥✳ ❍♦ts✱ bp ❡t❛ bi ❡r❡ tr✉❦❛t③❡♥ ❞✐r❛✳

✶✵✺



✶✵✻ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

✺✳✺✳ LU ❢❛❦t♦r✐③❛③✐♦❛

❖r♦ ❤❛r✱ ❡③❛❜❛t③❡ ❣❛✉ss✐❛rr❛❦ ❜✐ ❡t❛♣❛ ❞✐t✉✿ ❛✉rr❡r❛♥③❦♦ ❡❜❛③♣❡♥❛ ❡t❛ ❛t③❡r❛♥③❦♦ ❡❜❛③♣❡♥❛✳
❆✉rr❡r❛♥③❦♦ ❡❜❛③♣❡♥❛❦ n−1 ✉rr❛ts ❞✐t✉✱ ❛✉rr❡❦♦ ❛t❛❧❡❛♥ ✐❦✉s✐ ❞✉❣✉♥ ❜❡③❛❧❛✳ i✲❣❛rr❡♥ ✉rr❛✲
ts❡❛♥✱ i✲❣❛rr❡♥ ❡③❡③❛❣✉♥❛ ❡③❛❜❛t③❡❦♦ i✲❣❛rr❡♥ ❡❦✉❛③✐♦❛r❡♥ ♠✉❧t✐♣❧♦❛❦ ❦❡♥t③❡♥ ❞✐③❦✐❡❣✉ ❣❛✐♥❡✲
r❛❦♦ ❡❦✉❛③✐♦❡✐✳ ❇❛❧❞✐♥ xi✲r❡♥ ❦♦❡✜③✐❡♥t❡❛ ✏t①✐❦✐❛✑ ❜❛❞❛✱ ❣♦♠❡♥❞❛❣❛rr✐❛ ❞❛ ✭✺✳✷✮✲✭✺✳✸✮ ♣r♦③❡✲
s✉❛ ❡❣✐♥ ❜❛✐♥♦ ❧❡❤❡♥ ❡❦✉❛③✐♦❛❦ tr✉❦❛t③❡❛✳ ❊③❛❜❛♣❡♥✲✉rr❛ts❛❦ ❜❡r❞✐♥t③❛r❡♥ ❡s❦✉✐♥❛❧❞❡❦♦
❣❛✐❡✐ ❜❛t❡r❛ ❛♣❧✐❦❛ ❞✐❡③❛③❦✐❡❦❡❣✉✱ ❡❞♦ tr✉❦❡❛❦ ❡t❛ ❜✐❞❡r❦❛t③❛✐❧❡❛❦ ❣♦r❞❡ ❞✐t③❛❦❡❣✉ ❡t❛ ❣❡r♦❛❣♦
❛♣❧✐❦❛t✉ ❡s❦✉✐♥❛❧❞❡❦♦ ❣❛✐❡✐✳ ❆③❦❡♥ ❤♦r✐ ✐❦✉s✐❦♦ ❞✉❣✉✱ ❤❛✐♥ ③✉③❡♥ ❡r❡✱ ❥❛rr❛✐❛♥✳ ❆③❦❡♥✐❦✱ s✐s✲
t❡♠❛r❡♥ ❛t③❡r❛♥③❦♦ ❡❜❛③♣❡♥❛ ✭✺✳✺✮✲✭✺✳✻✮ ❛❞✐❡r❛③♣❡♥❛❦ ❡r❛❜✐❧✐③ ❧♦rt✉❦♦ ❞✉❣✉✳

■③❛♥ ❜❡❞✐ PPP i✱ i = 1, . . . , n − 1✱ ❡③❛❜❛♣❡♥❛r❡♥ i✲❣❛rr❡♥ ✉rr❛ts❡❛♥ ❡r❛❜✐❧✐t❛❦♦ ♣❡r♠✉t❛③✐♦✲
♠❛tr✐③❡❛✳ ■③❛♥ ❜❡❞✐ MMM i i✲❣❛rr❡♥ ✉rr❛ts❡❛♥ ❜✐❞❡r❦❛t③❛✐❧❡❡♥ ♥❡❣❛t✐❜♦❛❦ ❞✐❛❣♦♥❛❧❛r❡♥ ❛③♣✐❛♥
s❛rt✉③ ❧♦rt✉t❛❦♦ ♠❛tr✐③❡ ❜❡❤❡✲tr✐❛♥❣❡❧✉❛r ✉♥✐t❛t❡ ❜❛t❀ ❤♦rr❡❧❛❦♦ ♠❛tr✐③❡❡✐ ❡③❛❜❛♣❡♥ ♠❛✲
tr✐③❡❛❦ ❞❡r✐t③❡❣✉✳ ■③❛♥ ❜❡❞✐ UUU ❡③❛❜❛♣❡♥❛r❡♥ n − 1 ✉rr❛ts❛❦ ❡♠❛♥ ♦♥❞♦r❡♥ ❧♦rt✉t❛❦♦ ❛③❦❡♥
♠❛tr✐③❡ ❣♦✐✲tr✐❛♥❣❡❧✉❛rr❛✳ Pr♦③❡s✉ ♦s♦❛ ❡❦✉❛③✐♦ ❜❛t❡③ ❞❡s❦r✐❜❛ ❞❛✐t❡❦❡✿

MMMn−1PPP n−1 . . .MMM2PPP 2MMM1PPP 1AAA = UUU. ✭✺✳✼✮

❏❛rr❛✐❛♥ ✐❦✉s✐❦♦ ❞✉❣✉ AAA ♠❛tr✐③❡❛ ❡③✲s✐♥❣✉❧❛rr❛ ❜❛❞❛✱ ❜❡t✐ PPP ♣❡r♠✉t❛③✐♦✲♠❛tr✐③❡ ❜❛t
❛✉r❦✐ ❞❡③❛❦❡❣✉❧❛ PAPAPA = LULULU ✐❞❛t③✐ ❛❤❛❧ ✐③❛t❡❦♦ ♠♦❞✉❛♥✳

❏♦ ❞❡③❛❣✉♥ AAA ∈ IR3×3 ♠❛tr✐③❡❛ ❡t❛ ❜✐ ♣❡r♠✉t❛③✐♦✲♠❛tr✐③❡✱ PPP 1,PPP 2✱ ❡t❛ ❜✐ ❡③❛❜❛♣❡♥✲
♠❛tr✐③❡✱ MMM1,MMM2✱ ❡r❛✐❦✐ ❞✐t✉❣✉❧❛ ❤❛✉ ❣❡rt❛t③❡❦♦ ♠♦❞✉❛♥✿

MMM2PPP 2MMM1PPP 1AAA = UUU.

PPP i ♦rt♦❣♦♥❛❧❛ ❞❡♥❡③✱ ❜❛❞❛❦✐❣✉ PPP t
iPPP i = 1l✳ ❑❛s✉ ❤♦♥❡t❛♥✱ ❣❛✐♥❡r❛✱ PPP i ❤❛✉❡❦ s✐♠❡tr✐❦♦❛❦

❞✐r❡♥❡③✱ PPP t
i = PPP i ❞✉❣✉✳ ❇❡r❛③✱ PPP 2PPP 2 = 1l ❞✉❣✉✳ ❖r❞✉❛♥✱ PPP 2PPP 2 ❛❞✐❡r❛③♣❡♥❛ MMM1 ❡t❛ PPP 1

❛rt❡❛♥ s❛r ❞❡③❛❦❡❣✉✿

MMM2PPP 2MMM1PPP 2PPP 2PPP 1AAA =MMM2M̃̃M̃M1PPP 2PPP 1AAA = UUU,

♥♦♥ M̃̃M̃M1 ❜❡rr♦r❞❡♥❛t✉t❛❦♦ ❡③❛❜❛♣❡♥✲♠❛tr✐③❡ ❜❛t ❜❛✐t❛❀ ❛❧❡❣✐❛✱MMM1✱ ❜❛✐♥❛ s✐♠❡tr✐❦♦❦✐ tr✉❦❛t✉✲
t❛❦♦ ❧❡rr♦❡❦✐♥ ❡t❛ ③✉t❛❜❡❡❦✐♥✿

M̃̃M̃M1 = PPP 2MMM1PPP 2.

❆❞✐❜✐❞❡③✱ ❤❛✉ ❜❛❞✉❣✉✿

PPP 2 =



1 0 0
0 0 1
0 1 0


 , MMM1 =




1 0 0
−m21 1 0
−m31 0 1


 ,

③❡r❛ ❧♦rt✉❦♦ ❞✉❣✉✿

M̃̃M̃M1 = PPP 2MMM1PPP 2 =




1 0 0
−m31 1 0
−m21 0 1


 .

✶✵✻



✺✳✺✳ LU ❢❛❦t♦r✐③❛③✐♦❛ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✵✼

❍♦rr❡❧❛ ❡r❡ ❛♣❧✐❦❛ ❞✐❡③❛✐♦❦❡❣✉ ❦❛s✉ ♦r♦❦♦rr❡❛♥ ✭✺✳✼✮ ❛❞✐❡r❛③♣❡♥❛r✐✱ ❤♦ts✿

MMMn−1M̃̃M̃Mn−2 . . . M̃̃M̃M1PPP n−1 . . .PPP 1AAA = U, ✭✺✳✽✮

♥♦♥
M̃̃M̃Mk = PPP n−1 . . .PPP k+1MMMkPPP k+1 . . .PPP n−1, k = 1, . . . , n− 2. ✭✺✳✾✮

❖r❛✐♥✱ ✭✺✳✽✮ ❛❞✐❡r❛③♣❡♥❡t✐❦ ❤❛✉ ♦♥❞♦r✐♦③t❛ ❞❡③❛❦❡❣✉✿

LLL1LLL2 . . .LLLn−1UUU = PPP n−1 . . .PPP 2PPP 1AAA.

♥♦♥ LLLk = M̃̃M̃M−1
k ❜❛✐t❛✱ ❡t❛ ❤♦r✐ ❦❛❧❦✉❧❛t③❡♥ ❞❛ MMMk✲t✐❦ ❞✐❛❣♦♥❛❧❛r❡♥ ❛③♣✐❦♦ ❜✐❞❡r❦❛t③❛✐❧❡❡♥

③❡✐♥✉❛❦ ❛❧❞❛t✉③✱ ❡t❛ ❣❡r♦ ♣❡r♠✉t❛③✐♦❛❦ ❛♣❧✐❦❛t✉③ ✭✺✳✾✮ ❜❡r❞✐♥t③❛❦ ❛❞✐❡r❛③t❡♥ ❞✉❡♥ ❜❡③❛❧❛✳
❇❡r❛③✱ ❤❛✉ ❜❛❞✉❣✉✿

LLL = LLL1LLL2 . . .LLLn−1

PPP = PPP n−1 . . .PPP 2PPP 1,

♦r❞✉❛♥
LLLUUU = PPPAAA.

❖♥❞♦r✐♦③✱ LLL ❡③❛❜❛♣❡♥❡❛♥ ❡r❛❜✐❧✐t❛❦♦ ❜✐❞❡r❦❛t③❛✐❧❡ ❣✉③t✐❛❦ ❣♦r❞❡t③❡♥ ❞✐t✉✱ ❡t❛ PPP ♣❡r♠✉t❛③✐♦✲
♠❛tr✐③❡❛❦ ❧❡rr♦✲tr✉❦❡ ❣✉③t✐❛❦ ❣♦r❞❡t③❡♥ ❞✐t✉✳

❆✉rr❡❦♦ ❛t❛❧❛r❡♥ ❛❞✐❜✐❞❡r❛❦♦ ❤❛✉ ❞✉❣✉✿

AAA =




10 −7 0
−3 2 6
5 −1 5


 ,

❍❛✉❡❦ ❞✐r❛ ❡③❛❜❛♣❡♥❡❛♥ ❞❡✜♥✐t✉t❛❦♦ ♠❛tr✐③❡❛❦✿

PPP 1 =



1 0 0
0 1 0
0 0 1


 , MMM1 =




1 0 0
0.3 1 0

−0.5 0 1




PPP 2 =



1 0 0
0 0 1
0 1 0


 , MMM2 =



1 0 0
0 1 0
0 0.04 1




❇❡r❛③✱

M̃̃M̃M1 = PPP 2MMM1PPP 2 =




1 0 0
−0.5 1 0
0.3 0 1




❍❛✉❡❦ ❞✐r❛ ❤♦r✐❡✐ ❞❛❣♦③❦✐❡♥ LLL ♠❛tr✐③❡❛❦✿

LLL1 =




1 0 0
0.5 1 0

−0.3 0 1


 , LLL2 =



1 0 0
0 1 0
0 −0.04 1


 , LLL =




1 0 0
0.5 1 0

−0.3 −0.04 1


 .

✶✵✼



✶✵✽ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

LLLUUU = PPPAAA ❡r❧❛③✐♦❛r✐ AAA✲r❡♥ LU ❢❛❦t♦r✐③❛③✐♦❛ ✭❡❞♦ ❞❡s❦♦♥♣♦s✐③✐♦ tr✐❛♥❣❡❧✉❛rr❛✮ ❞❡r✐t③♦✳ ❊❣✐❛
❡s❛♥✱ LU ❢❛❦t♦r✐③❛③✐♦❛ ❡③❛❜❛t③❡ ❣❛✉ss✐❛rr❛ ❞❛✱ ♥♦t❛③✐♦ ♠❛tr✐③✐❛❧❛r❡❦✐♥ ❛❞✐❡r❛③✐t❛✳

❋❛❦t♦r✐③❛③✐♦ ❤♦rr❡❦✐♥✱ ❡❦✉❛③✐♦✲s✐st❡♠❛ ♦r♦❦♦r ❜❛t❡r❛❦♦ ❤❛✉ ❞✉❣✉✿

AAAxxx = bbb ⇐⇒ PPPAAAxxx = PPPbbb

❡t❛ s✐st❡♠❛ tr✐❛♥❣❡❧✉❛rr❡♥ ❜✐❦♦t❡ ❤❛✉ ❜✐❤✉rt③❡♥ ❞❛✿

{
LLLyyy = PPPbbb
UUUxxx = yyy

✺✳✺✳✶✳ P✐❜♦t❛t③❡ ❜❛③t❡r❣❛rr✐❛

▼❛tr✐③❡ ❜❛t③✉❡t❛r❛❦♦✱ ❡③ ❞❛ ❜❡❤❛rr❡③❦♦❛ ♣✐❜♦t❛t③❡❛✳

✺✳✶✳ ❉❡✜♥✐③✐♦❛✳ AAA ∈ IRn×n ♠❛tr✐③❡❛ hertsiki diagonal menperatzaileahertsiki diagonal menperatzaileahertsiki diagonal menperatzailea ❞❡❧❛ ❡s❛♥❣♦ ❞✉❣✉✱
❤❛✉ ❜❡t❡t③❡♥ ❜❛❞❛✿

|aii| >
n∑

j=1,j 6=i

|aij|, i = 1, . . . , n. ✭✺✳✶✵✮

❬✶✸❪ ❧✐❜✉r✉❛♥ ❤♦♥❛❦♦ t❡♦r❡♠❛ ❤❛✉ ❢r♦❣❛t③❡♥ ❞❛✿

✺✳✶✳ t❡♦r❡♠❛✳ AAAt ❞✐❛❣♦♥❛❧ ♠❡♥♣❡r❛t③❛✐❧❡❛ ❜❛❞❛✱ AAA ♠❛tr✐③❡❛❦ LU ❢❛❦t♦r✐③❛③✐♦ ❜❛t ❞✉ ❡t❛
|lij| ≤ 1✳

❆❧❡❣✐❛✱ AAAt ❞✐❛❣♦♥❛❧ ♠❡♥♣❡r❛t③❛✐❧❡❛ ❜❛❞❛✱ ❛✉rr❡t✐❦♦ LLLUUU = PPPAAA ❢❛❦t♦r✐③❛③✐♦❛ ❡❣✐♥❡③ ❣❡r♦✱
PPP = 1l ✐③❛♥❣♦ ❞❛✳

✺✳✻✳ ▼❛t❡♠❛t✐❦❛❦♦ ♣r♦❜❧❡♠❛ ❜❛t❡♥ ❜❛❧❞✐♥t③❛

❍✐t③ ❣✉t①✐t❛♥✱ ♣r♦❜❧❡♠❛ ❜❛t❡♥ ❜❛❧❞✐♥t③❛ ♥❡✉rr✐ ❜❛t ❞❛ ♣r♦❜❧❡♠❛❦♦ ❞❛t✉❡♥ ❛❧❞❛❦❡t❡❦✐❦♦
s♦❧✉③✐♦ ③❡❤❛t③❛r❡♥ s❡♥t✐❦♦rt❛s✉♥❛ ❛❞✐❡r❛③t❡❦♦✳ ■❞❡✐❛ ❤♦r✐ ❦✉❛♥t✐✜❦❛t③❡❦♦✱ ❞❡♠❛❣✉♥ ♣r♦✲
❜❧❡♠❛ ❤♦r✐ ❞❛t✉❡♥ d ♠✉❧t③♦ ❜❛t❡❦ ❞❡✜♥✐t✉❛ ❞❡❧❛✳ ■③❛♥ ❜❡❞✐ s(d) ♣r♦❜❧❡♠❛r❡♥ s♦❧✉③✐♦ ③❡❤❛t③❛
d ❞❛t✉ ❤♦r✐❡t❛r❛❦♦✳ d ❞❛t✉❡t❛♥ ❛❧❞❛❦❡t❛ t①✐❦✐❡❦ s(d)✲❦♦ ❛❧❞❛❦❡t❛ t①✐❦✐❡t❛r❛ ❡r❛♠❛t❡♥ ❜❛❞✉t❡✱
d ❞❛t✉❡t❛r❛❦♦ ♣r♦❜❧❡♠❛ ♦♥❞♦ ❜❛❧❞✐♥t③❛t✉❛ ❞❡❧❛ ❡s❛♥❣♦ ❞✉❣✉✳ ❆❧❞✐③✱ d✲r❡♥ ❛❧❞❛❦❡t❛ t①✐❦✐❡❦
s(d)✲❦♦ ❛❧❞❛❦❡t❛ ❤❛♥❞✐❡t❛r❛ ❡r❛♠❛t❡♥ ❜❛❞✉t❡✱ d ❞❛t✉❡t❛r❛❦♦ ♣r♦❜❧❡♠❛ t①❛rt♦ ❜❛❧❞✐♥t③❛t✉❛

✶✵✽



✺✳✼✳ ▼❛tr✐③❡❡♥ ♥♦r♠❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✵✾

❞❡❧❛ ❡s❛♥❣♦ ❞✉❣✉✳ ❉❡♠❛❣✉♥ d1 ❡t❛ d2 ❣❡rt❛ ❧✐t❡③❦❡❡♥ ❜✐ ❞❛t✉ ♠✉❧t③♦ ❞✐r❡❧❛✳ Pr♦❜❧❡♠❛r❡♥
❜❛❧❞✐♥t③❛ ✭❡❞♦ ❜❛❧❞✐♥t③❛③❦♦ ③❡♥❜❛❦✐❛✮ ❤♦♥❡❧❛❦♦ r❛t✐♦❡♥ ♠❛①✐♠♦❛ ❞❛✱ ‖d1− d2‖ t①✐❦✐❛ ❞❡♥❡❛♥✿

‖s(d1)− s(d2)‖
‖d1 − d2‖

. ✭✺✳✶✶✮

❆r❣✐ ✐③❛♥ ❜❡❤❛r ❞✉❣✉ ♣r♦❜❧❡♠❛ ❜❛t❡♥ ❜❛❧❞✐♥t③❛ ♣r♦♣✐❡t❛t❡ ♠❛t❡♠❛t✐❦♦❛ ❞❡❧❛✱ ❡t❛ ❛s❦❡❛ ❞❡❧❛
❦❛❧❦✉❧✉✲ ❡t❛ ❜✐r✐❜✐❧t③❡✲❡rr♦r❡❛r❡❦✐❦♦✳

❏❛rr❛✐❛♥✱ ♣r♦❜❧❡♠❛ ❜❛t❡♥ ❜❛❧❞✐♥t③❛r❡♥ ❡r❛❦✉s❦❡t❛ ❡rr❛③ ❜❛t ✐❦✉s✐❦♦ ❞✉❣✉✳ ■③❛♥ ❜❡❞✐
♣♦❧✐♥♦♠✐♦ ❤♦♥❡♥ ❡rr♦❛❦ ❦❛❧❦✉❧❛t③❡❦♦ ♣r♦❜❧❡♠❛✿

(x− 1)4 = 0, ✭✺✳✶✷✮

❤❛r❡♥ ❧❛✉ ❡rr♦❛❦ ✶ ❞✐r❛✱ ❤❛✐♥ ③✉③❡♥✳ ❉❡♠❛❣✉♥ ❛❧❞❛❦❡t❛ t①✐❦✐ ❜❛t ✭❡s❛t❡ ❜❛t❡r❛❦♦✱ 10−8✮
❡❣✐♥❛ ❞❡❧❛ ✭✺✳✶✷✮ ❜❡r❞✐♥t③❛r❡♥ ❡s❦✉✐♥❛❧❞❡❛♥❀ ♦r❛✐♥✱ ❤❛✉ ❞❛ ❡❜❛t③✐ ❜❡❤❛r ❞✉❣✉♥ ❡❦✉❛③✐♦❛✿

(x− 1)4 = 10−8, ✭✺✳✶✸✮

❊rr♦ ③❡❤❛t③❛ 1 + 10−2 ❞❛✳ ❇❡r❛③✱ ③❡r❛ ❞✉❣✉ ❦❛s✉ ❤♦♥❡t❛♥✿

‖s(d1)− s(d2)‖
‖d1 − d2‖

=
|(1 + 10−2)− 1|

|0− 10−8| =
10−2

10−8
= 106

■❦✉s✐ ❞✉❣✉♥ ❜❡③❛❧❛✱ ❞❛t✉❡♥ ❛❧❞❛❦❡t❛ t①✐❦✐ ❜❛t❡❦✱ 10−8✱ s♦❧✉③✐♦❛r❡♥ ❛❧❞❛❦❡t❛ ❤❛♥❞✐ ❜❛t s♦rt③❡♥
❞✉✱ 10−2✱ ③❡r❡♥ ❤♦r✐ 106 ❜✐❞❡r ❤❛♥❞✐❛❣♦❛ ❜❛✐t❛ ❞❛t✉❡♥ ❛❧❞❛❦❡t❛ ❜❛✐♥♦✳ ❆❧❡❣✐❛✱ r❛t✐♦ ❤♦r✐ ❛s❦♦③
❤❛♥❞✐❛❣♦❛ ❞❛ ✶ ❜❛✐♥♦✳ ❇❡r❛③✱ ♣r♦❜❧❡♠❛ ❤♦r✐ t①❛rt♦ ❜❛❧❞✐♥t③❛t✉❛ ❞❛✳ ❖❤❛rt✉ ♣r♦♣✐❡t❛t❡ ❤♦rr❡❦
❡③ ❞✉❡❧❛ ③❡r✐❦✉s✐r✐❦ ❡r❛❜✐❧✐t❛❦♦ ❦❛❧❦✉❧✉✲♠❡t♦❞♦❛r❡❦✐♥✳

✺✳✼✳ ▼❛tr✐③❡❡♥ ♥♦r♠❛❦

▼❛tr✐③❡✲♥♦r♠❛ ❜❛t✱ ❜❡❦t♦r❡❡♥❛ ❜❡③❛❧❛✱ ‖ · ‖ ♥♦t❛③✐♦❛③ ❛❞✐❡r❛③t❡♥ ❞❛✱ ❡t❛✱ ❜❡❦t♦r❡✲♥♦r♠❛❦
❜❡③❛❧❛✱ ❤✐r✉ ♣r♦♣✐❡t❛t❡ ❤❛✉❡❦ ❜❡t❡t③❡♥ ❞✐t✉✿

✭✐✮ ‖AAA‖ > 0, ∀AAA 6= 000❀

✭✐✐✮ ‖cAAA‖ = |c| · ‖AAA‖✱ c ❡s❦❛❧❛r ❣✉③t✐❡t❛r❛❦♦❀

✭✐✐✐✮ ‖AAA+BBB‖ ≤ ‖AAA‖+ ‖BBB‖✳

▼❛tr✐③❡✲♥♦r♠❛ ❜❛t❡r❛❦♦✱ ❡r❛❜✐❧❣❛rr✐❛ ❞❛ ❧❛✉❣❛rr❡♥ ♣r♦♣✐❡t❛t❡ ❤❛✉ ❡r❡✱ tr✐♥❦♦t❛s✉♥ ✐③❡♥❞❛t✉❛✿

✭✐✈✮ ‖AAABBB‖ ≤ ‖AAA‖ · ‖BBB‖✳

✶✵✾



✶✶✵ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❏❛rr❛✐❛♥✱ ❡❞♦③❡✐♥ ❜❡❦t♦r❡✲♥♦r♠❛r✐ ❡❧❦❛rt✉r✐❦♦ ♠❛tr✐③❡✲♥♦r♠❛ ❞❡✜♥✐t✉❦♦ ❞✉❣✉✳ ■♥t✉✐t✐✲
❜♦❦✐✱ AAA ♠❛tr✐③❡❛❦ ♥♦r♠❛ ✏❤❛♥❞✐❛✑ ✐③❛♥ ❜❡❤❛r❦♦ ❧✉❦❡✱ AAAxxx ❜❡❦t♦r❡❛r❡♥ ♥♦r♠❛ ❤❛♥❞✐❛ ❜❛❧✐t③
xxx ❜❡❦t♦r❡❛r❡♥ ♥♦r♠❛r❡❦✐❦♦✳

✺✳✷✳ ❉❡✜♥✐③✐♦❛✳ ■③❛♥ ❜✐t❡③ AAA ♠❛tr✐③❡ ❜❛t ❡t❛ ‖ · ‖ ❜❡❦t♦r❡✲♥♦r♠❛ ❜❛t✳ ‖AAA‖ ❡r❛❣✐♥❞❛❦♦❡r❛❣✐♥❞❛❦♦❡r❛❣✐♥❞❛❦♦
♠❛tr✐③❡✲♥♦r♠❛♠❛tr✐③❡✲♥♦r♠❛♠❛tr✐③❡✲♥♦r♠❛ ❤♦♥❡❧❛ ❞❡✜♥✐t③❡♥ ❞❛✿

‖AAA‖ = max
xxx 6=000

‖AAAxxx‖
‖xxx‖ . ✭✺✳✶✹✮

xxx✲r❡♥ t❛♠❛✐♥❛r❡♥ ♠❡♥♣❡ ❡③ ✐③❛t❡❦♦✱ ❤❛✉ ❞❛ ‖AAA‖✲r❡♥ ❜❡st❡ ❞❡✜♥✐③✐♦ ❜❛❧✐♦❦✐❞❡ ❜❛t✿

‖AAA‖ = max
‖uuu‖=1

‖AAAuuu‖.

‖AAA‖✲r❡♥ ❜❡❤❡✲❜♦r♥❡ ❜❛t ❧♦r ❞❡③❛❦❡❣✉ xxx ❜❡❦t♦r❡ ❡③❛❣✉♥ ❜❛t❡r❛❦♦ ‖AAAxxx‖✲r❡♥ ③❛t✐❞✉r❛ ‖xxx‖✲
r❡❦✐♥ ❦❛❧❦✉❧❛t✉③✱ ❤♦ts✿

‖AAA‖ ≥ ‖AAAxxx‖
‖xxx‖ . ✭✺✳✶✺✮

❍❛✉❡❦ ❞✐r❛ ❜❡❦t♦r❡❡♥ ❜❛t✲✱ ❜✐✲ ❡t❛ ✐♥✜♥✐t✉✲♥♦r♠❡❦ ❡r❛❣✐♥❞❛❦♦ ♠❛tr✐③❡✲♥♦r♠❛❦✿

❼ ‖AAA‖1 = max
j

‖AAA:,j‖1 ✭③✉t❛❜❡ ❣✉③t✐❡♥ ✶✲♥♦r♠❡t❛❦♦ ♠❛①✐♠♦❛✮

❼ ‖AAA‖2 = σ1(A) ✭❜❛❧✐♦ s✐♥❣✉❧❛r ❤❛♥❞✐❡♥❛✮✳

❼ AAA ∈ IRn×n s✐♠❡tr✐❦♦❛ ❜❛❞❛✱ ‖AAA‖2 = max1≤i≤n |λi| ✭λi✱ 1 ≤ i ≤ n✱ AAA✲r❡♥ ❛✉t♦❜❛❧✐♦❛❦
❞✐r❛✮✳

❼ ‖AAA‖∞ = max
i

‖AAAi,:‖1 ✭❧❡rr♦ ❣✉③t✐❡♥ ✶✲♥♦r♠❡t❛❦♦ ♠❛①✐♠♦❛✮

✺✳✸✳ ❉❡✜♥✐③✐♦❛✳ ‖ · ‖b ❜❡❦t♦r❡✲♥♦r♠❛ ❜❛t ❡t❛ ‖ · ‖m ♠❛tr✐③❡✲♥♦r♠❛ ❜❛t ❜❛t❡r❛❣❛rr✐❛❦❜❛t❡r❛❣❛rr✐❛❦❜❛t❡r❛❣❛rr✐❛❦ ❞✐r❡❧❛
❡s❛t❡♥ ❞❛✱ AAA ❡t❛ xxx ❣✉③t✐❡t❛r❛❦♦ ❤❛✉ ❜❡t❡t③❡♥ ❜❛❞❛✿

‖AAAxxx‖b ≤ ‖AAA‖m‖xxx‖b.

❇❡❦t♦r❡✲♥♦r♠❛ ❜❛t ❡t❛ ❜❡r❛❦ ❡r❛❣✐♥❞❛❦♦ ♠❛tr✐③❡✲♥♦r♠❛ ❜❡t✐ ❞✐r❛ ❜❛t❡r❛❣❛rr✐❛❦❀ ✐❦✉s ✭✺✳✶✺✮✳

❇❡❦t♦r❡✲♥♦r♠❛ ❜❛t❡❦ ❡③ ❡r❛❣✐♥❞❛❦♦ ♠❛tr✐③❡✲♥♦r♠❛ ❣❛rr❛♥t③✐ts✉ ❜❛t ❋r♦❜❡♥✐✉s✲❡♥ ♥♦r♠❛
❞❛❀ ❤♦r✐ ❤♦♥❡❧❛ ❞❡✜♥✐t③❡♥ ❞❛ AAA ∈ IRm×n ♠❛tr✐③❡ ❜❛t❡r❛❦♦✿

‖AAA‖F =




m∑

i=1

n∑

j=1

a2ij




1/2

,

✶✶✵



✺✳✽✳ ❙✐st❡♠❛ ❧✐♥❡❛❧ ❜❛t❡♥ ❜❛❧❞✐♥t③❛③❦♦ ③❡♥❜❛❦✐❛ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✶✶

❡t❛ ❢r♦❣❛ ❞❛✐t❡❦❡ ❤❛✉ ❡❣✐❛③t❛t③❡♥ ❞✉❡❧❛✿

‖AAA‖2F = ❛③t❛r♥❛(AAAtAAA).

❋r♦❜❡♥✐✉s❡♥ ♥♦r♠❛ ❜❛t❡r❛❣❛rr✐❛ ❞❛ ❜❡❦t♦r❡✲♥♦r♠❛ ❡✉❦❧✐❞❡❛rr❛r❡❦✐♥❀ ❤♦ts✱ AAA ❡t❛ xxx ❣✉③t✐❡✲
t❛r❛❦♦✱

‖AAAxxx‖2 ≤ ‖AAA‖F‖xxx‖2.

❇❡❦t♦r❡ ❡❞♦ ♠❛tr✐③❡ ❜❛t❡r❛❦♦ ♥♦r♠❛ ❞❡s❜❡r❞✐♥❡♥ ❜❛❧✐♦❛❦ ♦r♦ ❤❛r ❞❡s❜❡r❞✐♥❛❦ ✐③❛♥ ❛rr❡♥✱
❤❛✐❡❦ ③❡♥t③✉ ❜❛t❡❛♥ ✏❜❛❧✐♦❦✐❞❡t③❛t✑ ❤❛r ❞❛✐t❡③❦❡✳ ❊❞♦③❡✐♥ ❜✐ ❜❡❦t♦r❡ ♥♦r♠❡t❛r❛❦♦✱ ❡s❛t❡
❜❛t❡r❛❦♦ ‖ · ‖ ❡t❛ ‖ · ‖′✱ ❜❛❞❛✉❞❡ cb ❡t❛ cg ❦♦♥st❛♥t❡❛❦✱ ❜❡❦t♦r❡❛r❡♥ t❛♠❛✐♥❛r❡♥ ♠❡♥♣❡❦♦❛❦
❜❛❦❛rr✐❦✱ ♥♦♥ xxx ❣✉③t✐❡t❛r❛❦♦ ❤❛✉ ❜❡t❡t③❡♥ ❜❛✐t❛✿

cb‖xxx‖ ≤ ‖xxx‖′ ≤ cg‖xxx‖. ✭✺✳✶✻✮

❆♥t③❡❦♦ ❡♠❛✐t③❛ ❜❛t ❡❣✐❛③t❛t③❡♥ ❞❛ ❜✐ ♠❛tr✐③❡✲♥♦r♠❛ ❜❛t③✉❡t❛r❛❦♦✳

▼❛tr✐③❡✲♥♦r♠❡♥ ♣r♦♣✐❡t❛t❡ ❜❛t③✉❦

❊❞♦③❡✐♥ AAA ∈ IRm×n ♠❛tr✐③❡t❛r❛❦♦ ♣r♦♣✐❡t❛t❡ ❤❛✉❡❦ ❜❡t❡t③❡♥ ❞✐r❛✿

❼ ‖AAA‖2 ≤ ‖AAA‖F ≤ √
n‖AAA‖2✳

❼

1√
n
‖AAA‖∞ ≤ ‖AAA‖2 ≤

√
m‖AAA‖∞✳

❼

1√
m
‖AAA‖1 ≤ ‖AAA‖2 ≤

√
n‖AAA‖1✳

Pr♦♣✐❡t❛t❡ ❤♦r✐❡♥ ❛r❛❜❡r❛✱ ❜❛t✲✱ ❜✐✲✱ ✐♥✜♥✐t✉✲ ❡t❛ ❋r♦❜❡♥✐✉s❡♥ ♥♦r♠❛❦ ❜❛❧✐♦❦✐❞❡❛❦ ❞✐r❛✳
❇❡r❛③✱ ♠❛tr✐③❡✲♥♦r♠❛ ❜❛t❡♥ ❜❛❧✐♦❛ ❡③❛❣✉t③❡♥ ❜❛❞✉❣✉✱ ❜❡st❡ ♥♦r♠❛ ❜❛t❡♥❛ ❜♦r♥❛ ❞❡③❛❦❡❣✉
♣r♦♣✐❡t❛t❡ ❤♦r✐❡❦ ❡r❛❜✐❧✐③✳ ❖♥❞♦r✐♦③✱ ♠❛tr✐③❡ ❜❛t❡♥ ♥♦r♠❛ ❡st✐♠❛t③❡❦♦ ♦r❞✉❛♥✱ ❜❛t✲ ❡❞♦
✐♥✜♥✐t✉✲♥♦r♠❛ ❛✉❦❡r❛ ❞✐t③❛❦❡❣✉✱ ③❡r❡♥ ❤❛✐❡t❛r❛❦♦ ❦❛❧❦✉❧✉❛❦ ♠❡r❦❡❛❣♦❛❦ ❜❛✐t✐r❛✳

‖XXX‖p ♥♦r♠❛ ❦❛❧❦✉❧❛t③❡❦♦ ▼❆❚▲❆❇❡❦♦ ♥♦r♠✭❳✱♣✮ ❢✉♥t③✐♦❛ ❡r❛❜✐❧ ❞❛✐t❡❦❡✱ XXX ❜❡❦t♦r❡
❜❛t ❡❞♦ ♠❛tr✐③❡ ❜❛t ✐③❛♥✐❦✳

✺✳✽✳ ❙✐st❡♠❛ ❧✐♥❡❛❧ ❜❛t❡♥ ❜❛❧❞✐♥t③❛③❦♦ ③❡♥❜❛❦✐❛

■③❛♥ ❜❡❞✐ AAA ♠❛tr✐③❡ ❡③✲s✐♥❣✉❧❛r ❜❛t❀ ❤♦ts✱ AAA−1 ❡①✐st✐t③❡♥ ❞❛ ❡t❛ ❜❛❦❛rr❛ ❞❛✳ ❉❡♠❛❣✉♥
s✐st❡♠❛ ❧✐♥❡❛❧ ❤❛✉✿

AAAxxx = bbb,

✶✶✶



✶✶✷ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❜❡r❡ s♦❧✉③✐♦ ③❡❤❛t③❛ ✭❡t❛ ❜❛❦❛rr❛✮ xxx = AAA−1bbb ❞❛✳ ❉❡♠❛❣✉♥ ❜❡r❞✐♥t③❛r❡♥ ❡s❦✉✐♥❛❧❞❡❦♦ ❣❛✐❛ bbb
✐③❛t❡t✐❦ bbb + δbbb ✐③❛t❡r❛ ❛❧❞❛t③❡♥ ❞❡❧❛ ✭❤♦ts✱ bbb ♣❡rt✉r❜❛t③❡♥ ❞✉❣✉❧❛✮✱ AAA ❜❡r❞✐♥❛ ✐③❛♥✐❦✳ ■③❛♥
❜❡❞✐ xxx+ δxxxb ❛❧❞❛t✉t❛❦♦ ♣r♦❜❧❡♠❛r❡♥ s♦❧✉③✐♦ ③❡❤❛t③❛✱ ❛❧❡❣✐❛✿

AAA(xxx+ δxxxb) = bbb+ δbbb. ✭✺✳✶✼✮

❆t❛❧ ❤♦♥❡t❛♥✱ ❜❡❦t♦r❡ ❡❞♦ ♠❛tr✐③❡ ❜❛t❡♥ ❛✉rr❡❛♥ ✏δ✑ ✐③❛t❡❛❦ ❜❡r❡♥ ❞✐♠❡♥ts✐♦ ❜❡r❡❦♦
❛❧❞❛❦❡t❛ t①✐❦✐ ✭♣❡rt✉r❜❛③✐♦✮ ❜❛t ❡s❛♥ ♥❛❤✐ ❞✉❀ ❡s❛t❡ ❜❛t❡r❛❦♦✱ δbbb✱ bbb✲r❡♥ ❛❧❞❛❦❡t❛ ❜❛t ❞❛✳
❇❡st❛❧❞❡✱ δxxxb✲r❡♥ b ❛③♣✐✐♥❞✐③❡❛❦ ❡s❛♥ ♥❛❤✐ ❞✉ xxx✲r❡♥ ❛❧❞❛❦❡t❛ ❤❛✉ bbb✲r❡♥ ❛❧❞❛❦❡t❛❦ ❡r❛❣✐♥❞❛❦♦❛
❞❡❧❛✳

AAAxxx = bbb ❞✉❣✉♥❡③✱ ✭✺✳✶✼✮ ❡r❧❛③✐♦❛❦ AAAδxxxb = δbbb ✐♥♣❧✐❦❛t③❡♥ ❞✉✱ ❡t❛ ♦♥❞♦r✐♦③✿

δxxxb = AAA−1δbbb.

❊❞♦③❡✐♥ ❡r❛❣✐♥❞❛❦♦ ♥♦r♠❛ ❡r❛❜✐❧✐③✱ ‖δxxxb‖✲r❡♥ ❜♦r♥❡ ❜❛t ❧♦rt✉❦♦ ❞✉❣✉✱ ③❡r❡♥ ✭✺✳✶✺✮ ❞❡s✲
❜❡r❞✐♥t③❛③ ❤❛✉ ❜❛✐t✉❣✉✿

‖δxxxb‖ ≤ ‖AAA−1‖ · ‖δbbb‖. ✭✺✳✶✽✮

P❡rt✉r❜❛③✐♦ ❡r❧❛t✐❜♦❛ ❜♦r♥❛t③❡❦♦✱ ♦❤❛rt✉ AAAxxx = bbb ❜❡r❞✐♥t③❛t✐❦ ❡t❛ ✭✺✳✶✺✮ ✲t✐❦ ❤❛✉ ♦♥❞♦r✐♦③✲
t❛t③❡♥ ❞❡❧❛✿

‖bbb‖ ≤ ‖AAA‖ · ‖xxx‖ ⇒ 1

‖xxx‖ ≤ ‖AAA‖ · 1

‖bbb‖
❡t❛ ❛❞✐❡r❛③♣❡♥ ❤♦r✐ ❛t❛❧❡③ ❛t❛❧ ❜✐❞❡r❦❛t✉③ ✭✺✳✶✽✮ ❞❡s❜❡r❞✐♥t③❛r❡❦✐♥✱ ❡♠❛✐t③❛ ❣❛rr❛♥t③✐ts✉
❤❛✉ ❧♦rt③❡♥ ❞✉❣✉✿

‖δxxxb‖
‖xxx‖ ≤ ‖AAA−1‖ · ‖AAA‖ · ‖δbbb‖‖bbb‖ . ✭✺✳✶✾✮

❖❤❛rt✉ ❞❡❜❡r❞✐♥t③❛r❡♥ ❡s❦✉✐♥❛❧❞❡❦♦ ❦❛♥t✐t❛t❡❛ s♦❧✉③✐♦ ③❡❤❛t③❡❦♦ ♣❡rt✉r❜❛③✐♦ ❡r❧❛t✐❜♦❛r❡♥
❜❛❧✐♦ ♠❛①✐♠♦ ♣♦s✐❜❧❡❛ ❞❡❧❛✳ ❑❛s✉ ❜❛t③✉❡t❛♥✱ ♥❛❤✐③ ❡t❛ ❣♦✐✲❜♦r♥❡❛ ♦s♦ ❤❛♥❞✐❛ ✐③❛♥✱ AAA✱ bbb ❡t❛
δbbb ❜❡r❡③✐ ❜❛t③✉❡t❛r❛❦♦ ❜❛❦❛rr✐❦ ❜❡t❡t③❡♥ ❞❛ ✭✺✳✶✾✮ ❛❞✐❡r❛③♣❡♥❡❦♦ ❜❡r❞✐♥t③❛✳

❏❛rr❛✐❛♥✱ AAA ♠❛tr✐③❡❛ ❛❧❞❛t✉❦♦ ❞✉❣✉ ♣✐①❦❛ ❜❛t ✭❤♦ts✱ ♣❡rt✉r❜❛t✉❦♦ ❞✉❣✉✮ ❡t❛ bbb ✜♥❦♦
❡✉ts✐❦♦ ❞✉❣✉❀ ♦r❞✉❛♥✱ ❤❛✉ ❞✉❣✉✿

(AAA+ δAAA)(xxx+ δxxxA) = bbb, ✭✺✳✷✵✮

♥♦♥ δxxxA✲r❡♥ A ❛③♣✐✐♥❞✐③❡❛❦ ❡s❛♥ ♥❛❤✐ ❜❛✐t✉ xxx✲r❡♥ ❛❧❞❛❦❡t❛ AAA✲r❡♥ ❛❧❞❛❦❡t❛❦ ❡r❛❣✐♥❞❛❦♦❛
❞❡❧❛✳ ❉❡♠❛❣✉♥ ‖δAAA‖ ♥❛❤✐❦♦ t①✐❦✐❛ ❞❡❧❛ AAA+ δAAA ❡③✲s✐♥❣✉❧❛rr❛ ❣♦r❞❡t③❡❦♦ ♠♦❞✉❛♥✳ ❖r❞✉❛♥✱
✭✺✳✷✵✮ ✲❡♥ ❡r❛❣✐❦❡t❛❦ ❡❣✐♥❡③✱

AAAxxx+AAA(δxxxA) + δAAA(xxx+ δxxxA) = b ⇒ AAA(δxxxA) = −δAAA(xxx+ δxxxA)

❡t❛ ❤♦rt✐❦✱ AAA ❡③✲s✐♥❣✉❧❛rr❛ ❞❡♥❡③✱ ③❡r❛ ♦♥❞♦r✐♦③t❛t③❡♥ ❞❛✿

δxxxA = −AAA−1δAAA(xxx+ δxxxA).

✶✶✷



✺✳✽✳ ❙✐st❡♠❛ ❧✐♥❡❛❧ ❜❛t❡♥ ❜❛❧❞✐♥t③❛③❦♦ ③❡♥❜❛❦✐❛ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✶✸

❖r❛✐♥✱ ✭✺✳✶✺✮ ❡r❛❜✐❧✐③✱ ❤♦♥❛❦♦ ❤❛✉ ❛t❡r❛t③❡♥ ❞❛✿

‖δxxxA‖ ≤ ‖AAA−1‖ · ‖δAAA(xxx+ δxxxA)‖ ≤ ‖AAA−1‖ · ‖δAAA‖ · ‖xxx+ δxxxA‖

❡t❛ ❤♦rt✐❦✿
‖δxxxA‖

‖xxx+ δxxxA‖
≤ ‖AAA−1‖ · ‖δAAA‖,

❡t❛✱ ❛③❦❡♥✐❦✱ ❛❧❞❛❦❡t❛ ❡r❧❛t✐❜♦❛r❡♥ ❜♦r♥❛♣❡♥ ❤❛✉ ❧♦rt③❡♥ ❞❛ s♦❧✉③✐♦ ③❡❤❛t③❡❛♥✿

‖δxxxA‖
‖xxx+ δxxxA‖

≤ ‖AAA−1‖ · ‖AAA‖ · ‖δAAA‖‖AAA‖ , ✭✺✳✷✶✮

❡t❛ ❜❡r❞✐♥t③❛ ❣❡rt❛t③❡♥ ❞❛ δAAA✲r❡♥ ❡t❛ bbb✲r❡♥ ❜❛❧✐♦ ❜❡r❡③✐ ❜❛t③✉❡t❛r❛❦♦✳

■❦✉s ❞❡③❛❦❡❣✉♥❡③✱ ‖AAA‖ · ‖AAA−1‖ ❦❛♥t✐t❛t❡❛ ❛❣❡rt③❡♥ ❞❛ ✭✺✳✶✾✮ ❡t❛ ✭✺✳✷✶✮ ❜♦r♥❛♣❡♥❡t❛♥✱
❡t❛ ❤♦rr❡❦ ❡r❛❦✉st❡♥ ❞✉ s✐st❡♠❛ ❧✐♥❡❛❧ ❜❛t❡❦♦ ❞❛t✉❡♥ ❛❧❞❛❦❡t❛ ❜❛t❡❦ ❡r❛❣✐♥❞❛❦♦ ❛❧❞❛❦❡t❛
♠❛①✐♠♦ ♣♦s✐❜❧❡❛ s♦❧✉③✐♦ ③❡❤❛t③❛r❡♥ ❣❛✐♥❡❛♥✳ ●♦❣♦❛♥ ✭✺✳✶✶✮ ✐③❛♥✐❦✱ AAA ♠❛tr✐③❡ ❡③✲s✐♥❣✉❧❛r
❜❛t❡♥ ❜❛❧❞✐♥t③❛③❦♦ ③❡♥❜❛❦✐❛ ✭❡❞♦ ❜❛❧❞✐♥t③❛ ❜❛❦❛rr✐❦✮ ❤♦♥❡❧❛ ❞❡✜♥✐t③❡♥ ❞✉❣✉ ✭AAAxxx = bbb s✐s✲
t❡♠❛r❡♥ ❡❜❛③♣❡♥❛r❡❦✐❦♦✮✿

κ(AAA) = ‖AAA−1‖ · ‖AAA‖. ✭✺✳✷✷✮

❊❞♦③❡✐♥ ❡r❛❣✐♥❞❛❦♦ ♥♦r♠❛t❛r❛❦♦✱ ✐❞❡♥t✐t❛t❡✲♠❛tr✐③❡❛r❡♥ ♥♦r♠❛ ✶ ❞❛✳ ■③❛♥ ❡r❡✱ 1l = AAA−1AAA
❡t❛ ‖AAA−1AAA‖ ≤ ‖AAA−1‖ · ‖AAA‖✱ ♦r❞✉❛♥ κ(AAA) ≥ 1✳ ❇❡r❛③✱ ♠❛tr✐③❡ ♦♥❞♦ ❜❛❧❞✐♥t③❛t✉ ❜❛t❡♥ ❜❛❧❞✐♥✲
t③❛③❦♦ ③❡♥❜❛❦✐❛ ✉♥✐t❛t❡❛r❡♥ ♦r❞❡♥❛❦♦❛ ❞❛✱ ❡t❛ ♠❛tr✐③❡ t①❛rt♦ ❜❛❧❞✐♥t③❛t✉ ❜❛t❡♥ ❜❛❧❞✐♥t③❛③❦♦
③❡♥❜❛❦✐❛ ✉♥✐t❛t❡❛ ❜❛✐♥♦ ❛s❦♦③ ❤❛♥❞✐❛❣♦❛ ❞❛✳ ◆❛❤✐③ ❡t❛ κ(AAA) ❜❛❧✐♦❛ ❛❧❞❛t✉ ❜❡r❡ ❦❛❧❦✉❧✉❛♥
❡r❛❜✐❧✐t❛❦♦ ♥♦r♠❛r❡♥ ❛r❛❜❡r❛✱ ❜❛❧✐♦ ❤♦r✐❡❦ ❦♦♥♣❛r❛❣❛rr✐❛❦ ❞✐r❛ ♥♦r♠❡♥ ❜❛❧✐♦❦✐❞❡t❛s✉♥❛❣❛t✐❦✳

❇❡st❛❧❞❡✱ s✐st❡♠❛ ❧✐♥❡❛❧❛r❡♥ ❞❛t✉❡♥ ♣❡rt✉r❜❛③✐♦ ❜❛t❡r❛❦♦ s♦❧✉③✐♦ ③❡❤❛t③❛r❡♥ ❛❧❞❛❦❡t❛
❡r❧❛t✐❜♦❛ ❡③❛❣✉t③❡♥ ❜❛❞✉❣✉✱ ❜❛❧❞✐♥t③❛③❦♦ ③❡♥❜❛❦✐❛r❡♥ ❜❡❤❡✲❜♦r♥❡ ❜❛t ❧♦r ❞❡③❛❦❡❣✉✳ ❇❡rr♦r✲
❞❡♥❛t✉③ ✭✺✳✶✾✮ ❡t❛ ✭✺✳✷✶✮ ❞❡s❜❡r❞✐♥t③❛❦ ❡t❛ ✭✺✳✷✷✮ ❦♦♥t✉❛♥ ❤❛rt✉③✱ ❤❛✉ ❧♦rt③❡♥ ❞❛✿

κ(AAA) ≥ ‖δxxxb‖/‖xxx‖
‖δbbb‖/‖bbb‖ ❡t❛ κ(AAA) ≥ ‖δxxxA‖/(‖xxx+ δxxxA‖)

‖δAAA‖/‖AAA‖ ✭✺✳✷✸✮

✺✳✶✳ ❛❞✐❜✐❞❡❛✳ ■③❛♥ ❜❡❞✐ s✐st❡♠❛ ❧✐♥❡❛❧ ❤❛✉✿

0.550x1 + 0.423x2 = 0.127
0.484x1 + 0.372x2 = 0.112.

❙✐st❡♠❛ ❤♦rr❡t❛r❛❦♦✱ ❤❛✉ ❞✉❣✉✿

AAAxxx = bbb ♥♦♥ AAA =
[
0.550 0.423
0.484 0.372

]
❡t❛ bbb =

[
0.127
0.112

]
.

■❦✉s✐❦♦ ❞✉❣✉ s✐st❡♠❛ ❤♦rr❡♥ AAA ♠❛tr✐③❡❛ t①❛rt♦ ❜❛❧❞✐♥t③❛t✉❛ ❞❡❧❛✳

✶✶✸



✶✶✹ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❊❜❛③♣❡♥❛✳ ❏♦ ❞❡③❛❣✉♥ bbb ❜❡❦t♦r❡❛ ❤♦♥❡❧❛ ♣❡rt✉r❜❛t③❡♥ ❞✉❣✉❧❛✿

b̃bb = bbb+ δbbb =
[
0.127
0.112

]
+
[
0.00007
0.00028

]
=
[
0.12707
0.11228

]
.

AAAxxx = bbb s✐st❡♠❛r❡♥ s♦❧✉③✐♦ ③❡❤❛t③❛ xxx = (1,−1)t ❞❛✱ ❜❛✐♥❛ AAAx̃xx = b̃bb s✐st❡♠❛r❡♥ s♦❧✉③✐♦ ③❡❤❛t③❛
xxx = (1.7,−1.91)t ❞❛✱ ❤♦ts δxxxb = (0.7,−0.91)t✳ ■♥✜♥✐t✉✲♥♦r♠❛ ❡r❛❜✐❧t③❡♥ ❜❛❞✉❣✉✱ bbb✲r❡♥ ❡t❛
xxx✲r❡♥ ♣❡rt✉r❜❛③✐♦ ❡r❧❛t✐❜♦❛❦ ❦❛❧❦✉❧❛t③❡❦♦✱ ③❡r❛ ❞✉❣✉✿

‖δbbb‖
‖bbb‖ =

0.00028

0.127
≈ 2.2 · 10−3 ❡t❛

‖δxxxb‖
‖xxx‖ = 0.91.

❇❡r❛③✱ δbbb ❤♦rr❡t❛r❛❦♦✱ s♦❧✉③✐♦❛♥ ❡❣♦♥ ❞❡♥ ❛❧❞❛❦❡t❛ ❡r❧❛t✐❜♦❛ ✹✵✵ ❜✐❞❡r ❜❛✐♥♦ ❣❡❤✐❛❣♦ ✐③❛♥
❞❛❀ ❤♦rr❡❦ ❡r❛❦✉st❡♥ ❞✉ AAA✲r❡♥ ❜❛❧❞✐♥t③❛③❦♦ ③❡♥❜❛❦✐❛ ❣✉t①✐❡♥❡③ ✹✵✵ ❞❡❧❛❀ ❤♦ts✱ κ(AAA) ≥ 400✱
✐❦✉s ✭✺✳✷✸✮ ✳

AAA✲r❡♥ ❜❛❧❞✐♥t③❛♣❡♥ t①❛rr❛ ✐❦✉s ❞❡③❛❦❡❣✉ a21 ❣❛✐❛ ♣✐①❦❛ ❜❛t ❛❧❞❛t✉③ ❡r❡ ✭✵✳✵✵✶ ❦❛♥t✐✲
t❛t❡❛♥✮✱ ❤❛✉ ✐③❛♥✐❦✿

AAA+ δAAA =
[
0.550 0.423
0.483 0.372

]
.

❖r❛✐♥✱ (AAA + δAAA)x̂xx = bbb s✐st❡♠❛r❡♥ s♦❧✉③✐♦ ③❡❤❛t③❛ x̂xx = (−0.4536, 0.8900)t✱ ③❡✐♥❛❦ ‖δxxxA‖ =
‖x̂xx − xxx‖ = 1.89 ❡♠❛t❡♥ ❜❛✐t✉✳ ❑❛s✉ ❤♦♥❡t❛♥✱ s♦❧✉③✐♦ ③❡❤❛t③❛r❡♥ ❛❧❞❛❦❡t❛ ❡r❧❛t✐❜♦❛ ✶✽✾✵
❜✐❞❡r AAA✲r❡♥ ❛❧❞❛❦❡t❛ ❡r❧❛t✐❜♦❛ ❞❛❀ ❤♦ts✱ κ(AAA) ≥ 1890✱ ✐❦✉s ✭✺✳✷✸✮ ✳

❇❡♥❡t❛♥✱ AAA✲r❡♥ ❛❧❞❡r❛♥t③✐③❦♦ ③❡❤❛t③❛ ✭✺ ❞✐❣✐t✉t❛r❛ ❜✐r✐❜✐❧❞✉❛✮ ❤❛✉ ❞❛✿

AAA−1 =
[−2818.2 3204.5
3666.7 −4166.7

]
,

❡t❛ ✭✐♥✜♥✐t✉✲♥♦r♠❛ ❡r❛❜✐❧✐③✮ ‖AAA‖ = 0.973 ❡t❛ ‖AAA−1‖ = 7833.4 ❞✉❣✉♥❡③✱ ❤❛✉ ❞❛ ❜❛❧❞✐♥t③❛③❦♦
③❡♥❜❛❦✐❛✿

κ(AAA) = 7833.4 · 0.973 ≈ 7622.

❇❡r❛③✱ ❜❡♥❡t❛❦♦ ❜❛❧❞✐♥t③❛③❦♦ ③❡♥❜❛❦✐❛ ❛s❦♦③ ❤❛♥❞✐❛❣♦❛ ❞❛ δbbb✲r❡♥ ❡t❛ δAAA✲r❡♥ ❜✐t❛rt❡③ ❛✉r✲
❦✐t✉t❛❦♦ ✹✵✵ ❡t❛ ✶✽✾✵✱ ❤✉rr❡♥❡③ ❤✉rr❡♥✱ κ(AAA)✲r❡♥ ❜❡❤❡✲❜♦r♥❡❛❦ ❜❛✐♥♦✳

AAA ♠❛tr✐③❡ ❜❛t t①❛rt♦ ❜❛❧❞✐♥t③❛t✉❛ ❞❛ t❛♠❛✐♥❛ ❜❡r❡❦♦ ❜❡❦t♦r❡ ❞❡s❜❡r❞✐♥❡✐ ❛♣❧✐❦❛t✉③
❣❡r♦✱ ❜✐❞❡r❦❛❞✉r❛✲❜❡❦t♦r❡❡♥ t❛♠❛✐♥❛❦ ♦s♦ ❞❡s❜❡r❞✐♥❛❦ ❞✐r❡♥❡❛♥✳ ❆❧❡❣✐❛✱ xxx ❜❡❦t♦r❡ ✉♥✐✲
t❛r✐♦ ❜❛t❡r❛❦♦ ‖AAAxxx‖ ❤❛♥❞✐❛ ❜❛❞❛ ❡t❛ ❜❡st❡ ❜❡❦t♦r❡ ✉♥✐t❛r✐♦ ❜❛t❡r❛❦♦ t①✐❦✐❛ ❜❛❞❛✱ ♦r❞✉❛♥✱
AAA t①❛rt♦ ❜❛❧❞✐♥t③❛t✉❛ ❞❛✳ ❇❛✐♥❛✱ ‖AAAxxx‖/‖xxx‖ ❤❛♥❞✐❛ ❜❛❞❛ xxx ❣✉③t✐❡t❛r❛❦♦ ✭❡s❛t❡ ❜❛t❡r❛❦♦✱
AAA = diag(108, 108) ❦❛s✉❛♥✮✱ ♦r❞✉❛♥✱ AAA ❡③ ❞❛ t①❛rt♦ ❜❛❧❞✐♥t③❛t✉❛✳ ❆❧❞✐③✱ ❥♦ ❞✐t③❛❣✉♥ ♠❛tr✐③❡
❡t❛ ❜❡❦t♦r❡ ❤❛✉❡❦✿

ÂAA =
[
104

10−4

]
, xxx =

[
1
0

]
❡t❛ x̂xx =

[
0
1

]
,

♥♦♥ ‖xxx‖ = ‖x̂xx‖ = 1. ❖r❞✉❛♥✱ ❤❛✉ ❞✉❣✉✿

ÂAAxxx =
[
104

0

]
❡t❛ ÂAAx̂xx =

[
0

10−4

]
,

✶✶✹



✺✳✽✳ ❙✐st❡♠❛ ❧✐♥❡❛❧ ❜❛t❡♥ ❜❛❧❞✐♥t③❛③❦♦ ③❡♥❜❛❦✐❛ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✶✺

③❡r❛ ❣❡rt❛t✉③✿ ‖ÂAAxxx‖ = 104 ✭❤❛♥❞✐❛✮ ❡t❛ ‖ÂAAx̂xx‖ = 10−4 ✭t①✐❦✐❛✮✳ ❆❧❡❣✐❛✱ ÂAA ♠❛tr✐③❡❛❦ t①❛rt♦
❜❛❧❞✐♥t③❛t✉❛ ✐③❛♥ ❜❡❤❛r ❞✉✳ ❊❣✐❛ ❡s❛♥✱ ❡rr❛③❛ ❞❛ ✐❦✉st❡❛ ❛❧❞❛❦❡t❛ ❤❛♥❞✐❡♥❛❦ xxx ❡t❛ x̂xx ❜❡❦t♦r❡
❤♦r✐❡t❛r❛❦♦ ❧♦rt③❡♥ ❞✐t✉❡❧❛✱ ❡t❛ κ(AAA) = 108 ❞❡❧❛✳

AAA✲r❡♥ ❜❛❧❞✐♥t③❛ ❡t❛ ❜❡r❡ s✐♥❣✉❧❛rt❛s✉♥❛ ♦s♦ ❦♦♥t③❡♣t✉ ❡r❧❛③✐♦♥❛t✉❛❦ ❞✐r❛✳ ■♥❢♦r♠❛❧❦✐✱
t①❛rt♦ ❜❛❧❞✐♥t③❛t✉t❛❦♦ ♠❛tr✐③❡ ❜❛t ✏✐❛ s✐♥❣✉❧❛rr❛✑ ❞❛✳ ❇❛✐♥❛✱ ♥❛❤✐③ ❡t❛ ♠❛tr✐③❡ s✐♥❣✉❧❛r
❜❛t❡♥ ❞❡t❡r♠✐♥❛♥t❡❛ ③❡r♦ ✐③❛♥✱ ❞❡t❡r♠✐♥❛♥t❡❛ ✐❛ ③❡r♦ ❞✉❡♥ ♠❛tr✐③❡ ❜❛t❡♥ ❜❛❧❞✐♥t③❛ ❡③ ❞❛
♥❛❤✐t❛❡③ t①❛rr❛ ✐③❛♥ ❜❡❤❛r✳ ❆❞✐❜✐❞❡③✱ n × n ❞✐♠❡♥ts✐♦❦♦ AAA = diag(10−10) ♠❛tr✐③❡❛r❡♥
❞❡t❡r♠✐♥❛♥t❡❛ 10−10n ❞❛✱ ❜❛✐♥❛ ❜❡r❡ ❜❛❧❞✐♥t③❛ ♣❡r❢❡❦t✉❛ ❞❛✱ κ(AAA) = 1 ❞❛✳

❇❡st❛❧❞❡✱ ♠❛tr✐③❡ s✐♥❣✉❧❛r ❜❛t❡❦✱ ❣✉t①✐❡♥❡③✱ ❛✉t♦❜❛❧✐♦ ♥✉❧✉ ❜❛t ❞❛✉❦❛✳ ●❛✐♥❡r❛✱ AAA
s✐♠❡tr✐❦♦❛ ❞❡♥❡❛♥✱ ❜❡r❡ ❜❛❧❞✐♥t③❛③❦♦ ③❡♥❜❛❦✐❛ ❞❛ ❛✉t♦❜❛❧✐♦ ❤❛♥❞✐❡♥❛❦ t①✐❦✐❡♥❛r❡❦✐❦♦ ❞✉❡♥
③❛t✐❞✉r❛❀ ❛❧❡❣✐❛✿

κ2(AAA) =
max1≤i≤n |λi|
min1≤i≤n |λi|

.

❖♥❞♦r✐♦③✱ ♠❛tr✐③❡ s✐♠❡tr✐❦♦ t①❛rt♦ ❜❛❧❞✐♥t③❛t✉ ❜❛t❡❦ t❛♠❛✐♥❛ t①✐❦✐❦♦ ❛✉t♦❜❛❧✐♦ ❜❛t ✐③❛♥
❜❡❤❛r ❞✉ ❜❡r❡ ♥♦r♠❛r❡❦✐❦♦ ✭✐③❛♥ ❡r❡✱ ‖A‖2 = max1≤i≤n |λi|✮✳ ❖r♦ ❤❛r✱ ✐r✐③♣✐❞❡ ❤♦r✐ ❡③ ❞❛
③✉③❡♥❛ ♠❛tr✐③❡❛ s✐♠❡tr✐❦♦❛ ❡③ ❞❡♥❡❛♥✳

PPP ♣❡r♠✉t❛③✐♦✲♠❛tr✐③❡❛ ❜❛❞❛✱ PPPxxx✲r❡♥ ♦s❛❣❛✐❛❦ xxx✲r❡♥ ♦s❛❣❛✐❡♥ ❜❡rr❛♥t♦❧❛❦❡t❛ ❞✐r❡♥❡③✱
‖PPPxxx‖ = ‖xxx‖ ❜❡t❡t③❡♥ ❞❛ xxx ❣✉③t✐❡t❛r❛❦♦✱ ❡t❛ ❜❡r❛③✿

κ(PPP ) = 1.

AAA ♠❛tr✐③❡❛ c 6= 0 ❡s❦❛❧❛r ❜❛t❡③ ❜✐❞❡r❦❛t③❡♥ ❜❛❞✉❣✉✱ ‖cAAA‖ = |c| · ‖AAA‖ ❡t❛ ‖(cAAA)−1‖ =
|1/c| · ‖AAA−1‖ ❞✐r❛ ❡t❛✱ ♦♥❞♦r✐♦③✿

κ(cAAA) = ‖(cAAA)−1‖ · ‖cAAA‖ = ‖AAA−1‖ · ‖AAA‖ = κ(AAA).

DDD ♠❛tr✐③❡ ❞✐❛❣♦♥❛❧❛ ❜❛❞❛✱ ♦r❞✉❛♥✿

κ(DDD) =
max |dii|
min |dii|

.

▼❆❚▲❆❇❡❦ ❜❛❞❛✉③❦❛ ❢✉♥t③✐♦ ❜❛t③✉❦ ❜❛❧❞✐♥t③❛③❦♦ ③❡♥❜❛❦✐❛ ❦❛❧❦✉❧❛t③❡❦♦✿

❼ κ2(AAA) ✭❜✐✲♥♦r♠❛ ❡r❛❜✐❧✐③✮ ❦❛❧❦✉❧❛t③❡♥ ❞✉ ❝♦♥❞✭❆✮ ❡❞♦ ❝♦♥❞✭❆✱✷✮ ❢✉♥t③✐♦❡③✳ ❇❛❧✐♦
s✐♥❣✉❧❛rr❡♥ ❦❛❧❦✉❧✉❛♥ ❡r❛❜✐❧t③❡♥ ❞✉ s✈❞✭❆✮ ❢✉♥t③✐♦❛✳

❼ κ1(AAA) ✭❜❛t✲♥♦r♠❛ ❡r❛❜✐❧✐③✮ ❦❛❧❦✉❧❛t③❡♥ ❞✉ ❝♦♥❞✭❆✱✶✮ ❢✉♥t③✐♦❛③✳ ❍♦rr❡❦ ✐♥✈✭❆✮ ❢✉♥t③✐♦❛
❡r❛❜✐❧t③❡♥ ❞✉✳ ❑❛❧❦✉❧✉❛❦ ❡r❛❣✐❦❡t❛ ❣✉t①✐❛❣♦ ❜❡❤❛r ❞✐t✉ ❝♦♥❞✭❆✱✷✮ ❜❛✐♥♦✳

❼ κ∞(AAA) ✭✐♥✜♥✐t✉✲♥♦r♠❛ ❡r❛❜✐❧✐③✮ ❦❛❧❦✉❧❛t③❡♥ ❞✉ ❝♦♥❞✭❆✱✐♥❢✮ ❢✉♥t③✐♦❛③✳ ❍♦rr❡❦ ✐♥✈✭❆✮
❢✉♥t③✐♦❛ ❡r❛❜✐❧t③❡♥ ❞✉ ❡t❛ ❝♦♥❞✭❆✱✶✮✲❡♥ ❧❛♥ ❜❡r❞✐♥❛ ❜❡❤❛r ❞✉✳

✶✶✺



✶✶✻ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

✺✳✾✳ ❈❤♦❧❡s❦②✲r❡♥ ❢❛❦t♦r✐③❛③✐♦❛

✺✳✷✳ t❡♦r❡♠❛✳ ■③❛♥ ❜❡❞✐ AAA ∈ IRn×n ♠❛tr✐③❡ s✐♠❡tr✐❦♦ ❜❛t✳ ❖r❞✉❛♥✱ AAA✲❦ n ❛✉t♦❜❛❧✐♦ ❡rr❡❛✲
❧❛❦ ❞✐t✉✱ λ1, . . . , λn✱ ❡t❛ ❤♦r✐❡✐ ❡❧❦❛rt✉t❛❦♦ vvv1, . . . , vvvn ❛✉t♦❜❡❦t♦r❡ ✉♥✐t❛r✐♦❡❦ IRn✲r❛❦♦ ♦✐♥❛rr✐
♦rt♦♥♦r♠❛❧ ❜❛t ♦s❛t③❡♥ ❞✉t❡ ✭❤♦ts✱ vvvtivvvj = 1✱ i = j ❜❛❞❛✱ ❡t❛ vvvtivvvj = 0✱ i 6= j ❜❛❞❛✮✳

✺✳✸✳ t❡♦r❡♠❛✳ ■③❛♥ ❜❡❞✐ AAA ∈ IRn×n ♠❛tr✐③❡ s✐♠❡tr✐❦♦ ❜❛t✳ ❖r❞✉❛♥✱ AAA ❞❡✜♥✐t✉ ♣♦s✐t✐❜♦❛
✭xxxtAAAxxx > 0 ∀ xxx 6= 000✮ ❞❛✱ ❜❛❧❞✐♥ ❡t❛ s♦✐❧✐❦ ❜❛❧❞✐♥ ❛✉t♦❜❛❧✐♦ ❣✉③t✐❛❦ ♣♦s✐t✐❜♦❛❦ ❜❛❞✐r❛✳

❋r♦❣❛♥t③❛✳ ■③❛♥ ❜✐t❡③ λ1, . . . , λn ❛✉t♦❜❛❧✐♦❛❦ ❡t❛ ❤♦r✐❡✐ ❞❛❣♦③❦✐❡♥ vvv1, . . . , vvvn ❛✉t♦❜❡❦t♦r❡
♦rt♦♥♦r♠❛❧❛❦✳ ❉❡♠❛❣✉♥ j ❜❛t❡r❛❦♦ λj ≤ 0✳ ❖r❞✉❛♥✿

vvvtjAAAvvvj = vvvtj(λjvvvj) = λjvvv
t
jvvvj = λj ≤ 0,

❤♦rr❡❦ ❡r❛❦✉st❡♥ ❞✉AAA ❡③ ❞❡❧❛ ❞❡✜♥✐t✉ ♣♦s✐t✐❜♦❛✳ ❇❡r❛③✱ AAA ❞❡✜♥✐t✉ ♣♦s✐t✐❜♦❛ ❜❛❞❛✱ ❛✉t♦❜❛❧✐♦
❣✉③t✐❛❦ ♣♦s✐t✐❜♦❛❦ ❞✐r❛✳

❖r❛✐♥✱ ❞❡♠❛❣✉♥ λi > 0✱ i = 1, . . . , n✳ ❖r❞✉❛♥✱ {vvv1, . . . , vvvn} IRn✲r❛❦♦ ♦✐♥❛rr✐ ❜❛t ♦s❛t③❡♥
❞✉t❡♥❡③✱ ❤❛✉ ❜❡t❡t③❡♥ ❞❛ ❡❞♦③❡✐♥ vvv ∈ IRn ❜❡❦t♦r❡ ❡③✲♥✉❧✉ ❜❛t❡r❛❦♦✿

vvv =
n∑

i=1

αivvvi ⇒ AAAvvv = AAA
n∑

i=1

αivvvi =
n∑

i=1

αiAAAvvvi =
n∑

i=1

αiλivvvi

❡t❛ αj ❜❛t ❣✉t①✐❡♥❡③ ❡③ ❞❛ ③❡r♦✳ ❖r❞✉❛♥✱ {vvv1, . . . , vvvn} ♦✐♥❛rr✐❛ ♦rt♦♥♦r♠❛❧❛ ✐③❛t❡❛❣❛t✐❦✱ ❤❛✉
❞✉❣✉✿

vvvtAvvv =
n∑

i=1

n∑

j=1

(αivvvi)
t(λjαjvvvj) ==

n∑

i=1

n∑

j=1

λjαiαjvvv
t
ivvvj =

n∑

j=1

λjα
2
j > 0.

❇❡r❛③✱ AAA ❞❡✜♥✐t✉ ♣♦s✐t✐❜♦❛ ❞❛✳ ✷

✺✳✹✳ t❡♦r❡♠❛ ✭●❡rs❝❤❣♦r✐♥✮✳

■③❛♥ ❜❡❞✐ AAA ∈ IRn×n ♠❛tr✐③❡ s✐♠❡tr✐❦♦ ❜❛t λ1, . . . , λn ❛✉t♦❜❛❧✐♦❡❦✐♥✳ ❖r❞✉❛♥✱ ❤❛✉ ❞✉❣✉✿

min
1≤i≤n

λi ≥ min
1≤i≤n



aii −

n∑

j=1,j 6=i

|aij|




max
1≤i≤n

λi ≤ max
1≤i≤n



aii +

n∑

j=1,j 6=i

|aij|




✺✳✶✳ ❦♦r♦❧❛r✐♦❛✳ AAA ♠❛tr✐③❡❛ ❞❡✜♥✐t✉ ♣♦s✐t✐❜♦❛ ❞❛✱ i = 1, . . . , n ❣✉③t✐❡t❛r❛❦♦ ❤❛✉ ❜❡t❡t③❡♥
❜❛❞❛✿

aii −
n∑

j=1,j 6=i

|aij| > 0.

✶✶✻



✺✳✾✳ ❈❤♦❧❡s❦②✲r❡♥ ❢❛❦t♦r✐③❛③✐♦❛ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✶✼

❋r♦❣❛♥t③❛✳ ✭❖❤❛rt✉ AAA ❤❡rts✐❦✐ ❞✐❛❣♦♥❛❧ ♠❡♥♣❡r❛t③❛✐❧❡❛ ❞❡❧❛✮✳ ●❡rs❝❤❣♦r✐♥✲❡♥ t❡♦r❡♠❛r❡♥
❧❡❤❡♥❡♥❣♦ ❞❡s❜❡r❞✐♥t③❛❣❛t✐❦✱ ❛✉t♦❜❛❧✐♦ t①✐❦✐❡♥❛ ③❡r♦ ❜❛✐♥♦ ❤❛♥❞✐❛❣♦❛ ❞❡♥❡③✱ AAA ❞❡✜♥✐t✉
♣♦s✐t✐❜♦❛ ❞❛✳ ✷

AAA s✐♠❡tr✐❦♦❛ ❜❛❞❛✱ ❜❡r❡ ❛✉t♦❜❛❧✐♦ t①✐❦✐❡♥❛r❡♥ ❤✉r❜✐❧♣❡♥ ❣✐s❛ ❜❛❧✐♦ ❤❛✉ ❤❛rt✉ ♦❤✐ ❞❛✿

d = min
1≤i≤n



aii −

n∑

j=1,j 6=i

|aij|


 .

AAA ♠❛tr✐③❡❛ s✐♠❡tr✐❦♦❛ ❡t❛ ❞❡✜♥✐t✉ ♣♦s✐t✐❜♦❛ ❜❛❞❛✱ ❞✐❛❣♦♥❛❧❡❦♦ ❣❛✐ ❣✉③t✐❛❦ ♣♦s✐t✐❜♦❛❦
❞✐r❛✱ ❡t❛ ♠❛tr✐③❡❛r❡♥ t❛♠❛✐♥❛ ❤❛♥❞✐❡♥❡❦♦ ❣❛✐❛ ❞✐❛❣♦♥❛❧❡❛♥ ❞❛❣♦✳

✺✳✺✳ t❡♦r❡♠❛ ✭❈❤♦❧❡s❦②r❡♥ ❢❛❦t♦r✐③❛③✐♦❛✮✳ AAA ∈ IRn×n ♠❛tr✐③❡❛ s✐♠❡tr✐❦♦❛ ❡t❛ ❞❡✜♥✐t✉
♣♦s✐t✐❜♦❛ ❜❛❞❛✱ RRR ∈ IRn×n ♠❛tr✐③❡ ❣♦✐✲tr✐❛♥❣❡❧✉❛r ❜❛❦❛r ❜❛t ❡①✐st✐t③❡♥ ❞❛ ❞✐❛❣♦♥❛❧❡❦♦ ❣❛✐
♣♦s✐t✐❜♦❡❦✐♥ ❡t❛ AAA = RRRtRRR ❜❡t❡t③❡♥ ❞✉❡♥❛✳

❋r♦❣❛♥t③❛✳ LLL ✉♥✐t❛t❡ ♠❛tr✐③❡ ❜❡❤❡✲tr✐❛♥❣❡❧✉❛r ❜❛❦❛r ❜❛t ❡t❛ DDD = diag(d1, . . . , dn) ♠❛tr✐③❡
❞✐❛❣♦♥❛❧ ❜❛❦❛r ❜❛t ❞❛✉❞❡ AAA = LLLDDDLLLt ❜❡t❡t③❡♥ ❞✉t❡♥❛❦ ✭✐❦✉s ❬✶✸❪✮✳ dk ❣❛✐❛❦ ♣♦s✐t✐❜♦❛❦
❞✐r❡♥❡③✱ RRRt = LLL diag(

√
d1, . . . ,

√
dn) ♠❛tr✐③❡❛ ❡rr❡❛❧❛ ❡t❛ ❜❡❤❡✲tr✐❛♥❣❡❧✉❛rr❛ ❞❛ ❣❛✐ ❞✐❛❣♦♥❛❧

♣♦s✐t✐❜♦❡❦✐♥✳ ●❛✐♥❡r❛✱ AAA = RRRtRRR ❜❡t❡t③❡♥ ❞✉✳ ❇❛❦❛rt❛s✉♥❛ LLLDDDLLLt ❢❛❦t♦r✐③❛③✐♦❛r❡♥ ❜❛❦❛rt❛✲
s✉♥❛❦ ✐♥♣❧✐❦❛t③❡♥ ❞✉✳ ✷

AAA s✐♠❡tr✐❦♦❛ ✭AAA = AAAt✮ ❡t❛ ❞❡✜♥✐t✉ ♣♦s✐t✐❜♦❛ ❞❡♥❡❛♥✱ AAA = RRRtRRR ❢❛❦t♦r✐③❛③✐♦❛ ✭❡❞♦ ❞❡s❦♦♥✲
♣♦s✐③✐♦❛✮ ❦❛❧❦✉❧❛ ❞❡③❛❦❡❣✉✱ ♥♦♥ RRR ♠❛tr✐③❡ ❣♦✐✲tr✐❛♥❣❡❧✉❛r ❜❛t ❜❛✐t❛✱ ❤♦ts✿




a11 a12 . . . a1n
a12 a22 a2n
✳✳✳

✳ ✳ ✳
✳✳✳

a1n a2n . . . ann


 =




r11
r12 r22
✳✳✳

✳ ✳ ✳

r1n r2n . . . rnn







r11 r12 . . . r1n
r22 r2n

✳ ✳ ✳
✳✳✳

rnn




❍♦r✐ ❞❡❧❛ ❡t❛✱ ③❡r❛ ❞✉❣✉✿

❼ AAA✲r❡♥ a11 ❣❛✐t✐❦ ✶✳ ❧❡rr♦❛r✐ ❥❛rr❛✐t✉③✱ ❡❦✉❛③✐♦ ❤❛✉❡❦ ❞✐t✉❣✉✿

r211 = a11
r11r12 = a12

✳✳✳
r11r1n = a1n

❼ AAA✲r❡♥ a22 ❣❛✐t✐❦ ✷✳ ❧❡rr♦❛r✐ ❥❛rr❛✐t✉③✱ ❡❦✉❛③✐♦ ❤❛✉❡❦ ❞✐t✉❣✉✿

r212 + r222 = a22
r12r13 + r22r23 = a23

✳✳✳
r12r1n + r22r2n = a2n

✶✶✼



✶✶✽ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❼ ❍♦rr❡❧❛ ❥❛rr❛✐t✉③✱ i = 1, . . . , n ❣✉③t✐❡t❛r❛❦♦✱ AAA✲r❡♥ aii ❣❛✐t✐❦ i✳ ❧❡rr♦r❛❦♦ ❡❦✉❛③✐♦ ❤❛✉❡❦
❞✐t✉❣✉✿

r21i + r22i + . . .+ r2ii = aii
r1ir1,i+1 + r2ir2,i+1 + . . .+ riiri,i+1 = ai,i+1

✳✳✳
r1ir1n + r2ir2n + . . . . . . . . . . . .+ riirin = ain

❼ ❖♥❞♦r✐♦③✱ i = 1, . . . , n ❣✉③t✐❡t❛r❛❦♦✱ RRR✲r❡♥ ❦♦❡✜③✐❡♥t❡❛❦ ❤♦♥❡❧❛ ❦❛❧❦✉❧❛ ❞✐t③❛❦❡❣✉✿

rii =

√√√√aii −
i−1∑

k=1

r2ki, i = 1, . . . , n, ✭✺✳✷✹✮

rij =

aij −
i−1∑

k=1

rkirkj

rii
, j = i+ 1, . . . , n, ✭✺✳✷✺✮

✺✳✷✳ ❛❞✐❜✐❞❡❛✳ ❑❛❧❦✉❧❛ ❡③❛③✉ ♠❛tr✐③❡ s✐♠❡tr✐❦♦ ❡t❛ ❞❡✜♥✐t✉ ♣♦s✐t✐❜♦ ❤♦♥❡♥ ❈❤♦❧❡s❦②r❡♥
❢❛❦t♦r✐③❛③✐♦❛✿

AAA =



6 15 55
15 55 225
55 225 979


 .

❊❜❛③♣❡♥❛✳ ▲❡❤❡♥❡♥❣♦ ❧❡rr♦r❛❦♦ ✭i = 1✮ ✭✺✳✷✹✮ ❡r❛❜✐❧✐③✱ ③❡r❛ ❞✉❣✉✿

r11 =
√
a11 =

√
6 = 2.44949.

❖r❞✉❛♥✱ ✭✺✳✷✺✮ ❡r❛❜✐❧✐③ ❦♦❡✜③✐❡♥t❡ ❤❛✉❡❦ ❧♦rt③❡❦♦✿

r12 =
a12
r11

=
15

2.44949
= 6.123724

r13 =
a13
r11

=
55

2.44949
= 22.45366

❍✉rr❡♥❣♦ ❧❡rr♦r❛❦♦ ✭i = 2✮✱ ③❡r❛ ❞✉❣✉✿

r22 =
√
a22 − r212 =

√
55− (6.123724)2 = 4.1833

r23 =
a23 − r12r13

r22
=

225− 6.123724 · 22.45366
4.1833

= 20.9165

❍✐r✉❣❛rr❡♥ ❧❡rr♦r❛❦♦ ✭i = 3✮✱ ❤❛✉ ❧♦rt✉❦♦ ❞✉❣✉✿

r33 =
√
a33 − r213 − r223 =

√
979− (22.45366)2 − (20.9165)2 = 6.110101.

✶✶✽



✺✳✾✳ ❈❤♦❧❡s❦②✲r❡♥ ❢❛❦t♦r✐③❛③✐♦❛ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✶✾

❖♥❞♦r✐♦③✱ ❈❤♦❧❡s❦②r❡♥ ❢❛❦t♦r✐③❛③✐♦❛❦ ③❡r❛ ❡♠❛t❡♥ ❞✉✿



2.44949 6.123724 22.45366

4.1833 20.9165
6.110101


 .

❋❛❦t♦r✐③❛③✐♦ ❤♦rr❡♥ ❜❛❧✐♦t❛s✉♥❛ ♦♥t③❛t ❡♠❛♥❣♦ ❞✉❣✉✱ RRRtRRR = AAA ❜❡r❞✐♥t③❛ ❜❡t❡t③❡♥ ❞❡❧❛
❡❣✐❛③t❛t✉③✳ ✷

RRRtRRR = AAA ❢❛❦t♦r✐③❛③✐♦ ❤♦r✐ ❧♦rt✉ ♦♥❞♦r❡♥✱ AAAxxx = bbb s✐st❡♠❛ ❡❜❛t③ ❞❡③❛❦❡❣✉ LU ❢❛❦t♦✲
r✐③❛③✐♦❛r❡❦✐♥ ❡❣✐t❡♥ ❞❡♥ ❜❡③❛❧❛❀ ❛❧❡❣✐❛✱ s✐st❡♠❛ tr✐❛♥❣❡❧✉❛r ❤❛✉❡❦ ❡❜❛t③✐③✿

RRRtyyy = bbb
RRRxxx = yyy

AAA ♠❛tr✐③❡ s✐♠❡tr✐❦♦ ❜❛t ❞❡✜♥✐t✉ ♣♦s✐t✐❜♦❛ ❜❛❞❛✱ ❡③ ❞❛ ❜❡❤❛rr❡③❦♦❛ ❧❡rr♦❡♥ tr✉❦❛❦❡t❛❀ ❛❧❞✐③✱
LU ♠❡t♦❞♦❛❦ ♣✐❜♦t❛③❡ ♣❛rt③✐❛❧❛ ❜❡❤❛r ❞✉ ③❡♥❜❛❦✐③❦♦ ❡❣♦♥❦♦rr❛ ✐③❛t❡❦♦✳ ❈❤♦❧❡s❦②r❡♥ ♠❡t♦✲
❞♦❛♥ ♥❛❤✐③ ❡t❛AAA t①❛rt♦ ❜❛❧❞✐♥t③❛t✉❛ ✐③❛♥✱ ❡③ ❞✉❣✉ ♣✐❜♦t❛③✐♦r✐❦ ❡❣✐♥ ❜❡❤❛r✱ ③❡r❡♥ i = 1, . . . , n
❣✉③t✐❡t❛r❛❦♦ ❤❛✉ ❜❡t❡t③❡♥ ❜❛✐t❛✿

r21i + r22i + . . .+ r2ii = aii ✭✺✳✷✻✮

❡t❛✱ ♦♥❞♦r✐♦③✱ RRR✲❦♦ ❣❛✐ ❣✉③t✐❛❦ ❤♦♥❡❧❛ ❜♦r♥❛t✉t❛ ❞❛✉❞❡✿

|rji| ≤
√
aii, j = 1, . . . , i

▼❡t♦❞♦ ❤❛✉ ♦s♦ ❡r❛❜✐❧✐❛ ❞❛ ♦♣t✐♠✐③❛③✐♦❛♥✱ ❜❡r❡ ③❡♥❜❛❦✐③❦♦ ❡❣♦♥❦♦rt❛s✉♥❛❣❛t✐❦✳ ▼❆❚▲❆❇❡♥
❝❤♦❧✭❆❆❆✮ ❢✉♥t③✐♦❛❦ AAA ♠❛tr✐③❡❛r❡♥ ❈❤♦❧❡s❦②r❡♥ ❢❛❦t♦r❡❛ ❡♠❛t❡♥ ❞✐❣✉✳

✺✳✻✳ t❡♦r❡♠❛✳ ■③❛♥ ❜❡❞✐ AAA ∈ IRn×n ♠❛tr✐③❡ s✐♠❡tr✐❦♦❛ ❡t❛ ❞❡✜♥✐t✉ ♣♦s✐t✐❜♦❛ ❡t❛ AAA = RRRtRRR
❜❡r❡ ❈❤♦❧❡s❦②r❡♥ ❞❡s❦♦♥♣♦s✐③✐♦❛✳ ❖r❞✉❛♥✿

κ2(AAA) ≥
max

i
r2ii

min
i

r2ii

●❛✐♥❡r❛✱ AAA = LLLDDDLLLt ❈❤♦❧❡s❦②r❡♥ ❞❡s❦♦♥♣♦s✐③✐♦❛ ❡r❛❜✐❧t③❡♥ ❜❛❞✉❣✉✱ LLL ✉♥✐t❛t❡ ♠❛tr✐③❡ ❜❡❤❡✲
tr✐❛♥❣❡❧✉❛rr❛ ❡t❛ DDD = diag(di) ♠❛tr✐③❡ ❞✐❛❣♦♥❛❧❛ ✐③❛♥✐❦✱ ❤❛✉ ❜❡t❡t③❡♥ ❞❛✿

κ2(AAA) ≥
max

i
di

min
i

di

❆❧❡❣✐❛✱DDD✲r❡♥ ❣❛✐ ❞✐❛❣♦♥❛❧ ♠❛①✐♠♦❛r❡♥ ❡t❛ ♠✐♥✐♠♦❛r❡♥ ③❛t✐❞✉r❛❦ AAA ♠❛tr✐③❡❛r❡♥ ❜❛❧❞✐♥t③❛r❡♥
❜❡❤❡✲❜♦r♥❡ ❜❛t ❡♠❛t❡♥ ❞✐❣✉ ❡t❛✱ ❜✐❞❡ ❜❛t❡③✱ ❤✉r❜✐❧♣❡♥ ❜❛t✳

✶✶✾



✶✷✵ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❋r♦❣❛♥t③❛✿

‖AAA‖2 = max
‖uuu‖2=1

‖AAAuuu‖2 ≥ max
i

‖Aeeei‖2 = max
i

√
a21i + . . .+ a2ni ≥ max

i
aii ≥ max

i
r2ii

❛③❦❡♥ ❞❡s❜❡r❞✐♥t③❛ ✭✺✳✷✻✮ ❞❡s❜❡r❞✐♥t③❛r❡♥ ♦♥❞♦r✐♦❛ ❞❛✳

■③❛♥ ❜❡❞✐ BBB = AAA−1✱ ♦r❞✉❛♥ B = (RRRtRRR)−1 = RRR−1(RRRt)−1 = RRR−1(RRR−1)t✳ ❇❡r❛③✱

‖BBB‖2 ≥ max
i

bii ≥ max
i

1

r2ii
=

1

min
i

r2ii

❖♥❞♦r✐♦③✱

κ2(AAA) = ‖AAA‖2‖BBB‖2 ≥
max

i
r2ii

min
i

r2ii
.

❇❡st❛❧❞❡✱ AAA = LLLDDDLLLt = RRRtRRR ❞❡♥❡③✱ di = r2ii ❡t❛ ❤♦rr❡❦ ❢r♦❣❛♥t③❛ ❤❛✉ ❜✉❦❛t③❡♥ ❞✉✳ ✷

✺✳✶✵✳ ▼❡t♦❞♦ ✐t❡r❛t✐❜♦❛❦

LU ❡t❛ ❈❤♦❧❡s❦②r❡♥ ❢❛❦t♦r✐③❛③✐♦❛ ♠❡t♦❞♦ ③✉③❡♥❛❦ ❞✐r❛❀ ✐③❛♥ ❡r❡✱ ❡③ ❜❛❧✐r❛ ❡❣♦♥❣♦ ❜✐r✐❜✐❧t③❡✲
❡rr♦r❡❛❦✱ ✐❦✉s✐ ❞✉❣✉♥ ❜❡③❛❧❛✱ ✉rr❛ts❡♥ ❦♦♣✉r✉ ✜♥✐t✉ ❜❛t❡❛♥ s♦❧✉③✐♦ ③❡❤❛t③❡r❛ ❤❡❧❞✉❦♦ ❧✐✲
r❛t❡❦❡✳ ❇❛✐♥❛✱ s✐st❡♠❛r❡♥ ♠❛tr✐③❡❛ ❡s❦❛s❛ ❜❛❞❛ ✭❤♦ts✱ ❣❛✐❡♥ ♣♦rt③❡♥t❛❥❡ ❤❛♥❞✐ ❜❛t ③❡r♦❛❦
❞✐r❡♥❡❛♥✮✱ ●❛✉ss❡♥ ♠❡t♦❞♦❛❦ ③❡r♦❛❦ ❤♦♥❞❛t③❡♥ ❞✐t✉ ✭❤♦ts✱ ❡③✲③❡r♦ ❜✐❤✉rt③❡♥ ❞✐t✉✮✳ ❊❞♦♥♦❧❛
❡r❡✱ ♠❛tr✐③❡❛r❡♥ ❡❣✐t✉r❛ ❤❛✉ ❡s❦❛s❛ ❞❡♥❡❛♥ ❜❛❞❛✉❞❡ ❡str❛t❡❣✐❛ ❡❣♦❦✐❛❦ ❡s♣❧♦t❛t③❡❦♦❀ ✐❦✉s
❬✽✱ ✶✶❪✳ ▼❆❚▲❆❇❡❦♦ ♥♥③✭❆✮ ❢✉♥t③✐♦❛❦ AAA ♠❛tr✐③❡❛♥ ③❡r♦ ❡③ ❞✐r❡♥❡♥ ❣❛✐❡♥ ❦♦♣✉r✉❛ ③❡♥✲
❜❛t③❡♥ ❞✉✳

▼❡t♦❞♦ ✐t❡r❛t✐❜♦❛❦ ❡❣♦❦✐❛❦ ❞✐r❛ ♠❛tr✐③❡❛r❡♥ ❡❣✐t✉r❛ ❛♣r♦❜❡t①❛t✉③ ❡r❛❣✐❦❡t❛ ❣✉t①✐❛❣♦ ❡❣✐✲
t❡❦♦ ❡t❛ ♦r❞❡♥❛❣❛✐❧✉❛r❡♥ ♠❡♠♦r✐❛ ❣✉t①✐❛❣♦ ❡r❛❜✐❧t③❡❦♦✱ ❡t❛ ❤♦r✐ ♦s♦ ✐♥t❡r❡s❣❛rr✐❛ ❞❛ s✐st❡♠❛
♦s♦ ❤❛♥❞✐❛ ❞❡♥❡❛♥✱ ❞❡r✐❜❛t✉ ♣❛rt③✐❛❧❡t❛❦♦ ❡❦✉❛③✐♦❡♥ s✐st❡♠❡t❛♥ ❜❡③❛❧❛✳

✺✳✶✵✳✶✳ ❏❛❝♦❜✐✲r❡♥ ✐t❡r❛③✐♦❛

✺✳✸✳ ❛❞✐❜✐❞❡❛✳ ❊❜❛t③✐ s✐st❡♠❛ ❤❛✉✿

4x− y + z = 7
4x− 8y + z = −21

−2x+ y + 5z = 15.

✶✷✵



✺✳✶✵✳ ▼❡t♦❞♦ ✐t❡r❛t✐❜♦❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✷✶

❊❜❛③♣❡♥❛✳ ❊❦✉❛③✐♦ ❤♦r✐❡❦ ❤♦♥❡❧❛ ✐❞❛t③ ❞✐t③❛❦❡❣✉✿

x =
7 + y − z

4

y =
21 + 4x+ z

8

z =
15 + 2x− y

5
❡t❛✱ ❤♦rt✐❦✱ ♣r♦③❡s✉ ✐t❡r❛t✐❜♦ ❤❛✉ ❛t❡r❛t③❡♥ ❞✉❣✉✿

x(k+1) =
7 + y(k) − z(k)

4

y(k+1) =
21 + 4x(k) + z(k)

8

z(k+1) =
15 + 2x(k) − y(k)

5
.

✭✺✳✷✼✮

k x(k) y(k) z(k)

✵ ✶✳✵ ✷✳✵ ✷✳✵
✶ ✶✳✼✺ ✸✳✸✼✺ ✸✳✵
✷ ✶✳✽✹✸✼✺ ✸✳✽✼✺ ✸✳✵✷✺
✸ ✶✳✾✻✷✺ ✸✳✾✷✺ ✷✳✾✻✷✺
✹ ✶✳✾✾✵✻✷✺✵✵ ✸✳✾✼✻✺✻✷✺✵ ✸✳✵✵✵✵✵✵✵✵
✺ ✶✳✾✾✹✶✹✵✻✸ ✸✳✾✾✺✸✶✷✺✵ ✸✳✵✵✵✾✸✼✺✵

. . . . . . . . . . . .
✶✺ ✶✳✾✾✾✾✾✾✾✸ ✸✳✾✾✾✾✾✾✽✺ ✷✳✾✾✾✾✾✾✾✸
. . . . . . . . . . . .
✶✾ ✷✳✵✵✵✵✵✵✵✵ ✹✳✵✵✵✵✵✵✵✵ ✸✳✵✵✵✵✵✵✵✵

✺✳✶✳ t❛✉❧❛✳ ❏❛❝♦❜✐r❡♥ ✐t❡r❛③✐♦❛r❡♥ ❦♦♥❜❡r❣❡♥t③✐❛ ✺✳✸✳ ❛❞✐❜✐❞❡❛♥✳

❍❛s✐❡r❛❦♦ ♣✉♥t✉❛ (x(0), y(0), z(0))t = (1, 2, 2)t ❜❛❞❛✱ ✐❦✉s✐❦♦ ❞✉❣✉ ✐t❡r❛③✐♦ ❤♦rr❡❦ (2, 4, 3)t

s♦❧✉③✐♦r❛ ❥♦t③❡♥ ❞✉❡❧❛✳

x(0) = 1✱ y(0) = 2 ❡t❛ z(0) = 2 ♦r❞❡③❦❛t✉③ ✭✺✳✷✼✮ ❡s❦✉✐♥❡❦♦ ❛t❛❧❡t❛♥✱ ❤❛✉ ❧♦rt③❡♥ ❞✉❣✉✿

x(1) =
7 + 2− 2

4
= 1.75

y(1) =
21 + 4 · 1 + 2

8
= 3.375

z(1) =
15 + 2 · 1− 2

5
= 3.00.

✶✷✶



✶✷✷ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

Pr♦③❡s✉ ❤♦r✐ ❥❛rr❛✐t✉③✱ ✺✳✶✳ t❛✉❧❛ ❧♦rt③❡♥ ❞❛✳ ❚❛✉❧❛ ❤♦rr❡❦ ❛❞✐❡r❛③t❡♥ ❞✉ ✭✺✳✷✼✮ ✐t❡r❛③✐♦❛❦
(2, 4, 3)t s♦❧✉③✐♦r❛ ❥♦t③❡♥ ❞✉❡❧❛✳ ✷

Pr♦③❡s✉ ❤♦rr✐ ❏❛❝♦❜✐r❡♥ ✐t❡r❛③✐♦❛r❡♥ ♠❡t♦❞♦❛ ❞❡r✐t③♦❣✉✳

■③❛♥ ❜❡❞✐ AAAxxx = bbb s✐st❡♠❛ ❡t❛ AAA ♠❛tr✐③❡❛r❡♥ ❞❡s❦♦♥♣♦s✐③✐♦ ❤❛✉✿

AAA = LLL+DDD +UUU,

♥♦♥

LLL =




0 0 . . . . . . 0
a21 0 . . . 0

a31 a32
✳ ✳ ✳ 0

✳✳✳ 0 0
an1 an2 . . . an,n−1 0




DDD = diag(a11, . . . , ann)

UUU =




0 a12 . . . . . . a1n

0 0 . . . . . .
✳✳✳

0 0
✳ ✳ ✳ an−2,n

✳✳✳
✳ ✳ ✳ an−1,n

0 0 . . . 0 0




✭✺✳✷✽✮

❖r❞✉❛♥✿

AAAxxx = (LLL+DDD +UUU)xxx = bbb

❡t❛ ♦♥❞♦r✐♦③✱

DDDxxx = bbb− (LLL+UUU)xxx.

❍♦rt❛③✱ ❤♦♥❡❧❛ ✐❞❛t③ ❞❡③❛❦❡❣✉ ❏❛❝♦❜✐r❡♥ k✲❣❛rr❡♥ ✐t❡r❛③✐♦❛✿

DDDxxx(k+1) = bbb− (LLL+UUU)xxx(k). ✭✺✳✷✾✮

❇❡r❛③✱ ♠❛tr✐③❡❛❦ ❡③ ❞✐r❛ ❛❧❞❛t③❡♥ ❡t❛✱ ❡s❦❛s❛❦ ❜❛❞✐r❛✱ ❡r❛❣✐❦❡t❛ ❣✉t①✐ ❡❣✐♥ ❜❡❤❛r ❞✐t✉❣✉✳
❖r❛✐♥✱ ✭✺✳✷✾✮ ✐t❡r❛③✐♦❛ ❣❛r❛t✉③ xi ❜❛❦♦✐t③❡❦♦✱ i = 1, . . . , n ❣✉③t✐❡t❛r❛❦♦✱ ③❡r❛ ❞✉❣✉✿

aiix
(k+1)
i =


bi −

i−1∑

j=1

aijx
(k)
j −

n∑

j=i+1

aijx
(k)
j




❆③❦❡♥✐❦✱ i = 1, . . . , n ❣✉③t✐❡t❛r❛❦♦✱ ❤❛✉ ❡❣✐♥❣♦ ❞❛ ❏❛❝♦❜✐r❡♥ ✐t❡r❛③✐♦❛♥✿

x
(k+1)
i =


bi −

i−1∑

j=1

aijx
(k)
j −

n∑

j=i+1

aijx
(k)
j



/

aii ✭✺✳✸✵✮

✶✷✷



✺✳✶✶✳ ●❛✉ss✲❙❡✐❞❡❧✲❡♥ ✐t❡r❛③✐♦❛ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✷✸

✺✳✶✶✳ ●❛✉ss✲❙❡✐❞❡❧✲❡♥ ✐t❡r❛③✐♦❛

❏❛❝♦❜✐r❡♥ ♠❡t♦❞♦❛r❡♥ ❦♦♥❜❡r❣❡♥t③✐❛ ❛③❡❧❡r❛t③❡❦♦ ❛s♠♦③✱ ❜❡st❡ ♠❡t♦❞♦ ❤❛✉ ❞✉❣✉✳ ❆✉rr❡❦♦
✺✳✸✳ ❛❞✐❜✐❞❡❦♦ {x(k)}✱ {y(k)}✱ {z(k)} s❡❣✐❞❡❦ ✷✲r❛✱ ✹✲r❛ ❡t❛ ✸✲r❛ ❥♦t③❡♥ ❞✉t❡✱ ❤✉rr❡♥❡③ ❤✉rr❡♥✳
■③❛♥ ❡r❡✱ x(k+1) s❡❣✉r❛s❦✐ x(k) ❜❛✐♥♦ ❜❡r❡ ❧✐♠✐t❡❛r❡♥ ❤✉r❜✐❧♣❡♥ ❤♦❜❡❛ ❞❡♥❡③✱ ❛rr❛③♦✐③❦♦❛
✐③❛♥❣♦ ❧✐t③❛t❡❦❡ y(k+1) ❦❛❧❦✉❧❛t③❡❦♦ x(k)✲r❡♥ ♦r❞❡③ x(k+1) ❡r❛❜✐❧t③❡❛✳ ❍♦rt❛③✱ ❤♦❜❡ ✐③❛♥❣♦
❧✐t③❛t❡❦❡ z(k+1) ❦❛❧❦✉❧✉❛♥ y(k)✲r❡♥ ♦r❞❡③ y(k+1) ❡r❛❜✐❧t③❡❛ ❡r❡✳ ❍♦r✐ ❦♦♥t✉❛♥ ❤❛rt✉③✱ ❤♦♥❡❧❛
❣❡r❛t③❡♥ ❞❛ ✐t❡r❛③✐♦❛✿

x(k+1) =
7 + y(k) − z(k)

4

y(k+1) =
21 + 4x(k+1) + z(k)

8

z(k+1) =
15 + 2x(k+1) − y(k+1)

5
.

✭✺✳✸✶✮

▼❡t♦❞♦ ❤♦rr✐ ●❛✉ss✲❙❡✐❞❡❧❡♥ ✐t❡r❛③✐♦❛r❡♥ ♠❡t♦❞♦❛ ❞❡r✐t③♦❣✉✳ ❊t❛ ❛❧❞❛❦❡t❛ ❤♦r✐❡❦ ✭✺✳✸✵✮
❡❦✉❛③✐♦❛r✐ ❡r❛♠❛♥❡③✱ ❤❛✉ ❧♦rt③❡♥ ❞✉❣✉ i = 1, . . . , n ❣✉③t✐❡t❛r❛❦♦✿

x
(k+1)
i =


bi −

i−1∑

j=1

aijx
(k+1)
j −

n∑

j=i+1

aijx
(k)
j



/

aii ✭✺✳✸✷✮

❊r❛ ♠❛tr✐③✐❛❧❡❛♥ ❛❞✐❡r❛③✐t❛✱ ❤♦♥❡❧❛ ❞❛✿

DDDxxx(k+1) = bbb−LLLxxx(k+1) −UUUxxx(k) ✭✺✳✸✸✮

❡❞♦ (DDD +LLL)xxx(k+1) = bbb−UUUxxx(k)✳

❖r❛✐♥ ✺✳✸✳ ❛❞✐❜✐❞❡❛r❡♥ s✐st❡♠❛ ❡❜❛t③✐❦♦ ❞✉❣✉ ●❛✉ss✲❙❡✐❞❡❧❡♥ ♠❡t♦❞♦❛ ❡r❛❜✐❧✐③ ✭❤♦ts✱
✭✺✳✸✶✮ ✮❀ ♦r❞✉❛♥✱ y(0) = 2 ❡t❛ z(0) = 2 ♦r❞❡③❦❛t✉③✱ ❤❛✉ ❞✉❣✉✿

x(1) =
7 + 2− 2

4
= 1.75

❡t❛ x(1) = 1.75 ❡t❛ z(0) = 2 ♦r❞❡③❦❛t✉③✱ ③❡r❛ ❧♦rt③❡♥ ❞❛✿

y(1) =
21 + 4 · 1.75 + 2

8
= 3.75.

❆③❦❡♥✐❦✱ x(1) = 1.75 ❡t❛ y(1) = 3.75 ♦r❞❡③❦❛t✉③✱ ❤❛✉ ❧♦rt③❡♥ ❞✉❣✉✿

z(1) =
15 + 2 · 1.75− 3.75

5
= 2.95.

❊♠❛✐t③❛ ❤❛✉ ❛✉rr❡❦♦❛ ❜❛✐♥♦ ❤✉r❜✐❧❛❣♦ ❞❛❣♦ ❜❡♥❡t❛❦♦ s♦❧✉③✐♦t✐❦✱ (x, y, z)t = (2, 4, 3)t✳

Pr♦③❡s✉ ❤♦rr✐ ❥❛rr❛✐t✉③✱ ✺✳✷✳ t❛✉❧❛ ❧♦rt③❡♥ ❞❛✳

✶✷✸



✶✷✹ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

k x(k) y(k) z(k)

✵ ✶✳✵ ✷✳✵ ✷✳✵
✶ ✶✳✼✺ ✸✳✼✺ ✷✳✾✺
✷ ✶✳✾✺ ✸✳✾✻✽✼✺ ✷✳✾✽✻✷✺
✸ ✶✳✾✾✺✻✷✺ ✸✳✾✾✾✻✵✾✸✼✺ ✷✳✾✾✾✵✸✶✷✺

. . . . . . . . . . . .
✽ ✶✳✾✾✾✾✾✾✽✸ ✸✳✾✾✾✾✾✾✽✽ ✷✳✾✾✾✾✾✾✾✻
✾ ✶✳✾✾✾✾✾✾✾✽ ✸✳✾✾✾✾✾✾✾✾ ✸✳✵✵✵✵✵✵✵✵
✶✵ ✷✳✵✵✵✵✵✵✵✵ ✹✳✵✵✵✵✵✵✵✵ ✸✳✵✵✵✵✵✵✵✵

✺✳✷✳ t❛✉❧❛✳ ●❛✉ss✲❙❡✐❞❡❧❡♥ ✐t❡r❛③✐♦❛r❡♥ ❦♦♥❜❡r❣❡♥t③✐❛ ✺✳✸✳ ❛❞✐❜✐❞❡❛♥✳

❑♦♥❜❡r❣❡♥t③✐❛r❛❦♦ ❜❛❧❞✐♥t③❛

■③❛♥ ❜❡❞✐ AAAxxx = bbb s✐st❡♠❛✳ ❆✉rr❡❦♦ ♠❡t♦❞♦ ✐t❡r❛t✐❜♦❛❦ ❦♦♥❜❡r❣❡♥t❡❛❦ ✐③❛t❡❦♦✱ ♥❛❤✐❦♦❛ ❞❛
✭✺✳✶✵✮ ❜❛❧❞✐♥t③❛ ✭❤❡rts✐❦✐ ❞✐❛❣♦♥❛❧ ♠❡♥♣❡r❛t③❛✐❧❡❛✮ ❜❡t❡t③❡❛ ✭✐❦✉s ❬✶✸❪✮✳ ❇❛✐♥❛✱ ♠❡t♦❞♦
✐t❡r❛t✐❜♦❛❦ ❡r❛❜✐❧t③❡♥ ❞✐r❡♥❡❛♥✱ ❜❛❧❞✐♥t③❛ ❤♦r✐ ❡③ ❞❛ ❜❡❤❛rr❡③❦♦❛ ❦♦♥❜❡r❣❡♥t③✐❛r❛❦♦✳ ❍♦ts✱
✭✺✳✶✵✮ ❜❡t❡ ❡③ ✐③❛♥ ❛rr❡♥✱ ❦♦♥❜❡r❣❡♥t❡❛❦ ✐③❛♥ ❞❛✐t❡③❦❡✳

✺✳✶✷✳ QR ❢❛❦t♦r✐③❛③✐♦❛

✺✳✶✷✳✶✳ ❍♦✉s❡❤♦❧❞❡r✲❡♥ ✐s❧❛♣❡♥❛❦

❍♦✉s❡❤♦❧❞❡r❡♥ ✐s❧❛♣❡♥❛❦ ♠❛tr✐③❡✲tr❛♥s❢♦r♠❛③✐♦❛❦ ❞✐r❛✱ ❡t❛ ③❡♥❜❛❦✐③❦♦ ❛❧❣♦r✐t♠♦ ♠♦❧❞❛❣❛rr✐
❡t❛ ❡r❛❣✐♥❦♦rr❡♥❡t❛r✐❦♦ ❜❛t③✉❡♥ ♦✐♥❛rr✐❛ ❞✐r❛✳ ❖s♦ t❡❦♥✐❦❛ ❡③❛❣✉♥❛ ❞❛ ♠❛tr✐③❡ ♦rt♦❣♦♥❛❧❡♥
s❡❣✐❞❛ ❜❛t ❡r❛✐❦✐t③❡❦♦✱ AAA ♠❛tr✐③❡ ❜❛t❡♥ ❞✐❛❣♦♥❛❧❛r❡♥ ♣❡❛♥ ❞❛✉❞❡♥ ❣❛✐❛❦ ③❡r♦ ❜✐❤✉rt③❡❦♦
♠♦❞✉❛♥✳ ❇❡r❛③✱ AAA ❦❛rr❛t✉❛ ❜❛❞❛✱ ❍♦✉s❡❤♦❧❞❡r❡♥ tr❛♥s❢♦r♠❛③✐♦❡♥ ❜✐❞❡③✱ ♠❛tr✐③❡ tr✐❛♥❣❡❧✉❛r
❜❛t ❡r❡ ❧♦r ❞❡③❛❦❡❣✉✳

✺✳✹✳ ❉❡✜♥✐③✐♦❛✳ ❊❞♦③❡✐♥ uuu 6= 000 ❜❡❦t♦r❡ ❜❛t✐ ❞❛❣♦❦✐♦♥ Householder✲en islapenaHouseholder✲en islapenaHouseholder✲en islapena ✭❡❞♦
Householder✲en transformazioaHouseholder✲en transformazioaHouseholder✲en transformazioa ❡❞♦ Householder✲en matrizeaHouseholder✲en matrizeaHouseholder✲en matrizea✮ ✐t①✉r❛ ❤♦♥❡t❛❦♦ ♠❛tr✐③❡❛
❞❛✿

HHH = 1l− ρuuuuuut, ♥♦♥ ρ =
2

‖uuu‖22
, ✭✺✳✸✹✮

♥♦♥ uuu ❜❡❦t♦r❡❛r✐ Householder✲en bektoreaHouseholder✲en bektoreaHouseholder✲en bektorea ❜❛✐t❡r✐t③♦❣✉✳

HHH ♠❛tr✐③❡❛❦ s✐♠❡tr✐❦♦❛❦ ✭HHH =HHH t✮ ❡t❛ ♦rt♦❣♦♥❛❧❛❦ ✭HHH−1 =HHH t✮ ❞✐r❛ ✭❡❣✐❛③t❛t✉✮✳ ❖❤❛rt✉
HHH ♠❛tr✐③❡❛ uuu ❜❡❦t♦r❡❛r❡♥ ♠❡♥♣❡ ❜❛❦❛rr✐❦ ❞❛❣♦❡❧❛✳

✶✷✹



✺✳✶✷✳ QR ❢❛❦t♦r✐③❛③✐♦❛ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✷✺

✺✳✶✳ ✐r✉❞✐❛✳ ❍♦✉s❡❤♦❧❞❡r❡♥ ✐s❧❛♣❡♥❛✳

Pr❛❦t✐❦❛♥✱ HHH ❡③ ❞❛ ✐♥♦✐③ ❡r❛t③❡♥✳ ■③❛♥ ❡r❡✱ HHH✲r❡♥ ❛♣❧✐❦❛③✐♦❛ xxx ❜❡❦t♦r❡ ❜❛t❡♥ ❣❛✐♥❡❛♥
❡❣✐t❡♥ ❞✉❣✉♥❡❛♥✱ ❤❛✉ ❞✉❣✉✿

HHHxxx = (1l− ρuuuuuut)xxx = xxx− ρuuu(uuutxxx)

❡t❛✱ ♦♥❞♦r✐♦③✱ ❤♦♥❡❧❛ ❦❛❧❦✉❧❛t③❡♥ ❞❛ HHHxxx✿

t = ρuuutxxx
HHHxxx = xxx− tuuu.

✭✺✳✸✺✮

●❡♦♠❡tr✐❦♦❦✐✱ xxx ❜❡❦t♦r❡❛ uuu ❣❛✐♥❡❛♥ ♣r♦✐❡❦t❛t③❡♥ ❞❛ ❡t❛✱ ❣❡r♦✱ xxx✲t✐❦ ❜✐ ❜✐❞❡r ♣r♦✐❡❦③✐♦
❤♦r✐ ❦❡♥t③❡♥ ❞❛✱ ③❡r❡♥✿

tuuu = ρ(uuutxxx)uuu = 2

(
uuutxxx

‖uuu‖2

)
uuu

‖uuu‖2
.

✺✳✶✳ ✐r✉❞✐❛❦ ❡r❛❦✉st❡♥ ❞✐t✉ uuu ❜❡❦t♦r❡ ❜❛t ❡t❛ ❜❡r❡ ❛③♣✐❡s♣❛③✐♦ ♦rt♦❣♦♥❛❧❛ ✭✐r✉❞✐❛♥✱ ❧❡✲
rr♦③✉③❡♥ ❜❛t✮✿ uuu⊥✳ ❍❛r❦ xxx ❡t❛ yyy ❡t❛ ❜❡r❡♥ ✐r✉❞✐❛❦✱HHHxxx ❡t❛HHHyyy✱ ❡r❛❦✉st❡♥ ❞✐t✉✳ HHH ♠❛tr✐③❡❛❦
❡❞♦③❡✐♥ ❜❡❦t♦r❡ ❜❡r❡ ✐s❧❛♣❡♥ ❜✐❤✉rt③❡♥ ❞✉ uuu⊥ ❧❡rr♦❛r❡❦✐❦♦✳ ❊❞♦③❡✐♥ xxx ❜❡❦t♦r❡t❛r❛❦♦✱ ❜❡❦t♦r❡
❤♦♥❡❦ ❡♠❛t❡♥ ❞✐❣✉ xxx✲r❡♥ ❡t❛ HHHxxx✲r❡♥ ❛rt❡❦♦ ❡r❞✐❣✉♥❡❛✿

xxx− (t/2)uuu

❡t❛ uuu⊥ ❧❡rr♦❛♥ ✭❛③♣✐❡s♣❛③✐♦❛♥✮ ❞❛❣♦✳ ❊s♣❛③✐♦❛❦ ❜✐ ❞✐♠❡♥ts✐♦ ❜❛✐♥♦ ❣❡❤✐❛❣♦ ❞✐t✉❡♥❡❛♥✱ ❛③♣✐❡s✲
♣❛③✐♦ ❤♦r✐ uuu ❜❡❦t♦r❡❛r❡❦✐❦♦ ♣❧❛♥♦ ♣❡r♣❡♥❞✐❦✉❧❛rr❛ ✭❡❞♦ ❤✐♣❡r♣❧❛♥♦ ♦rt♦❣♦♥❛❧❛✮ ✐③❛♥❣♦ ❞❛✳

✶✷✺



✶✷✻ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

■r✉❞✐❛❦ ❡r❛❦✉st❡♥ ❞✉✱ ❜❛✐t❛ ❡r❡✱ ③❡r ❣❡rt❛t③❡♥ ❞❡♥ uuu ❜❡❦t♦r❡❛❦ xxx✲❦ ❡t❛ ❛r❞❛t③ ❜❛t❡❦
♦s❛t✉t❛❦♦ ❛♥❣❡❧✉❛ ❡r❞✐❜✐t③❡♥ ❞✉❡♥❡❛♥✳ ❖r❞✉❛♥✱ HHHxxx ❛r❞❛t③ ❤♦rr❡♥ ❣❛✐♥❡❛♥ ❞❛❣♦✳ ❆❧❡❣✐❛✱
HHHxxx✲r❡♥ ♦s❛❣❛✐ ❣✉③t✐❛❦ ③❡r♦ ❞✐r❛✱ ❜❛t ✐③❛♥ ❡③✐❦✳ ●❛✐♥❡r❛✱ HHH ♦rt♦❣♦♥❛❧❛ ❞❡♥❡③✱ ❜❡❦t♦r❡❛r❡♥
❧✉③❡r❛ ❣♦r❞❡t③❡♥ ❞✉✱ ③❡r❡♥✿

‖HHHxxx‖22 = (HHHxxx)t(HHHxxx) = xxxtHHH tHHHxxx = xxxtxxx = ‖xxx‖22 ⇒ ‖HHHxxx‖2 = ‖xxx‖2. ✭✺✳✸✻✮

❖♥❞♦r✐♦③✱ HHHxxx ❜❡❦t♦r❡❛r❡♥ ③❡r♦ ❡③ ❞❡♥ ♦s❛❣❛✐ ❜❛❦❛rr❛r❡♥ ❜❛❧✐♦❛ ±‖xxx‖2 ❞❛✳

❖r❞✉❛♥✱ xxx ❜❡❦t♦r❡ ❜❛t❡r❛❦♦ HHHxxx✲r❡♥ k✲❣❛rr❡♥ ♦s❛❣❛✐❛ ✐③❛♥ ❡③✐❦ ❜❡st❡ ❣✉③t✐❛❦ ③❡r♦ ❜✐✲
❤✉rt③❡❦♦✱ xxx ❜❡❦t♦r❡❛r❡♥ ❧✉③❡r❛ ❣♦r❞❡③✱ ❤♦♥❡❧❛❦♦ HHH ❍♦✉s❡❤♦❧❞❡r❡♥ ♠❛tr✐③❡❛ ❡r❛✐❦✐ ❜❡❤❛r
❞✉❣✉✿

σ = ±‖xxx‖2, ✭✺✳✸✼✮

uuu = xxx+ σeeek, ✭✺✳✸✽✮

ρ = 2/‖uuu‖22 = 1/(σuk), ✭✺✳✸✾✮

HHH = 1l− ρuuuuuut. ✭✺✳✹✵✮

♥♦♥ eeek ♦✐♥❛rr✐ ❦❛♥♦♥✐❦♦❛r❡♥ k✲❣❛rr❡♥ ❜❡❦t♦r❡❛ ❜❛✐t❛✳ ❇✐r✐❜✐❧t③❡✲❡rr♦r❡❛r❡♥ ❛✉rr❡❛♥ ❡t❛ ✭✺✳✸✽✮
❜❡r❞✐♥t③❛ ❦♦♥t✉❛♥ ❤❛rt✉③✱ ❤♦❜❡ ❞❛ σ✲r❡♥ ③❡✐♥✉❛ xk✲r❡♥❛r❡♥ ❜❡r❞✐♥❛ ❤❛rt③❡❛❀ ❤❛✉ ❞❛✱ σ =
③❡✐♥✉(xxxk)‖xxx‖2✳

✭✺✳✸✾✮ ❜❡r❞✐♥t③❛♥✱ ♦❤❛rt✉ ❤❛✉ ❜❡t❡t③❡♥ ❞❡❧❛✿

‖uuu‖22 = uuutuuu = (xxx+ σeeek)
t(xxx+ σeeek)

= xxxtxxx+ σ2eeetkeeek + σxxxteeek + σeeetkxxx
= ‖xxx‖22 + σ2 + 2σxk

= 2σ2 + 2σxk ❞✉❣✉ ✭✺✳✸✼✮ ❜✐❞❡③
= 2σ(xk + σ)
= 2σuk ❞✉❣✉ ✭✺✳✸✽✮ ❡r❛❜✐❧✐③✱

♥♦♥ uk ③❡♥❜❛❦✐❛ uuu ❜❡❦t♦r❡❛r❡♥ k✲❣❛rr❡♥ ♦s❛❣❛✐❛ ❜❛✐t❛✳

❆③❦❡♥✐❦✱ ✭✺✳✸✺✮ ❡t❛ ✭✺✳✸✽✮ ❜❡r❞✐♥t③❛❦ ❦♦♥t✉❛♥ ❤❛rt✉③✱ ❤❛✉ ❧♦rt③❡♥ ❞❛✿

HHHxxx = xxx− ρ(uuutxxx)uuu

= xxx− 2
xxxtxxx+ σxxxteeek

‖uuu‖22
uuu

= xxx− 2
σ2 + σxk

2σuk

uuu

= xxx− uuu
= −σeeek

✭✺✳✹✶✮

✶✷✻



✺✳✶✷✳ QR ❢❛❦t♦r✐③❛③✐♦❛ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✷✼

✺✳✶✷✳✷✳ QR ❢❛❦t♦r✐③❛③✐♦❛

AAA ♠❛tr✐③❡ ❦❛rr❛t✉ ❡③✲s✐♥❣✉❧❛rr❛

❉❡♠❛❣✉♥ AAA ∈ IRn×n ♠❛tr✐③❡❛ ❡③ ❞❡❧❛ s✐♥❣✉❧❛rr❛❀ ♦r❞✉❛♥✱ ❛✉rr❡❦♦ ❛t❛❧❛r❡♥ ❛r❛❜❡r❛✱ n − 1
❍♦✉s❡❤♦❧❞❡r❡♥ ♠❛tr✐③❡❛❦ ❡r❛✐❦✐ ❞✐t③❛❦❡❣✉ ❤❛✉ ❜❡t❡ ❞❛❞✐♥✿

HHHn−1 . . .HHH2HHH1AAA = RRR, ✭✺✳✹✷✮

♥♦♥ RRR ∈ IRn×n ♠❛tr✐③❡❛ ❣♦✐✲tr✐❛♥❣❡❧✉❛rr❛ ❜❛✐t❛✳

Pr♦③❡s✉ ❤♦♥❡♥ ❧❡❤❡♥❡♥❣♦ ✉rr❛ts❛ HHH1 ♠❛tr✐③❡❛ ❡r❛✐❦✐t③❡❛ ❞❛✱ AAA✲r❡♥ ❧❡❤❡♥❡♥❣♦ ③✉t❛❜❡❛✱
aaa1✱ eee1✲❡♥ ♠✉❧t✐♣❧♦ ❜✐❤✉rt③❡❦♦ ✭eee1 ♦✐♥❛rr✐ ❦❛♥♦♥✐❦♦❛r❡♥ ❧❡❤❡♥❡♥❣♦ ❜❡❦t♦r❡❛ ❞❛✮✱ ③✉t❛❜❡❛r❡♥
♥♦r♠❛ ❡✉❦❧✐❞❡❛rr❛ ❣♦r❞❡③✳ ❆❧❡❣✐❛✱ ✷✳ ❣❛✐t✐❦ n✳ ❣❛✐r❛ ❞❛✉❞❡♥ ❣❛✐❛❦ ③❡r♦ ❜✐❤✉rt✉③✳ ❖r❞✉❛♥✱
✭✺✳✹✶✮ ❦♦♥t✉❛♥ ❤❛rt✉③✱ ③❡r❛ ❧♦rt③❡♥ ❞❛✿

HHH1aaa1 = (1l− ρ1uuu1uuu
t
1)aaa1 = −σ1eee1 =




r11
0
✳✳✳
0


 , ✭✺✳✹✸✮

♥♦♥ r11 = −σ1 ❡t❛ σ1 = zeinu(a11)‖aaa1‖2 ✭❜✐r✐❜✐❧t③❡✲❡rr♦r❡❛❦ s❛✐❤❡st❡❦♦✮✳ ❆✉rr❡❦♦ ❛t❛❧❛❣❛t✐❦✱
❜❛❞❛❦✐❣✉ uuu1 = aaa1 + σ1eee1 ❤❛rt✉ ❜❡❤❛r ❞✉❣✉❧❛✳ ❇❡r❛③✱ ❍♦✉s❡❤♦❧❞❡r❡♥ ❧❡❤❡♥❡♥❣♦ ❜❡❦t♦r❡❛ ❤❛✉
✐③❛♥❣♦ ❞❛✿

uuu1 =




a11 + σ1

a21
✳✳✳

an1


 ✭✺✳✹✹✮

❇❡❦t♦r❡ ❤♦rr❡❦✐♥✱ AAA ♠❛tr✐③❡❛♥ HHH1 ❛♣❧✐❦❛t✉③✱ ③❡r❛ ❞✉❣✉✿

AAA(2) =HHH1AAA =




r11 a
(2)
12 . . . a

(2)
1n

0 a
(2)
22 . . . a

(2)
2n

✳✳✳
✳✳✳

✳✳✳
0 a

(2)
n2 . . . a(2)nn




✭✺✳✹✺✮

♥♦♥ AAA ♠❛tr✐③❡❛r❡♥ ❣❛✐ ❣✉③t✐❛❦ ❛❧❞❛t✉ ❜❛✐t✐r❛✳ ❍♦r✐ ❡③ ❞❛ ❣❡rt❛t③❡♥ ❡③❛❜❛t③❡ ❣❛✉ss✐❛rr❡❛♥❀
♠❡t♦❞♦ ❤♦rr❡t❛♥✱ ❧❡❤❡♥❡♥❣♦ ❧❡rr♦❛ ❡③ ❞❛ ❛❧❞❛t③❡♥✳ ●❛✐♥❡r❛❦♦ ♠❛tr✐③❡❛✱ ÃAA2✱ ❧❡❤❡♥❡♥❣♦ ❧❡rr♦❛
❡t❛ ❧❡❤❡♥❡♥❣♦ ③✉t❛❜❡❛ ❦❡♥❞✉③ ❣❡r❛t③❡♥ ❞❡♥ (n− 1)× (n− 1) ♠❛tr✐③❡❛ ❞❛✳

✺✳✹✳ ❛❞✐❜✐❞❡❛✳ ❊❣✐♥ ❞❡③❛❣✉♥ ❍♦✉s❡❤♦❧❞❡r❡♥ ❡③❛❜❛t③❡❛r❡♥ ❧❡❤❡♥❡♥❣♦ ✉rr❛ts❛ ♠❛tr✐③❡ ❤♦♥❡✲
t❛r❛❦♦✿

AAA =



1 1 2
2 3 1
3 −1 −1


 .

✶✷✼



✶✷✽ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❊❜❛③♣❡♥❛✳ ✭✺✳✸✼✮ ❡t❛ ✭✺✳✹✸✮ ❛♣❧✐❦❛t✉③✱ ❤❛✉ ❞✉❣✉✿

‖aaa1‖2 =
√
14 = 3.742, σ1 = ③❡✐♥✉(+1)3.742 = +3.742, r11 = −3.742

❡t❛ ✭✺✳✹✹✮ ✲r❡♥ ❜✐t❛rt❡③

uuu1 =



1 + 3.742

2
3


 =



4.742
2
3


 .

HHH1 ❡t❛ AAA(2) ❦❛❧❦✉❧❛t③❡❦♦✱ ✭✺✳✸✾✮ ✲ ✭✺✳✹✵✮ ❡t❛ ✭✺✳✹✺✮ ❡r❛❜✐❧✐③✱ ❤✉rr❡♥❡③ ❤✉rr❡♥✱ ❡♠❛✐t③❛
❤❛✉❡❦ ❞✐t✉❣✉✿

ρ1 = 1/(3.742 · 4.742) = 0.05637

❡t❛

HHH1 = 1l− ρ1uuu1uuu
t
1 =



−0.2673 −0.5345 −0.8018
−0.5345 0.7745 −0.3382
−0.8018 −0.3382 0.4927


 ,

AAA(2) =HHH1AAA =



−3.742 −1.069 −0.2673

0 2.127 0.04368
0 −2.309 −2.434


 ,

♥♦♥ ③❡♥❜❛❦✐ ❣✉③t✐❛❦ ❧❛✉ ③✐❢r❛ ❡s❛♥❣❛rr✐❡t❛r❛ ❜✐r✐❜✐❧❞✉ ❜❛✐t✐t✉❣✉✳ ✷

❇✐❣❛rr❡♥ ❍♦✉s❡❤♦❧❞❡r❡♥ tr❛♥s❢♦r♠❛③✐♦❛r❡♥ ❡r❛✐❦✉♥t③❛♥✱ ❤❡❧❜✉r✉❛ ❞❛ ÃAA2✲r❡♥ ❧❡❤❡♥❡♥❣♦
③✉t❛❜❡❛ ❡❣♦❦✐r♦ ❡r❛❧❞❛t③❡❛✱ ÃAA2✲r❡♥ ❧❡❤❡♥❡♥❣♦ ❧❡rr♦❛ ❡t❛ ❧❡❤❡♥❡♥❣♦ ③✉t❛❜❡❛ ❛❧❞❛t✉ ❜❛r✐❦✳ ❍♦r✐
❧♦rt③❡❦♦✱ ♥❛❤✐❦♦❛ ❞❛ uuu2✲r❡♥ ❧❡❤❡♥❡♥❣♦ ❣❛✐❛ ③❡r♦ ❤❛rt③❡❛✱ ✐❦✉s ✭✺✳✸✺✮ ✲r❡♥ ❜✐❣❛rr❡♥ ❜❡r❞✐♥t③❛✳
❆✉❦❡r❛ ❤♦rr❡❦✐♥✱ HHH2✲r❡♥ ❛♣❧✐❦❛③✐♦❛❦ ❜❡❦t♦r❡ ♦r♦❦♦r ❜❛t✐ ❡③ ❞✐♦ ❛❧❞❛t③❡♥ ❧❡❤❡♥❡♥❣♦ ♦s❛❣❛✐❛✱
❡t❛ HHH2✲r❡♥ ❛♣❧✐❦❛③✐♦❛❦ ❜❡r❞✐♥ ✉③t❡♥ ❞✐♦ eee1✲❡♥ ❡❞♦③❡✐♥ ♠✉❧t✐♣❧♦r✐✳

❆✉rr❡❦♦ ❛❞✐❜✐❞❡r❛ ✐t③✉❧✐③✱

ÃAA2 =
[
2.127 0.04368
−2.309 −2.434

]
.

❖r❛✐♥✱ ãaa2 ❧❡❤❡♥❡♥❣♦ ③✉t❛❜❡❛ ❞❛ ❡t❛

‖ãaa2‖ = 3.139, σ2 = ③❡✐♥✉(+2.127)3.139 = +3.139, r22 = −3.139,

❣❛✐♥❡r❛✱ ✭✺✳✸✽✮ ❡r❛❜✐❧✐③✿

uuu2 =




0
2.127 + 3.139

−2.309


 =




0
5.266
−2.309


 .

HHH2 ❡t❛ AAA(3) ❦❛❧❦✉❧❛t③❡❦♦✱ ✭✺✳✸✾✮ ✲ ✭✺✳✹✵✮ ❡t❛ ✭✺✳✹✺✮ ❡r❛❜✐❧✐③✱ ❤✉rr❡♥❡③ ❤✉rr❡♥✱ ❡♠❛✐t③❛
❤❛✉❡❦ ❞✐t✉❣✉✿

ρ2 = 1/(3.139 · 5.266) = 0.06050

✶✷✽



✺✳✶✷✳ QR ❢❛❦t♦r✐③❛③✐♦❛ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✷✾

❡t❛

HHH2 = 1l−ρ2uuu2uuu
t
2 =



1 0 0
0 −0.678 0.7357
0 0.7357 0.6775


 , AAA(3) =HHH2AAA

(2) =



−3.742 −1.069 −0.2673

0 −3.139 −1.820
0 0 −1.617


 .

❖♥❞♦r✐♦③✱ ❤❛✉ ❧♦rt✉ ❞✉❣✉✿
HHH2HHH1AAA = RRR

♥♦♥ RRR = AAA(3) ∈ IR3×3 ♠❛tr✐③❡ ❣♦✐✲tr✐❛♥❣❡❧✉❛rr❛ ❜❛✐t❛✳ ✷

❇❛❧❞✐♥ AAA ∈ IRn×n ❡③ ❜❛❞❛ s✐♥❣✉❧❛rr❛✱ ❍♦✉s❡❤♦❧❞❡r❡♥ ❡③❛❜❛♣❡♥❛r❡♥ n − 1 ✉rr❛ts ❡❣✐♥
❞✐t③❛❦❡❣✉✱ ❡t❛ ÃAAi ❣❛✐♥❡r❛❦♦ ♠❛tr✐③❡❛r❡♥ ãaai ❧❡❤❡♥❡♥❣♦ ③✉t❛❜❡❛ ❡③ ❞❛ ③❡r♦ ✐③❛♥❣♦ i✲❣❛rr❡♥
✉rr❛ts ❜❛❦♦✐t③❡❛♥✱ i = 1, . . . , n− 1 ✭ÃAA1 = AAA ❞❛✮❀ ❡t❛ ❛③❦❡♥ ③✉t❛❜❡❛♥ ❡③ ❞✐t✉❣✉ ③❡r♦❛❦ ❡❣✐♥
❜❡❤❛r✳ ❖r❞✉❛♥✱ ❤❛✉ ❞✉❣✉✿

HHHn−1 . . .HHH1AAA = RRR,

♥♦♥ RRR ∈ IRn×n ♠❛tr✐③❡ ❣♦✐✲tr✐❛♥❣❡❧✉❛rr❛ ❜❛✐t❛✳ ■③❛♥ ❜❡❞✐ QQQt ∈ IRn×n ♠❛tr✐③❡ ♦rt♦❣♦♥❛❧ ❤❛✉✿

QQQt =HHHn−1 . . .HHH1. ✭✺✳✹✻✮

❇❡r❛③✱
QQQ =HHH1 . . .HHHn−1. ✭✺✳✹✼✮

❖♥❞♦r❡♥❣♦ ❛❞✐❡r❛③♣❡♥ ❜❛❦♦✐t③❛r✐ AAA✲r❡♥ QR ❢❛❦t♦r✐③❛③✐♦ ❞❡r✐t③♦✿

QQQtAAA = RRR ❡❞♦ AAA = QQQRRR. ✭✺✳✹✽✮

Pr❛❦t✐❦❛♥✱ ❡③ ❞✉❣✉ QQQ ❦❛❧❦✉❧❛t✉ ❜❡❤❛r s✐st❡♠❛ ❜❛t ❡❜❛③t❡❦♦✱ ③❡r❡♥ QQQtvvv ♠❛tr✐③❡✲❜❡❦t♦r❡
❜✐❞❡r❦❡t❡t❛♥ ❜❛❦❛rr✐❦ ❛❣❡rt③❡♥ ❜❛✐t❛✳ ❇❡❦t♦r❡ ❤♦r✐ ❦❛❧❦✉❧❛ ❞❛✐t❡❦❡ ✭✺✳✹✻✮ ❛❞✐❡r❛③♣❡♥❡❦♦
HHHn−1✱ ✳ ✳ ✳ ✱ HHH1 ❍♦✉s❡❤♦❧❞❡r❡♥ ❜❛♥❛❦♦ tr❛♥s❢♦r♠❛③✐♦❛❦ ❛♣❧✐❦❛t✉③❀ ♠❛tr✐③❡ ❤♦r✐❡❦ ❡r❡ ❡③ ❞✐r❛
❡s♣❧✐③✐t✉❦✐ ❦❛❧❦✉❧❛t✉ ❜❡❤❛r✳

k✲❣❛rr❡♥ ❍♦✉s❡❤♦❧❞❡r❡♥ ♠❛tr✐③❡❛ ❛❞✐❡r❛③t❡❦♦✱ uuuk ❍♦✉s❡❤♦❧❞❡r❡♥ ❜❡❦t♦r❡❛r❡♥ n− (k− 1)
♦s❛❣❛✐ ❣♦r❞❡ ❜❡❤❛r ❞✐t✉❣✉ ❡t❛ ρk ❜❛❧✐♦❛✳ ◆❛❤✐③ ❡t❛ ρk ❦❛❧❦✉❧❛ ❞❡③❛❦❡❣✉♥ uuuk ❡r❛❜✐❧✐③✱ ❜❡r❡
❦❛❧❦✉❧✉r❛❦♦ ❡r❛❣✐❦❡t❛❦ ❡③ ❡rr❡♣✐❦❛t③❡❦♦✱ ❣♦r❞❡t③❡♥ ❞✉❣✉✳

❋❛❦t♦r✐③❛③✐♦❛ ❇✐❞❡r❦❡t❛❦✴❩❛t✐❦❡t❛❦ ❇❛t✉❦❡t❛❦✴❑❡♥❦❡t❛❦
AAA = PPPLLLUUU n3/3 n3/3
AAA = QQQRRR 2n3/3 2n3/3
AAA = RRRtRRR n3/6 n3/6

✺✳✸✳ t❛✉❧❛✳ ▼❛tr✐③❡✲❢❛❦t♦r✐③❛③✐♦❡♥ ❦♦st✉ ❛r✐t♠❡t✐❦♦❛

✺✳✸✳ t❛✉❧❛r❡♥ ❛r❛❜❡r❛✱ QR ❢❛❦t♦r✐③❛③✐♦❛❦ LU ❢❛❦t♦r✐③❛③✐♦❛r❡♥ ❡r❛❣✐❦❡t❡♥ ❜✐❦♦✐t③❛ ❡r❛✲
❜✐❧t③❡♥ ❞✉✱ ❤❛✉ ❞❛✱ ❧❛♥ ❜✐❦♦✐t③❛ ❡❣✐♥ ❜❡❤❛r ❞✉ ♠❛tr✐③❡ ❜❛t ❢❛❦t♦r✐③❛t③❡❦♦✳ ❍❛❧❛ ❡r❡✱ ❛s❦♦t❛♥✱
QR ❢❛❦t♦r✐③❛③✐♦❛ ❛✉❦❡r❛t③❡♥ ❞❛ ❜❡r❡ ③❡♥❜❛❦✐③❦♦ ❡❣♦♥❦♦rt❛s✉♥❛❣❛t✐❦✳ QQQ ♦rt♦❣♦♥❛❧❛ ❞❡♥❡③
κ2(RRR) = κ2(AAA)❀ ❤❛✉ ❞❛✱ QR ❢❛❦t♦r✐③❛③✐♦❛❦ ❡③ ❞✉ ♦❦❡rr❛❣♦t③❡♥ AAA✲r❡♥ ❜❛❧❞✐♥t③❛✳ ❋r♦❣❛t✉ ❤♦r✐
❛r✐❦❡t❛ ❣✐s❛✳

✶✷✾



✶✸✵ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

✺✳✶✷✳✸✳ ❙✐st❡♠❛ ❧✐♥❡❛❧ ❦❛rr❛t✉ ❞❡t❡r♠✐♥❛t✉ ❜❛t❡♥ ❡❜❛③♣❡♥❛

❇❡❤✐♥ AAA✲r❡♥ QR ❢❛❦t♦r✐③❛③✐♦❛ ❡③❛❣✉t✉ ❡t❛ ❣❡r♦✱ AAAXXX = bbb ❦❛❧❦✉❧❛ ❞❛✐t❡❦❡✱ ❤❛✉ ❦♦♥t✉❛♥
❤❛rt✉③✿

AAAXXX = QQQRRRxxx = bbb ⇒ RRRxxx = QQQtbbb ✭✺✳✹✾✮

❇❡r❛③✱ ❧❡❤❡♥❡♥❣♦ QQQtbbb ❦❛❧❦✉❧❛t③❡♥ ❞❛✱ ❡t❛✱ ❣❡r♦✱ ✭✺✳✹✾✮ s✐st❡♠❛ ❡❜❛③t❡♥ ❞✉❣✉✳

❆✉rr❡❦♦ ✺✳✹✳ ❛❞✐❜✐❞❡❛r✐ ❥❛rr❛✐t✉③✱ s✐st❡♠❛ ❤❛✉ ❞✉❣✉✿


1 1 2
2 3 1
3 −1 −1


xxx =



3
2
6




♦r❞✉❛♥✿

RRR =



−3.742 −1.069 −0.2673

0 −3.139 −1.820
0 0 −1.617


 , QQQtbbb =



−6.682
1.320
−1.617




✭❧❛✉ ③✐❢r❛ ❡s❛♥❣❛rr✐t❛r❛ ❜✐r✐❜✐❧❞✉❛✮✳ ❆t③❡r❛♥③❦♦ ❡❜❛③♣❡♥❛ ❡❣✐♥❡③✱ ✭✺✳✹✾✮ s✐st❡♠❛♥✱ xxx =
(2,−1, 1)t ❡♠❛✐t③❛ ❧♦rt③❡♥ ❞❛ ✭RRR ❡t❛ QQQtbbb✲r❡♥ ❜❡rts✐♦ ③❡❤❛t③❡❦✐♥✦✮✳ ✷

✺✳✶✸✳ ▼✐♥✐♠♦ ❦❛rr❛t✉ ❧✐♥❡❛❧❛❦✿ s✐st❡♠❛ ❣❛✐♥❞❡t❡r♠✐♥❛✲

t✉❛❦

❉❡♠❛❣✉♥m ❞❛t✉✲♣✉♥t✉ ❞❛✉③❦❛❣✉❧❛✱ (ti, yi)✱ f(xxx, t) ❢✉♥t③✐♦ ❜❛t❡❦✐♥✱ ❧✐♥❡❛❧❛ ❞❡♥❛ x1, x2, . . . , xn

♣❛r❛♠❡tr♦ ❛s❦❡❡❦✐❦♦✳ ❆❞✐❜✐❞❡③✱ ❞❡♠❛❣✉♥ (1, 2)✱ (2, 3) ❡t❛ (3, 5) ❤✐r✉ ❜✐❦♦t❡❡✐ f(xxx, t) =
x1t+ x2e

t ❢✉♥t③✐♦❛ ❡❣♦❦✐t✉ ♥❛❤✐ ❞✐❡❣✉❧❛ ✭✺✳✷✳ ✐r✉❞✐❛✮✳

❉♦✐❦✉♥t③❛ ③❡❤❛t③ ❜❛t ❧♦rt③❡❦♦✱ ❤♦ts✿

f(xxx, t1) = y1
f(xxx, t2) = y2
f(xxx, t3) = y3,

AAAxxx = bbb s✐st❡♠❛ ❜❡t❡ ❜❡❤❛r ❞✉✱ ♥♦♥✿

AAA =



1 e
2 e2

3 e3


 , xxx =

[
x1

x2

]
❡t❛ bbb =



2
3
5


 .

❙✐st❡♠❛ ❧✐♥❡❛❧ ❤❛✉ ❣❛✐♥❞❡t❡r♠✐♥❛t✉❛ ❞❡♥❡③ ✭m > n ③❡♥t③✉❛♥✮✱ ❡③✐♥ ❞✉❣✉ ❡❜❛t③✐ ❡③❛❣✉t③❡♥
❞✐t✉❣✉♥ ♠❡t♦❞♦❡③✳ ■③❛♥ ❡r❡✱ ❣✉❦ ❛✉❦❡r❛t✉❦♦ ❞✉❣✉ xxx ❜❡❦t♦r❡❛ AAAxxx − bbb ❤♦♥❞❛r✲❜❡❦t♦r❡❛r❡♥
♥❡✉rr✐r❡♥ ❜❛t ♠✐♥✐♠✐③❛t③❡❦♦✳ ■③❛♥ ❜❡❞✐ ❜✐✲♥♦r♠❛ ❛✉❦❡r❛t✉t❛❦♦ ♥❡✉rr✐❛✳ ❇❡r❛③✱ ♣r♦❜❧❡♠❛
❤❛✉ ❡❜❛t③✐ ❜❡❤❛r ❞✉❣✉✿

min
x∈IRn

‖AAAxxx− bbb‖2, ✭✺✳✺✵✮

✶✸✵



✺✳✶✸✳ ▼✐♥✐♠♦ ❦❛rr❛t✉ ❧✐♥❡❛❧❛❦✿ s✐st❡♠❛ ❣❛✐♥❞❡t❡r♠✐♥❛t✉❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✸✶

✺✳✷✳ ✐r✉❞✐❛✳ ▼✐♥✐♠♦ ❦❛rr❛t✉ ❧✐♥❡❛❧❡♥ ❛❞✐❜✐❞❡❛✳

♥♦♥ AAA ∈ IRm×n✱ m ≥ n✱ bbb ∈ IRm✱ ❣✉r❡ ❛❞✐❜✐❞❡❛♥ m = 3 ❡t❛ n = 2✳

❆❞✐❜✐❞❡❛r❡♥ s♦❧✉③✐♦❛ ❦❛❧❦✉❧❛t③❡❛ ❡t❛ ✏(2, 3, 5)t ❜❡❦t♦r❡t✐❦ (1, 2, 3)t ❡t❛ (e, e2, e3)t ❜❡❦✲
t♦r❡❡♥ ❦♦♥❜✐♥❛③✐♦ ❧✐♥❡❛❧ ❤✉r❜✐❧❡♥❛ ❛✉r❦✐t③❡❛ ✭❜✐✲♥♦r♠❛♥✮✑✱ ♣r♦❜❧❡♠❛ ❜❛❧✐♦❦✐❞❡❛❦ ❞✐r❛✳ ❖r♦❦♦✲
rr❡❛♥✱ ✭✺✳✺✵✮ ♣r♦❜❧❡♠❛ ❡❜❛③t❡❛ ❤♦♥❡❧❛ ✉❧❡r ❞❛✐t❡❦❡✿ ✏❆✉r❦✐t✉ bbb✲t✐❦ AAA ③✉t❛❜❡❡♥ ❦♦♥❜✐♥❛③✐♦
❧✐♥❡❛❧ ❤✉r❜✐❧❡♥❛ ❜✐✲♥♦r♠❛♥✑✳ ●❡♦♠❡tr✐❦♦❦✐✱ ❤♦rr❡❦ ❡s❛♥ ♥❛❤✐ ❞✉ bbb ❜❡❦t♦r❡t✐❦ AAA✲r❡♥ ③✉t❛❜❡❡❦
s♦rt✉t❛❦♦ K(AAA) ❛③♣✐❡s♣❛③✐♦❦♦ n ❞✐♠❡♥ts✐♦❦♦ ❜❡❦t♦r❡ ❤✉r❜✐❧❡♥❛ ✭♥♦r♠❛ ❡✉❦❧✐❞❡❛rr❡❛♥✮ ❛✉r✲
❦✐t③❡❛✱ ✐❦✉s ✺✳✸✳ ✐r✉❞✐❛✳ ■③❛♥ ❜✐t❡③ aaa1, . . . , aaam ∈ IRn ❜❡❦t♦r❡❛❦ AAA ♠❛tr✐③❡❦♦ m ③✉t❛❜❡❛❦✳

✺✳✸✳ ✐r✉❞✐❛✳ ▼✐♥✐♠♦ ❦❛rr❛t✉ ❧✐♥❡❛❧❡♥ s♦❧✉③✐♦❛✳

❇❛❞❛❦✐❣✉ bbb✲t✐❦ K(AAA) ❛③♣✐❡s♣❛③✐♦❦♦ ❜❡❦t♦r❡ ❤✉r❜✐❧❡♥❛ AAAxxx∗ ∈ K(AAA) ✐③❛♥❣♦ ❞❡❧❛❀ ✐③❛♥ ❡r❡✱
AAAxxx∗ − bbb ♣❡r♣❡♥❞✐❦✉❛❧❛rr❛ ❞❛ K(AAA) ❛③♣✐❡s♣❛③✐♦❛r❡❦✐♥✳ ❇❡r❛③✱ x∗✲❦ ❤❛✉ ❜❡t❡ ❜❡❤❛r ❞✉✿

aaati(AAAxxx
∗ − bbb) = 0, i = 1, . . . , n,

❡❞♦ ❜❛❧✐♦❦✐❞❡❦✐✱
AAAt(AAAxxx∗ − bbb) = 000

✶✸✶



✶✸✷ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❇✐st❛♥ ❞❛❣♦ AAAxxx∗ ❜❛❦❛rr❛ ❞❡❧❛✱ ❡t❛ AAA✲r❡♥ ③✉t❛❜❡❛❦ ❧✐♥❡❛❧❦✐ ❛s❦❡❛❦ ❜❛❞✐r❛✱ xxx∗ ❜❡❦t♦r❡❛ ❡r❡
❜❛❦❛rr❛ ❞❡❧❛✳ ❖♥❞♦r✐♦③✱ xxx∗ ❡❦✉❛③✐♦ s✐st❡♠❛ ❤♦♥❡♥ s♦❧✉③✐♦❛ ❞❛✿

(AAAtAAA)xxx∗ = AAAtbbb,

s✐♥❣✉❧❛rr❛ ❡③ ❞❡❧❛✳

■♥❢♦r♠❛③✐♦ ❤♦r✐ ❤✉rr❡♥❣♦ t❡♦r❡♠❛♥ ❧❛❜✉rt③❡♥ ❞❛✳

✺✳✼✳ t❡♦r❡♠❛✳ ■③❛♥ ❜✐t❡③ m ≥ n > 0✱ AAA ∈ IRm×n✱ bbb ∈ IRm✳ ❖r❞✉❛♥✱ ✭✺✳✺✵✮ ♠✐♥✐♠♦
❦❛rr❛t✉❡♥ ♣r♦❜❧❡♠❛r❡♥ s♦❧✉③✐♦❛ {xxx∗ | AAAt(AAAxxx∗ − bbb) = 000} ♣✉♥t✉❡♥ ♠✉❧t③♦❛ ❞❛✳

❇❛❧❞✐♥ AAA✲r❡♥ ③✉t❛❜❡❛❦ ❧✐♥❡❛❧❦✐ ❛s❦❡❛❦ ❜❛❞✐r❛✱ x∗ s♦❧✉③✐♦ ❜❛❦❛rr❛ ❞❛✱ AAAtAAA ❡③ ❞❛ s✐♥❣✉❧❛rr❛
❡t❛ x∗ = (AAAtAAA)−1AAAtbbb✳

❋r♦❣❛♥t③❛✳ ❉❡✜♥✐ ❞❡③❛❣✉♥ f(xxx) ❢✉♥t③✐♦ ❤❛✉✿

f(xxx) = ‖AAAxxx− bbb‖22 = (AAAxxx− bbb)t(AAAxxx− bbb)
= (AAAxxx)t(AAAxxx)− (AAAxxx)tbbb− bbbt(AAAxxx) + bbbtbbb
= xxxtAAAtAAAxxx− 2xxxtAAAtbbb+ bbbtbbb.

❖r❞✉❛♥✱ min ‖AAAxxx− bbb‖2 = min f(xxx) ❡t❛ s♦❧✉③✐♦❛❦ ∇f(xxx∗) = 000 ❜❡t❡ ❜❡❤❛r ❞✉✱ ❛❧❡❣✐❛✿

∇f(xxx∗) = 2AAAtAAAxxx∗ − 2AAAtbbb = 000,

♦♥❞♦r✐♦③✱ xxx∗ s♦❧✉③✐♦❛❦ ❜❡r❞✐♥t③❛ ❤❛✉ ❜❡t❡ ❜❡❤❛r ❞✉✿

AAAt(AAAxxx∗ − bbb) = 000. ✭✺✳✺✶✮

❡t❛ AAAtAAA ❡r❞✐❞❡✜♥✐t✉ ♣♦s✐t✐❜♦❛ ❞❡♥❡③✱ f(xxx) ❢✉♥t③✐♦ ❦♦♥❜❡①✉❛ ❞❛ ❡t❛✱ ♦♥❞♦r✐♦③✱ xxx∗ ♠✐♥✐✲
♠✐③❛t③❛✐❧❡ ❜❛t ❞❛✳ ❇❡r❛③✱ t❡♦r❡♠❛r❡♥ ❧❡❤❡♥❡♥❣♦ ❛t❛❧❛ ❢r♦❣❛t✉t❛ ❞❛❣♦✳ ❇✐❣❛rr❡♥❡❛♥✱ AAA✲r❡♥
③✉t❛❜❡❛❦ ❧✐♥❡❛❧❦✐ ❛s❦❡❛❦ ❞✐r❡♥❡③✱ AAAtAAA ❡③ ❞❛ s✐♥❣✉❧❛rr❛ ❡t❛ ♦r❞✉❛♥ xxx∗ ♠✐♥✐♠✐③❛t③❛✐❧❡ ❜❛❦❛rr❛
❞❛✳ ✷

❇❡rr♦r❞❡♥❛t✉③ ✭✺✳✺✶✮✱ ❡❦✉❛③✐♦ ❤❛✉❡❦ ❧♦rt③❡♥ ❞✐r❛✿

(AAAtAAA)xxx∗ = AAAtbbb, ✭✺✳✺✷✮

❡❦✉❛③✐♦ ♥♦r♠❛❧❛❦ ❞❡r✐t③❡♥❛❦✳ ❊❦✉❛③✐♦ ♥♦r♠❛❧❡♥ ♠❛tr✐③❡❛✱ AAAtAAA✱ ❡❞♦③❡✐♥ AAA✲t❛r❛❦♦ ♠❛tr✐③❡
s✐♠❡tr✐❦♦❛ ❡t❛ ❡r❞✐❞❡✜♥✐t✉ ♣♦s✐t✐❜♦❛ ❞❛✱ ❡t❛ ❞❡✜♥✐t✉ ♣♦s✐t✐❜♦❛ ❞❛ ❜❛❧❞✐♥ ❡t❛ s♦✐❧✐❦ ❜❛❧❞✐♥
AAA ♠❛tr✐③❡❛r❡♥ ③✉t❛❜❡❛❦ ❧✐♥❡❛❧❦✐ ❛s❦❡❛❦ ❜❛❞✐r❛✱ ❤♦ts✱ AAA ♠❛tr✐③❡❛ ③✉t❛❜❡ ❤❡✐♥ ❜❡t❡❦♦❛ ❜❛❞❛✳
❇❡st❛❧❞❡✱ ❡❦✉❛③✐♦ ♥♦r♠❛❧❛❦ ❜❡t✐ ❞✐r❛ ❜❛t❡r❛❣❛rr✐❛❦✱ AAAtAAA s✐♥❣✉❧❛rr❛ ✐③❛♥ ❛rr❡♥✳

❊❦✉❛③✐♦ ♥♦r♠❛❧❡❦ ❣❛rr❛♥t③✐ ♣r❛❦t✐❦♦ ❤❛♥❞✐❛ ❞✉t❡✱ ❤❛✐❡❦ ❜✐❞❡ ③✉③❡♥ ❜❛t ❡♠❛t❡♥ ❜❛✐t✉t❡
♠✐♥✐♠♦ ❦❛rr❛t✉❡♥ s♦❧✉③✐♦❛ ❦❛❧❦✉❧❛t③❡❦♦✳ AAAtAAA ❞❡✜♥✐t✉ ♣♦s✐t✐❜♦❛ ❞❡♥❡❛♥ ✭AAA ❤❡✐♥ ❜❡t❡❦♦❛ ❞❡✲
♥❡❛♥✮✱ ❡❦✉❛③✐♦ ♥♦r♠❛❧❡❦ s♦❧✉③✐♦ ❜❛❦❛r ❜❛t ❞✉t❡✳ ❑❛s✉ ❤♦rr❡t❛♥✱ ♠✐♥✐♠♦ ❦❛rr❛t✉❡♥ ♣r♦❜❧❡♠❛
❡❜❛t③ ❞❡③❛❦❡❣✉ ❤♦♥❛❦♦ ❛❧❣♦r✐t♠♦ ❤♦♥❡❦✐♥✳

✶✸✷



✺✳✶✸✳ ▼✐♥✐♠♦ ❦❛rr❛t✉ ❧✐♥❡❛❧❛❦✿ s✐st❡♠❛ ❣❛✐♥❞❡t❡r♠✐♥❛t✉❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✸✸

✺✳✶✳ ❛❧❣♦r✐t♠♦❛✳ ❍❡✐♥ ❜❡t❡❦♦ ♠✐♥✐♠♦ ❦❛rr❛t✉ ❧✐♥❡❛❧❡♥ ♣r♦❜❧❡♠❛r❡♥ ❡❜❛③♣❡♥❛✱
❡❦✉❛③✐♦ ♥♦r♠❛❧❡♥ ❜✐t❛rt❡③✳

✵ ✉rr❛ts❛✳ ❙❆❘❘❊❘❆✳ ❙❛rt✉✿ AAA ❡t❛ bbb✳

✶ ✉rr❛ts❛✳ ❊r❛t✉ ❡❦✉❛③✐♦ ♥♦r♠❛❧❡♥ ♠❛tr✐③❡❛✿ AAAtAAA ❡t❛ AAAtbbb ❜❡❦t♦r❡❛✳

✷ ✉rr❛ts❛✳ ❑❛❧❦✉❧❛ ❡③❛③✉ ❈❤♦❧❡s❦②r❡♥ ❢❛❦t♦r✐③❛③✐♦❛✿ AAAtAAA = RRRtRRR✱ ♥♦♥ RRR ❣♦✐✲tr✐❛♥❣❡❧✉❛rr❛
❜❛✐t❛✳

✸ ✉rr❛ts❛✳ ❊❜❛t③✐ RRRtyyy = AAAtbbb ❛✉rr❡r❛♥③❦♦ ♦r❞❡③❦❛♣❡♥❛③❀ ❣❡r♦✱ ❡❜❛t③✐ RRRxxx = yyy ❛t③❡r❛♥③❦♦
♦r❞❡③❦❛♣❡♥❛③✳

✹ ✉rr❛ts❛✳ ■❘❚❊❊❘❆✳ ❊♠❛✐t③❛❦✿ xxx✳

✺✳✺✳ ❛❞✐❜✐❞❡❛✳ ❊❜❛t③✐ AAAxxx = bbb s✐st❡♠❛ ❣❛✐♥❞❡t❡r♠✐♥❛t✉❛✱ ❤❛✉ ❜❛❞✉❣✉✿

AAA =



1 1
1 0
0 1


 ❡t❛ bbb =




1
0
−5


 .

❊❜❛③♣❡♥❛✳ AAA ♠❛tr✐③❡❛r❡♥ ③✉t❛❜❡❛❦ ❜❡❦t♦r❡ ❛s❦❡❛❦ ❞✐r❡♥❡③✱ AAA ❤❡✐♥ ❜❡t❡❦♦❛ ❞❛✳

AAAtAAA =
[
2 1
1 2

]
❡t❛ AAAtbbb =

[
1
−4

]
❡t❛ (AAAtAAA)xxx∗ = AAAtbbb s✐st❡♠❛r❡♥ s♦❧✉③✐♦❛ xxx∗ = (2,−3)t ❞❛✳

❍❛✉ ❞❛ s♦❧✉③✐♦ ❤♦rr✐ ❞❛❣♦❦✐♦♥ ❤♦♥❞❛r✲❜❡❦t♦r❡❛✿

AAAxxx∗ − bbb =



1 1
1 0
0 1



[
2
−3

]
−




1
0
−5


 =



−2
2
2




❇❡r❛③✱ ❤❛✉ ❞❛ s✐st❡♠❛ ❤♦rr❡♥ ❤♦♥❞❛r✲❜❡❦t♦r❡❛r❡♥ ♥♦r♠❛ ❡✉❦❧✐❞❡❛rr❛✿ minxxx ‖AAAxxx − bbb‖2 =
‖AAAxxx∗ − bbb‖2 =

√
12 = 2

√
3 ≈ 3.464 ✭✐❦✉s ✺✳✸✳ ✐r✉❞✐❛✮✳ ✷

❆r✐❦❡t❛ ♠♦❞✉❛♥✱ ❡❜❛t③✐ ❡❦✉❛③✐♦ ♥♦r♠❛❧❡♥ ❜✐❞❡③ ❛t❛❧ ❤♦♥❡♥ ❤❛s✐❡r❛❦♦ f(xxx, t) = x1t+x2e
t

❢✉♥t③✐♦❛r❡♥ ♣❛r❛♠❡tr♦❡♥ ❦❛❧❦✉❧✉❛✱ ❢✉♥t③✐♦❛ (1, 2)✱ (2, 3) ❡t❛ (3, 5) ❜✐❦♦t❡❡✐ ❡❣♦❦✐t③❡❦♦✳

◆❛❤✐③ ❡t❛ AAA ❤❡✐♥ ❜❡t❡❦♦❛ ✐③❛♥ ❡t❛✱ ❜❡r❛③✱ ❡❦✉❛③✐♦ ♥♦r♠❛❧❡❦ xxx∗ s♦❧✉③✐♦ ❜❛❦❛r ❜❛t ✐③❛♥✱
♠❡t♦❞♦ ❤♦r✐ ❡r❛❜✐❧t③❡❛ ❡③ ❞❛ ❜❡t✐ ❡❣♦❦✐❡♥❛ ♠✐♥✐♠♦ ❦❛rr❛t✉❡♥ ♣r♦❜❧❡♠❛ ❡❜❛③t❡❦♦✳ ❍♦r✐
❞❛ AAAtAAA ♠❛tr✐③❡❛r❡♥ ❜❛❧❞✐♥t③❛ κ2(AAA

tAAA) = (κ2(AAA))
2 ❜❡t❡t③❡❛❣❛t✐❦ ✭❡❣✐❛③t❛t✉ ❛r✐❦❡t❛ ❣✐s❛✮✳

❆❞✐❜✐❞❡③✱ κ2(AAA) = 103 ❜❛❧❞✐♥t③❛ ❡③ ❞❛ ♦s♦ t①❛rr❛✱ ❜❛✐♥❛ κ2(AAA
tAAA) = 106 ❛s❦♦③ t①❛rr❛❣♦❛ ❞❛

❡t❛ ③❡♥❜❛❦✐③❦♦ ❡❣♦♥❦♦rt❛s✉♥❛r❡♥ ❛r❛③♦ ❧❛rr✐❛❦ s♦r ❞✐t③❛❦❡✳ ❇❡r❛③✱ ♠❡t♦❞♦ ❤♦rr❡♥ ❜❛❧❞✐♥t③❛

✶✸✸



✶✸✹ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

AAA ♠❛tr✐③❡❛r❡♥❛ ❜❛✐♥♦ ♦❦❡rr❛❣♦❛ ❞❛✳ ❆❧❞✐③✱ ❣✉❦ AAA✲r❡♥ QR ❢❛❦t♦r✐③❛③✐♦❛ ❡r❛❜✐❧ ❞❡③❛❦❡❣✉✱
❤♦♥❡❧❛✿

✭✺✳✺✸✮

✭QQQ ∈ IRm×m ♦rt♦❣♦♥❛❧❛✱ RRR ∈ IRm×n ❣♦✐✲tr✐❛♥❣❡❧✉❛rr❛✮ QR ❢❛❦t♦r✐③❛③✐♦❛ ❡r❛❜✐❧✐③✱ AAA ♠❛tr✐③❡❛
❦❛rr❛t✉❛ ❞❡♥ ❦❛s✉❛♥ ❜❡③❛❧❛✱ ❍♦✉s❡❤♦❧❞❡r❡♥ ✐s❧❛♣❡♥❛❦ ❡r❛❜✐❧✐③✱ ❜❛✐t❛ ❡r❡✳ ❉❡s❦♦♥♣♦s✐③✐♦
❤♦rr❡❦ ❡r❡ AAA✲r❡♥ ③✉t❛❜❡❡♥ ♦rt♦♥♦r♠❛❧✐③❛③✐♦ ③❡♥❜❛❦✐ ❡❣♦♥❦♦rr❛ ❡♠❛t❡♥ ❞✉✳ ❖♥❞♦r❡♥❣♦ t❡♦✲
r❡♠❛❦ ❡r❛❦✉st❡♥ ❞✉ ♥♦❧❛ ❡r❛❜✐❧✐ ✭✺✳✺✸✮ ❢❛❦t♦r✐③❛③✐♦❛ ✭✺✳✺✵✮ ♣r♦❜❧❡♠❛ ❡❜❛③t❡❦♦✳

✺✳✽✳ t❡♦r❡♠❛✳ ■③❛♥ ❜✐t❡③ m ≥ n > 0✱ bbb ∈ IRm ❜❡❦t♦r❡❛ ❡t❛ AAA ∈ IRm×n ③✉t❛❜❡ ❤❡✐♥ ❜❡t❡❦♦
♠❛tr✐③❡❛✳ ❖r❞✉❛♥✱ ✭✺✳✺✸✮ ❡r❛❦♦ AAA = QQQRRR ❞❡s❦♦♥♣♦s✐③✐♦ ❜❛t ❡①✐st✐t③❡♥ ❞❛✱ ♥♦♥ QQQ ∈ IRm×n

♠❛tr✐③❡ ♦rt♦❣♦♥❛❧❛ ❜❛✐t❛✱ RRR ∈ IRm×n ❣♦✐✲tr✐❛♥❣❡❧✉❛rr❛ ❡t❛ RRRu ✭❤♦ts✱ RRR✲r❡♥ ❧❡❤❡♥❡♥❣♦ n
❧❡rr♦❛❦✮ ♠❛tr✐③❡ ❣♦✐✲tr✐❛♥❣❡❧✉❛rr❛ ❡t❛ ❡③✲s✐♥❣✉❧❛rr❛✳

●❛✐♥❡r❛✱ ❤❛✉ ❞❛ ✭✺✳✺✵✮ ♠✐♥✐♠♦ ❦❛rr❛t✉❡♥ ♣r♦❜❧❡♠❛r❡♥ s♦❧✉③✐♦ ❜❛❦❛rr❛✿

xxx∗ = RRR−1
u (QQQtbbb)u, ♥♦♥ (QQQtbbb)tu = ((QQQtbbb)1, . . . , (QQQ

tbbb)n),

❡t❛ ❤♦♥❞❛rr❛r❡♥ ❧✉③❡r❛r❡♥ ❦❛rr❛t✉❛ ❤❛✉ ❞❛✿

min
xxx

‖AAAxxx− bbb‖22 =
m∑

i=n+1

(QQQtbbb)2i .

❋r♦❣❛♥t③❛✳ ❍♦✉s❡❤♦❧❞❡r❡♥ tr❛♥s❢♦r♠❛③✐♦❡t❛t✐❦ ♦♥❞♦r✐♦③t❛t③❡♥ ❞❛ AAA✲r❡♥ QR ❞❡s❦♦♥♣♦s✐③✐♦❛✲
r❡♥ ❡①✐st❡♥t③✐❛✱ ❡t❛ AAA✲r❡♥ ③✉t❛❜❡ ❤❡✐♥ ❜❡t❡❦♦❛ ✐③❛t❡t✐❦ RRRu✲r❡♥ ❡③✲s✐♥❣✉❧❛r✐t❛t❡❛ ✭QQQ ❡③ ❜❛✐t❛
s✐♥❣✉❧❛rr❛✮✳ ❖r❛✐♥✱ QQQt ♦rt♦❣♦♥❛❧❛ ❞❡♥❡③✱ ❜❡❦t♦r❡ ❜❛t❡③ ❜✐❞❡r❦❛t③❡❛♥ ❡③ ❞✐♦ ❛❧❞❛t③❡♥ ❜❡r❡
♥♦r♠❛ ❡✉❦❧✐❞❡❛rr❛ ✭‖QQQtxxx‖2 = ‖xxx‖2✮ ❡t❛✱ ♦r❞✉❛♥✱ ③❡r❛ ❞✉❣✉✿

‖AAAxxx− bbb‖2 = ‖QQQRRRxxx− bbb‖2 = ‖QQQt(QQQRRRxxx− bbb)‖2 = ‖RRRxxx−QQQtbbb‖2,

❤♦r✐ ❞❡❧❛ ❡t❛✱ ❤♦♥❡❧❛ ❜❡rr✐❞❛t③ ❞❡③❛❦❡❣✉ ✭✺✳✺✵✮ ♣r♦❜❧❡♠❛✿

min
xxx∈IRn

‖RRRxxx−QQQtbbb‖2.

❖r❞✉❛♥✱ (QQQtbbb)tl = ((QQQtbbb)n+1, . . . , (QQQ
tbbb)m) ❜❛❞❛✱ ❤❛✉ ❞✉❣✉✿

‖RRRxxx−QQQtbbb‖22 = ‖RRRuxxx− (QQQtbbb)u‖22 + ‖(QQQtbbb)l‖22
❡t❛ ❤♦r✐ ♠✐♥✐♠✐③❛t③❡♥ ❞❛ xxx = RRR−1

u (QQQtbbb)u ❞❡♥❡❛♥ ✭❧❡❤❡♥❡♥❣♦ ❜❛t✉❣❛✐❛ ③❡r♦ ❡❣✐t❡♥ ❜❛✐t❛✮✱
❣❛✐♥❡r❛ ‖(QQQtbbb)l‖22 =

∑m
i=n+1(QQQ

tbbb)2i ❞✉❣✉✳ ✷

✶✸✹



✺✳✶✸✳ ▼✐♥✐♠♦ ❦❛rr❛t✉ ❧✐♥❡❛❧❛❦✿ s✐st❡♠❛ ❣❛✐♥❞❡t❡r♠✐♥❛t✉❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✸✺

✺✳✷✳ ❛❧❣♦r✐t♠♦❛✳ ❍❡✐♥ ❜❡t❡❦♦ ♠✐♥✐♠♦ ❦❛rr❛t✉ ❧✐♥❡❛❧❡♥ ♣r♦❜❧❡♠❛r❡♥ ❡❜❛③♣❡♥❛✱
QR ❢❛❦t♦r✐③❛③✐♦❛r❡♥ ❜✐t❛rt❡③✳

✵ ✉rr❛ts❛✳ ❙❆❘❘❊❘❆✳ ❙❛rt✉✿ AAA ❡t❛ bbb✳

✶ ✉rr❛ts❛✳ ❑❛❧❦✉❧❛ ❡③❛③✉ AAA✲r❡♥ QR ❢❛❦t♦r✐③❛③✐♦❛ ❍♦✉s❡❤♦❧❞❡r❡♥ tr❛♥s❢♦r♠❛③✐♦❛❦ ❡r❛❜✐❧✐③✱
AAA = QQQRRR✱ ♥♦♥ QQQ ♦rt♦❣♦♥❛❧❛ ❜❛✐t❛ ❡t❛ RRR ❣♦✐✲tr✐❛♥❣❡❧✉❛rr❛✳

✷ ✉rr❛ts❛✳ ❊r❛t✉ b̃bb = QQQtbbb ❡t❛ b̃bbu ✭❤♦ts✱ b̃bb✲r❡♥ ❧❡♥❡♥❡♥❣♦ n ♦s❛❣❛✐❛❦✮✳

✸ ✉rr❛ts❛✳ ❊❜❛t③✐ RRRuxxx = b̃bbu ❛t③❡r❛♥③❦♦ ♦r❞❡③❦❛♣❡♥❛③✱ ♥♦♥ RRRu RRR✲r❡♥ ❧❡❤❡♥❡♥❣♦ n ❧❡rr♦❡❦
♦s❛t✉t❛❦♦ ❛③♣✐♠❛tr✐③❡ ❦❛rr❛t✉ ❣♦✐✲tr✐❛♥❣❡❧✉❛rr❛ ❜❛✐t❛✳

✹ ✉rr❛ts❛✳ ■❘❚❊❊❘❆✳ ❊♠❛✐t③❛✿ xxx✳

❆❧❡❣✐❛✱ AAA ∈ IRm×n ♠❛tr✐③❡❛ ③✉t❛❜❡ ❤❡✐♥ ❜❡t❡❦♦❛ ✭m > n✮ ❡t❛ bbb ∈ IRm ❜❛❞✐r❛✱ ❡t❛
HHHn . . .HHH1AAA = RRR ❜❛❞❛✱ HHHn . . .HHH1bbb ❦❛❧❦✉❧❛t✉ ❜❡❤❛r ❞✉❣✉✳ ❖r❞✉❛♥✱ QQQt[AAA bbb] ❣✉③t✐❛ ❜❛t❡r❛
❦❛❧❦✉❧❛t✉❦♦ ❞✉❣✉✱ QQQt = HHHn . . .HHH1 ✐③❛♥✐❦✳ ●❛✐♥❡r❛✱ ❣♦❣♦r❛t✉ HHHxxx ❦❛❧❦✉❧❛t③❡❦♦ ❡③ ❞✉❣✉❧❛ HHH
❛✉r❦✐t✉ ❜❡❤❛r✳

✺✳✻✳ ❛❞✐❜✐❞❡❛✳ ❆❞✐❜✐❞❡ ❤♦♥❡t❛♥✱ QR ♠❡t♦❞♦❛r❡♥ ❜✐t❛rt❡③ ❡❜❛t③✐❦♦ ❞❛ ❛✉rr❡❦♦ ✺✳✺✳ ❛❞✐❜✐❞❡❛✲
r❡♥ AAAxxx = bbb s✐st❡♠❛ ❣❛✐♥❞❡t❡r♠✐♥❛t✉❛✳

❊❜❛③♣❡♥❛✳ ●♦❣♦r❛ ❞❡③❛❣✉♥ ❤♦♥❛❦♦ ❤❛✉✿

AAA =



1 1
1 0
0 1


 ❡t❛ bbb =




1
0
−5


 .

■③❛♥ ❜✐t❡③ aaa1 = [1 1 0]t ❡t❛ aaa2 = [1 0 1]t AAA ♠❛tr✐③❡❛r❡♥ ③✉t❛❜❡✲❜❡❦t♦r❡❛❦✳ ❖r❞✉❛♥✱
❧❛✉ ❞✐❣✐t✉ ❡s❛♥❣❛rr✐t❛r❛ ❜✐r✐❜✐❧❞✉③✱ ❤❛✉ ❞✉❣✉✿

σ1 = zeinu(a11)‖aaa1‖2 = +
√
2 = 1.414, uuu1 =



1 + 1.414

1
0


 =



2.414
1
0




❡t❛ ρ1 =
1

σ1 · [uuu1]1
=

1

1.414 · 2.414 = 0.2929

❇❡r❛③✱ ✭✺✳✸✺✮ ❛❞✐❡r❛③♣❡♥❛❦ ❡r❛❜✐❧✐③✱ ❤❛✉ ❧♦rt③❡♥ ❞✉❣✉✿

HHH1aaa1 = aaa1 − ρ1(uuu
t
1aaa1)uuu1 =



1
1
0


− 0.2929


[2.414 1 0]



1
1
0









2.414
1
0


 =



−1.414

0
0


 ,

✶✸✺



✶✸✻ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❡s♣❡r♦ ❣❡♥✉❡♥ ❜❡③❛❧❛✱ ✐❦✉s ✭✺✳✹✸✮ ❡t❛ ✭✺✳✹✹✮ ❛❞✐❡r❛③♣❡♥❛❦ ✭❤♦ts✱ ♣r❛❦t✐❦❛♥ ❦❛❧❦✉❧✉ ❤♦r✐❡❦
❡③ ❞✐t✉❣✉ ❡❣✐♥ ❜❡❤❛r✮✳ ❖r❛✐♥ HHH1aaa2 ❦❛❧❦✉❧❛t✉❦♦ ❞✉❣✉✿

HHH1aaa2 = aaa2 − ρ1(uuu
t
1aaa2)uuu1 =



1
0
1


− 0.2929


[2.414 1 0]



1
0
1









2.414
1
0


 =



−0.7071
−0.7071

1




❍♦r✐ ❞❡❧❛ ❡t❛✱ ❤❛✉ ❞✉❣✉✿

AAA(2) =



−1.414 −0.7071

0 −0.7071
0 1




✭AAA(1) = AAA ❜❛✐t❛✮✳

■❦✉s✐ ❞❡♥ ❜❡③❛❧❛✱ ❡③ ❞✉❣✉ HHH1 ❦❛❧❦✉❧❛t③❡❦♦ ❜❡❤❛rr✐❦✳ ❍❛❧❛ ❡r❡✱ ❦❛❧❦✉❧❛t✉ ❡❣✐♥❣♦ ❞✉❣✉✿

HHH1 = 1l− ρ1uuu1uuu
t
1 =



−0.7071 −0.7071 0
−0.7071 0.7071 0

0 0 1


 ,

✭❛r✐❦❡t❛ ❣✐s❛✱ ❡❣✐❛③t❛t✉ HHH1AAA = AAA(2) ❜❡t❡t③❡♥ ❞❡❧❛✮✳

●❛✐♥❡r❛✱ QQQtbbb ❦❛❧❦✉❧❛t③❡♥ ❤❛st❡❦♦✱ bbb(2) =HHH1bbb ✭bbb(1) = bbb ❜❛✐t❛✮ ❤♦♥❡❧❛ ❛✉r❦✐t✉❦♦ ❞✉❣✉✿

HHH1bbb = bbb− ρ1(uuu
t
1bbb)uuu1 =




1
0
−5


− 0.2929


[2.414 1 0]




1
0
−5









2.414
1
0


 =



−0.7071
−0.7071

−5




❖r❛✐♥✱ AAA(2) ♠❛tr✐③❡❛r✐ ❧❡❤❡♥❡♥❣♦ ③✉t❛❜❡❛ ❡t❛ ❧❡❤❡♥❡♥❣♦ ❧❡rr♦❛ ❡③❛❜❛t✉③✱ ❛③♣✐♠❛tr✐③❡ ❤❛✉
❣❡r❛t③❡♥ ❞❛✿

ãaa2 = ÃAA2 =
[−0.7071

1

]
.

❏❛rr❛✐❛♥✱ ãaa2 ❜❡❦t♦r❡❦♦ ❧❡❤❡♥❡♥❣♦ ❣❛✐❛r❡♥ ❛③♣✐❦♦ ❣❛✐❛ ③❡r♦ ❜✐❤✉rt③❡❦♦✱ ❤❛✉ ❡❣✐♥❣♦ ❞✉❣✉✿

σ2 = zeinu(−0.7071)‖ãaa2‖2 = −1.225,

❡t❛✱ ❜❡r❛③✱ ❤❛✉ ❞❛ AAA(2)✲r❡♥ ❜✐❣❛rr❡♥ ③✉t❛❜❡r❛❦♦ ❡r❛❜✐❧✐ ❜❡❤❛r ❞✉❣✉♥ uuu2 ❍♦✉s❡❤♦❧❞❡r❡♥ ❜❡❦✲
t♦r❡❛ ✿

uuu2 =




0
−0.7071− 1.225

1


 =




0
−1.932

1


 , ρ2 =

1

σ2 · [uuu2]2
=

1

(−1.225)(−1.932)
= 0.4226,

♦❤❛rt✉ uuu2✲r❡♥ ❧❡❤❡♥❡♥❣♦ ❣❛✐❛ ③❡r♦ ❞❡❧❛✱ AAA(2)✲r❡♥ ❧❡❤❡♥❡♥❣♦ ③✉t❛❜❡❛ ❡t❛ ❧❡❤❡♥❡♥❣♦ ❧❡rr♦❛ ❡③
❛❧❞❛t③❡❦♦✳

✶✸✻



✺✳✶✸✳ ▼✐♥✐♠♦ ❦❛rr❛t✉ ❧✐♥❡❛❧❛❦✿ s✐st❡♠❛ ❣❛✐♥❞❡t❡r♠✐♥❛t✉❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✸✼

❇❡r❛③✱ ✭✺✳✸✺✮ ❛❞✐❡r❛③♣❡♥❛❦ ❡r❛❜✐❧✐③✱ ❤❛✉ ❧♦rt③❡♥ ❞✉❣✉✿

HHH2aaa
(2)
2 = aaa

(2)
2 − ρ2(uuu

t
2aaa

(2)
2 )uuu2

=



−0.7071
−0.7071

1


− 0.4226


[0 − 1.932 1]



−0.7071
−0.7071

1










0
−1.932

1




=



−0.7071
1.225
0


 ,

❡s♣❡r♦ ❣❡♥✉❡♥ ❜❡③❛❧❛ ✭❤♦ts✱ ♣r❛❦t✐❦❛♥ ❦❛❧❦✉❧✉ ❤♦r✐❡❦ ❡③ ❞✐t✉❣✉ ❡❣✐♥ ❜❡❤❛r✮✳

❍♦r✐ ❞❡❧❛ ❡t❛✱ ❤❛✉ ❞✉❣✉✿

AAA(3) =



−1.414 −0.7071

0 1.225
0 0




■❦✉s✐ ❞❡♥ ❜❡③❛❧❛✱ ❡③ ❞✉❣✉ HHH2 ❦❛❧❦✉❧❛t③❡❦♦ ❜❡❤❛rr✐❦✳ ❍❛❧❛ ❡r❡✱ ❦❛❧❦✉❧❛t✉ ❡❣✐♥❣♦ ❞✉❣✉✿

HHH2 = 1l− ρ2uuu2uuu
t
2 =



1 0 0
0 −0.5780 0.8165
0 0.8165 0.5774


 ,

✭❛r✐❦❡t❛ ❣✐s❛✱ ❡❣✐❛③t❛t✉ HHH2AAA
(2) = AAA(3) ❜❡t❡t③❡♥ ❞❡❧❛✮✳

●❛✐♥❡r❛✱ QQQtbbb✲r❡♥ ❦❛❧❦✉❧✉❛ ❜✉❦❛t③❡❦♦✱ bbb(3) = HHH2bbb
(2) ✭❤♦ts✱ bbb(3) = QQQtbbb = HHH2HHH1bbb✮ ❤♦♥❡❧❛

❛✉r❦✐t✉❦♦ ❞✉❣✉✿

HHH2bbb
(2) = bbb(2) − ρ2(uuu

t
2bbb

(2))uuu2

=



−0.7071
−0.7071

−5


− 0.4226


[0 − 1.932 1]



−0.7071
−0.7071

5










0
−1.932

1




=



−0.7071
−3.674
−3.464




❆③❦❡♥✐❦✱ RRR = AAA(3) ❡t❛ QQQtbbb = bbb(3) ❞✐r❡♥❡③✱ RRRuxxx = (QQQtbbb)u s✐st❡♠❛ ❡❜❛t③✐❦♦ ❞✉❣✉✱ ❛❧❡❣✐❛✿

RRRuxxx =
[−1.414 −0.7071

0 1.225

] [
x1

x2

]
=
[−0.7071
−3.674

]
= (QQQtbbb)u.

❙✐st❡♠❛ ❤♦rr❡♥ s♦❧✉③✐♦ ❜❛❦❛rr❛ x1 = 2 ❡t❛ x2 = −3 ❞❛ ✭❜✐r✐❜✐❧❞✉③✮✳

❇❡st❛❧❞❡✱ |(QQQtbbb)l| = 3.464 ❞❛ ❤♦♥❞❛r✲❜❡❦t♦r❡❛r❡♥ ♥♦r♠❛ ❡✉❦❧✐❞❡❛rr❛ ✭❦❛s✉ ❤♦♥❡t❛♥✱ ❡s✲
❦❛❧❛r ❜❛t ❞❡♥❡③✱ ❜❛❧✐♦ ❛❜s♦❧✉t✉❛ ❞❛✮✳ ❑♦♥♣❛r❛t✉ ❡♠❛✐t③❛ ❤♦r✐❡❦ ✺✳✺✳ ❛❞✐❜✐❞❡❛♥ ❧♦rt✉t❛❦♦
❡♠❛✐t③❡❦✐♥✳ ✷

✶✸✼



✶✸✽ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

✺✳✶✸✳✶✳ QR ❢❛❦t♦r✐③❛③✐♦❛r❡♥ ♣r♦♣✐❡t❛t❡❛❦

❆✉rr❡❦♦ ❛❧❣♦r✐t♠♦❛❦ ❢r♦❣❛t③❡♥ ❞✉ QR ❢❛❦t♦r✐③❛③✐♦❛ ❡①✐st✐t③❡♥ ❞❡❧❛✳ ■③❛♥ ❜❡❞✐ K(AAA) AAA ♠❛✲
tr✐③❡❦♦ ③✉t❛❜❡❡♥ ❦♦♥❜✐♥❛③✐♦ ❧✐♥❡❛❧❡♥ ♠✉❧t③♦❛❀ ❤♦ts✱ ③✉t❛❜❡ ❤♦r✐❡❦ s♦rt③❡♥ ❞✉t❡♥ ❛③♣✐❡s♣❛③✐♦
❜❡❦t♦r✐❛❧❛✳ ❏❛rr❛✐❛♥ ✐❦✉s✐❦♦ ❞✉❣✉ ③❡r ❡r❧❛③✐♦ ❞❛❣♦❡♥ QQQ✲r❡♥ ③✉t❛❜❡❡♥ ❡t❛ K(AAA) ❡t❛ K(AAA)⊥

❛③♣✐❡s♣❛③✐♦❡♥ ❛rt❡❛♥✳

✺✳✾✳ t❡♦r❡♠❛✳ AAA = QQQRRR ❞❡s❦♦♥♣♦s✐③✐♦❛ AAA ∈ IRm×n✲r❡♥ ③✉t❛❜❡ ❤❡✐♥ ❜❡t❡❦♦ QR ❢❛❦t♦r✐③❛③✐♦❛
❜❛❞❛ ❡t❛ AAA = [aaa1, . . . , aaan]✱ QQQ = [QQQu,QQQl] ❡t❛ QQQu = [qqq1, . . . , qqqn]✱ QQQl = [qqqn+1, . . . , qqqm] ③✉t❛❜❡❦❛❦♦
♣❛rt✐❦❡t❛❦ ❜❛❞✐r❛✱ ♦r❞✉❛♥✱ ❤❛✉ ❜❡t❡t③❡♥ ❞❛✿

K(AAA) = K(QQQu)

K(AAA)⊥ = K(QQQl)

❡t❛ AAA = QQQuRRRu✱ ♥♦♥ RRRu ∈ IRn×n RRR ♠❛tr✐③❡❛r❡♥ ❧❡❤❡♥❡♥❣♦ n ❧❡rr♦❡t❛❦♦ ❛③♣✐♠❛tr✐③❡ ❣♦✐✲
tr✐❛♥❣❡❧✉❛rr❛ ❜❛✐t❛✳

❋r♦❣❛♥t③❛✳ ✺✳✺✸ ❛❞✐❡r❛③♣❡♥❡❛♥ QQQ = [QQQu,QQQl] ♣❛rt✐❦❡t❛ s❛rt✉t❛✱ ❤❛✉ ❞✉❣✉✿

✭✺✳✺✹✮

❇❡r❛③✱ ❤❛✉ ❜❡t❡t③❡♥ ❞❛✿
AAA = QQQuRRRu +QQQl000 = QQQuRRRu.

❆❧❡❣✐❛✱ k = 1, . . . , n ❣✉③t✐❡t❛r❛❦♦✱ ❤❛✉ ❜❡t❡t③❡♥ ❞❛✿

aaak =
k∑

i=1

rikqqqi ⊂ K(QQQu),

(r1k, . . . , rkk, 0 . . . , 0)
t ❜❡❦t♦r❡❛ RRRu✲r❡♥ k✲❣❛rr❡♥ ③✉t❛❜❡❛ ✐③❛♥✐❦✳ ❖♥❞♦r✐♦③✱ K(AAA) ⊂ K(QQQu)✳

❆③❦❡♥✐❦✱ AAA✲r❡♥ ❡t❛ QQQ✲r❡♥ ❤❡✐♥❛❦ ❜❡r❞✐♥❛❦ ❞✐r❡♥❡③✱ K(AAA) = K(QQQu)✳

❇❡st❛❧❞❡✱

AAA = QQQRRR ⇒ QQQtAAA = RRR ⇒
[
QQQt

u

QQQt
l

]
AAA =

[
RRRu

000

]
⇒ QQQt

lAAA = 000.

❇❡r❛③✱ K(QQQl) ⊂ K(AAA)⊥✳ ●❛✐♥❡r❛✱ K(AAA)⊥✲r❡♥ ❞✐♠❡♥ts✐♦❛ ❡t❛ QQQl✲r❡♥ ❤❡✐♥❛ ❜❡r❞✐♥❛❦ ❞✐r❛
✭m− n✮✳ ❖♥❞♦r✐♦③✱ K(QQQl) = K(AAA)⊥✳ ✷

✶✸✽



✺✳✶✸✳ ▼✐♥✐♠♦ ❦❛rr❛t✉ ❧✐♥❡❛❧❛❦✿ s✐st❡♠❛ ❣❛✐♥❞❡t❡r♠✐♥❛t✉❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✸✾

✺✳✶✵✳ t❡♦r❡♠❛✳ ❉❡♠❛❣✉♥ AAA ∈ IRm×n ♠❛tr✐③❡❛ ③✉t❛❜❡ ❤❡✐♥ ❜❡t❡❦♦❛ ❞❡❧❛✳ QR ❢❛❦t♦r✐③❛③✐♦
✏❣❛r❜✐❛✑ AAA = QQQuRRRu ❜❛❦❛rr❛ ❞❛✱ ♥♦♥ QQQu ∈ IRm×n ♠❛tr✐③❡❛❦ ③✉t❛❜❡ ♦rt♦❣♦♥❛❧❛❦ ❜❛✐t✐t✉ ❡t❛
RRRu ❣♦✐✲tr✐❛♥❣❡❧✉❛rr❛ ❡t❛ ❞✐❛❣♦♥❛❧❡❦♦ ❣❛✐ ♣♦s✐t✐❜♦❞✉♥❛ ❜❛✐t❛✳ ●❛✐♥❡r❛✱ RRRu ♠❛tr✐③❡❛ AAAtAAA ♠❛✲
tr✐③❡❛r❡♥ ❈❤♦❧❡s❦②r❡♥ ❢❛❦t♦r❡❛ ❞❛✳

❋r♦❣❛♥t③❛✳ AAAtAAA = (QQQuRRRu)
t(QQQuRRRu) = RRRt

uQQQ
t
uQQQuRRRu = RRRt

uRRRu ❞❡♥❡③ ❣❡r♦✱ RRRu ♠❛tr✐③❡❛ AAAtAAA
♠❛tr✐③❡❛r❡♥ ❈❤♦❧❡s❦②r❡♥ ❢❛❦t♦r❡❛ ❞❛✳ ❋❛❦t♦r❡ ❤♦r✐ ❜❛❦❛rr❛ ❞❛ ✺✳✺✳ t❡♦r❡♠❛❣❛t✐❦ ❡t❛✱ QQQu =
AAARRR−1

u ❞❡♥❡③✱ QQQu ❡r❡ ❜❛❦❛rr❛ ❞❛✳ ✷

❆✉rr❡❦♦ ✺✳✻✳ ❛❞✐❜✐❞❡❛♥✱ HHH1 ❡t❛ HHH2 ❦❛❧❦✉❧❛t✉ ❞✐t✉❣✉✳ ❖r❞✉❛♥✱ ❤❛✉ ❞✉❣✉ ✭❧❛✉ ❞✐❣✐t✉
❡s❛♥❣❛rr✐t❛r❛ ❜✐r✐❜✐❧❞✉③✮✿

QQQ =HHH1HHH2 =



−0.7071 −0.7071 0
−0.7071 0.7071 0

0 0 1






1 0 0
0 −0.5780 0.8165
0 0.8165 0.5774




=



−0.7071 0.4087 −0.5773
−0.7071 −0.4087 0.5773

0 0.8165 0.5774




❇❡r❛③✱ ③❡r❛ ❞✉❣✉✿

QQQu =



−0.7071 0.4087
−0.7071 −0.4087

0 0.8165


 ❡t❛ QQQl =



−0.5773
0.5773
0.5774




❊❣✐❛③t❛t✉ ❛❞✐❜✐❞❡ ❤♦rr❡t❛r❛❦♦ QQQuRRRu = AAA ❡t❛ QQQt
lAAA = 000 ❜❡t❡t③❡♥ ❞✐r❡❧❛✱ ✺✳✾✳ t❡♦r❡♠❛❦ ❞✐♦❡♥

❜❡③❛❧❛✳

✺✳✶✸✳✷✳ ❍❡✐♥ ✉rr✐❦♦ QR ❢❛❦t♦r✐③❛③✐♦❛

❇❛❧❞✐♥ AAA✲r❡♥ ❤❡✐♥❛ ✉rr✐❛ ❜❛❞❛✱ QR ❢❛❦t♦r✐③❛③✐♦❛❦ ❡③ ❞✉ ❡♠❛t❡♥ ♦✐♥❛rr✐ ❜❛t K(AAA) ❛③♣✐❡s✲
♣❛③✐♦r❛❦♦✳ Pr♦❜❧❡♠❛ ❤♦r✐ ③✉③❡♥❞✉ ❞❡③❛❦❡❣✉AAA✲r❡♥ ❜❡rts✐♦ ♣❡r♠✉t❛t✉ ❜❛t❡♥QR ❢❛❦t♦r✐③❛③✐♦❛
❦❛❧❦✉❧❛t✉③❀ ❤♦ts✱ AAAPPP = QQQRRR✱ ♥♦♥ PPP ♣❡r♠✉t❛③✐♦✲♠❛tr✐③❡ ❜❛t ❜❛✐t❛✳

❖r♦❦♦r❦✐✱ AAA✲r❡♥ ❤❡✐♥❛ ❡③❛❣✉t③❡♥ ❡③ ❞✉❣✉♥❡③✱ ③✉t❛❜❡❡♥ tr✉❦❡❛❦ ❡❣✐♥ ❜❡❤❛r❦♦ ❞✐t✉❣✉✳
▼❛tr✐③❡ ❤♦rr❡♥ ❤❡✐♥❛ ✉rr✐❛ ❜❛❞❛✱ tr✉❦❡r✐❦ ❣❛❜❡ ❜❛t✲❜❛t❡❛♥ ❜✉❦❛t✉❦♦ ❧✐t③❛t❡❦❡ ❍♦✉s❡❤♦❧❞❡r❡♥
❡③❛❜❛♣❡♥❛✳ ❇❛✐♥❛✱ ❦❛s✉ ❤♦rr❡t❛♥✱ ❜✐ ❣❛✉③❛ ❣❡rt❛ ❞❛✐t❡③❦❡✿ ❜❛t❛ ❞❛ ❜❡st❡ ③✉t❛❜❡❛❦ ③❡r♦
✐③❛t❡❛✱ ♦r❞✉❛♥✱ ❜✉❦❛t✉ ❞❛❀ ❜❡st❡❛ ❞❛ ❜❡st❡ ③✉t❛❜❡❡♥ ❛rt❡❛♥ ❜❛t❡♥ ❜❛t ③❡r♦ ❡③ ✐③❛t❡❛ ❡t❛✱
❦❛s✉ ❤♦rr❡❣❛t✐❦✱ ♦r♦❦♦rr❡❛♥ ❡❣✐t❡♥ ❞✉❣✉ ③✉t❛❜❡❡♥ ♣❡r♠✉t❛③✐♦❛✳ ❆❞✐❜✐❞❡③✱ AAA ♠❛tr✐③❡ ❤♦♥❡❦
❤✐r✉ ③✉t❛❜❡ ❞✐t✉ ❡t❛ ❤❛✉ ❞❛ ❜❡r❡ QR ❢❛❦t♦r✐③❛③✐♦❛✿

AAA = [aaa1 aaa2 aaa3] = [qqq1 qqq2 qqq3]



1 1 1
0 0 1
0 0 1


 ,

✶✸✾



✶✹✵ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

♦r❞✉❛♥✱ hein(AAA) = 2 ❞❛✱ ❜❛✐♥❛ K(AAA) ❡③ ❞❛ K([qqq1 qqq2])✱ ❡③t❛ K([qqq1 qqq3]) ❡❞♦ K([qqq2 qqq3])
❡r❡✳

❩♦r✐♦♥❡③✱ ❍♦✉s❡❤♦❧❞❡r❡♥QR ❢❛❦t♦r✐③❛③✐♦❛ ❡rr❛③ ❛❧❞❛ ❞❡③❛❦❡❣✉K(AAA)✲r❛❦♦ ♦✐♥❛rr✐ ♦rt♦♥♦r✲
♠❛❧ ❜❛t ❧♦rt③❡❦♦✳ P✐❜♦t❛t③❡❛r❡♥ ❡str❛t❡❣✐❛ ♥♦r♠❛ ❤❛♥❞✐❡♥❛ ❞✉❡♥ ③✉t❛❜❡❛ ♣✐❜♦t ❣✐s❛ ❤❛rt③❡❦♦❛
✐③❛t❡♥ ❞❛✳

❉❡♠❛❣✉♥ ❤❛✉ ❞✉❣✉❧❛ k✲❣❛rr❡♥ ✉rr❛ts❡❛♥✿

(HHHk−1 . . .HHH1)AAA(PPP 1 . . .PPP k−1) = RRR(k−1) =

[
RRR

(k−1)
11 RRR

(k−1)
12

000 RRR
(k−1)
22

]
,

♥♦♥ RRR
(k−1)
11 ❡③✲s✐♥❣✉❧❛rr❛ ❡t❛ ❣♦✐✲tr✐❛♥❣❡❧✉❛rr❛ ❜❛✐t❛✳ ❉❡♠❛❣✉♥ RRR

(k−1)
22 ✲r❡♥ ③✉t❛❜❡❦❛❦♦ ♣❛r✲

t✐❦❡t❛ ❤❛✉✿
RRR

(k−1)
22 =

[
zzz
(k−1)
k , . . . , zzz(k−1)

n

]

❡t❛ p ❛③♣✐✐♥❞✐③❡❛ ✭k ≤ p ≤ n✮ ❤❛✉ ❜❡t❡t③❡♥ ❞✉❡♥ t①✐❦✐❡♥❛ ❞❡❧❛✿

‖zzz(k−1)
p ‖2 = max

{
‖zzz(k−1)

k ‖2, . . . , ‖zzz(k−1)
n ‖2

}
.

❖❤❛rt✉✱ hein(AAA) = k − 1 ❜❛❞❛✱ ♥♦r♠❛ ❤❛♥❞✐❡♥❛ ③❡r♦ ✐③❛♥❣♦ ❞❡❧❛ ❡t❛ ❢❛❦t♦r✐③❛③✐♦❛ ❜✉❦❛t✉
❞✉❣✉❧❛✳ ❇❡st❡❧❛✱ ✐③❛♥ ❜❡❞✐PPP k ♣❡r♠✉t❛③✐♦❛✱ p ❡t❛ k ③✉t❛❜❡❛❦ tr✉❦❛t③❡♥ ❞✐t✉❡♥❛✱ ❡t❛ ❛✉r❦✐t③❡♥
❞✉❣✉❧❛ HHHk ❍♦✉s❡❤♦❧❞❡r tr❛♥s❢♦r♠❛③✐♦ ❡❣♦❦✐❛✱ RRR(k) = HHHkRRR

(k−1)PPP k✱ ♥♦♥ RRR(k) = RRR(k)(k + 1 :
m, k) = 000 ✭❤♦ts✱ (k, k) ❣❛✐❛r❡♥ ❛③♣✐❦♦ ❣❛✐❛❦ ③❡r♦ ❞✐r❛✮✳

AAA ∈ IRm×n✲r❡♥ ❤❡✐♥❛ r ❜❛❞❛✱ r ③✉t❛❜❡✲♣❡r♠✉t❛③✐♦ ❜❡❤❛r❦♦ ❞✐t✉❣✉✳ ❇❡r❛③✱ r ✉rr❛ts ❤♦r✐❡❦
❡♠❛♥ ♦♥❞♦r❡♥✱ ❤❛✉ ✐③❛♥❣♦ ❞✉❣✉✿

(HHHr . . .HHH1)AAA(PPP 1 . . .PPP r) = R̃RR =
[
RRR11 RRR12

000 000

]

♥♦♥ RRR11 ❡③✲s✐♥❣✉❧❛rr❛ ❡t❛ ❣♦✐✲tr✐❛♥❣❡❧✉❛rr❛ ❜❛✐t❛✱ RRR11✲❡♥ ③✉t❛❜❡ ❦♦♣✉r✉❛❦ AAA✲r❡♥ ❤❡✐♥❛
❡♠❛t❡♥ ❞✐❣✉✳ ❖r❛✐♥✱ QQQt = HHHr−1 . . .HHH1 ❡t❛ PPP = PPP 1 . . .PPP r ❞❡✜♥✐t③❡♥ ❜❛❞✐t✉❣✉✱ ❤♦♥❡❧❛ ❣❡✲
r❛t✉❦♦ ❞❛ ❛✉rr❡❦♦ ❛❞✐❡r❛③♣❡♥❛✿

QQQtAAAPPP = R̃RR =
[
RRR11 RRR12

000 000

]
r

m− r
r n− r

✭✺✳✺✺✮

❡❞♦✱ ❜❛❧✐♦❦✐❞❡❦✐✱ AAAPPP = QQQR̃RR✳ ❖♥❞♦r✐♦③✱ ♠✐♥✐♠♦ ❦❛rr❛t✉❡♥ ♣r♦❜❧❡♠❛ ❡❜❛③t❡❦♦✱ ❤❛✉ ❞✉❣✉ ✭PPP
❡t❛ QQQt ♦rt♦❣♦♥❛❧❛❦ ❞✐r❡❧❛ ❦♦♥t✉❛♥ ❤❛rt✉③✮✿

‖AAAxxx− bbb‖22 = ‖QQQt(AAAxxx− bbb)‖22 = ‖(QQQtAAAPPP )(PPP txxx)−QQQtbbb‖22. ✭✺✳✺✻✮

■③❛♥ ❜✐t❡③

PPP txxx =
[
yyy
zzz

]
r

n− r
❡t❛ QQQtbbb =

[
ccc
ddd

]
r

m− r
,

✶✹✵



✺✳✶✸✳ ▼✐♥✐♠♦ ❦❛rr❛t✉ ❧✐♥❡❛❧❛❦✿ s✐st❡♠❛ ❣❛✐♥❞❡t❡r♠✐♥❛t✉❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✹✶

♦r❞✉❛♥✱ ✭✺✳✺✺✮ ❡t❛ ✭✺✳✺✻✮ ❡❦✉❛③✐♦❡♥ ❜✐❞❡③ ❤❛✉ ❧♦rt③❡♥ ❞❛✿

‖AAAxxx− bbb‖22 =
∥∥∥∥
[
RRR11 RRR12

000 000

] [
yyy
zzz

]
−
[
ccc
ddd

]∥∥∥∥
2

2

=
∥∥∥∥
[
RRR11yyy +RRR12zzz − ccc

−ddd
]∥∥∥∥

2

2

= ‖RRR11yyy − (ccc−RRR12zzz)‖22 + ‖ddd‖22.
✭✺✳✺✼✮

❍♦r✐ ❞❡❧❛ ❡t❛✱ ♠✐♥✐♠♦ ❦❛rr❛t✉❡♥ s♦❧✉③✐♦❛❦ RRR11yyy = (ccc−RRR12zzz) ❜❡t❡ ❜❡❤❛r ❞✉✳ ❍♦ts✱ ❡❞♦③❡✐♥
zzz✲r❛❦♦ yyy = RRR−1

11 (ccc−RRR12zzz) s♦❧✉③✐♦ ♠✐♥✐♠✐③❛t③❛✐❧❡ ❜❛t ✐③❛♥❣♦ ❞✉❣✉✱ ❡t❛✱ ♦♥❞♦r✐♦③✿

xxx = PPP
[
yyy
zzz

]
= PPP

[
RRR−1

11 (ccc−RRR12zzz)
zzz

]

❇❛❧❞✐♥ zzz = 000 ❤❛rt③❡♥ ❜❛❞✉❣✉✱ xxxB ♦✐♥❛rr✐✲s♦❧✉③✐♦ ❤❛✉ ❧♦rt✉❦♦ ❞✉❣✉✿

xxxB = PPP
[
RRR−1

11 ccc
000

]
.

■③❡♥ ❤♦r✐ zzz = 000 ❤❛rt③❡t✐❦ ❡t❛✱ ♣r❛❦t✐❦❛♥✱ AAA✲r❡♥ ❤❡✐♥ ❜❡t❡❦♦ ❛③♣✐♠❛tr✐③❡ ❜❛t❡r❛❦♦ s♦❧✉③✐♦❛
✐③❛t❡t✐❦ ❞❛t♦r✳

✺✳✸✳ ❛❧❣♦r✐t♠♦❛✳ ❍❡✐♥ ✉rr✐❦♦ ♠✐♥✐♠♦ ❦❛rr❛t✉ ❧✐♥❡❛❧❡♥ ♣r♦❜❧❡♠❛r❡♥ ❡❜❛③♣❡♥❛✱
QR ❢❛❦t♦r✐③❛③✐♦❛r❡♥ ❜✐t❛rt❡③✳

✵ ✉rr❛ts❛✳ ❙❆❘❘❊❘❆✳ ❙❛rt✉✿ AAA ❡t❛ bbb✳

✶ ✉rr❛ts❛✳ ❑❛❧❦✉❧❛ ❡③❛③✉ AAA✲r❡♥ QR ❢❛❦t♦r✐③❛③✐♦❛ ❍♦✉s❡❤♦❧❞❡r❡♥ tr❛♥s❢♦r♠❛③✐♦❛❦ ❡r❛❜✐❧✐③✱
AAAPPP = QQQR̃RR✱ ♥♦♥ QQQ ♦rt♦❣♦♥❛❧❛ ❜❛✐t❛ ❡t❛ R̃RR = [RRR11 RRR12]✱ ♥♦♥ RRR11 ❣♦✐✲tr✐❛♥❣❡❧✉❛rr❛
❜❛✐t❛ ❡t❛ r = hein(R̃RR)✳

✷ ✉rr❛ts❛✳ ❑❛❧❦✉❧❛t✉
[
ccc
ddd

]
= QQQtbbb✱ ♥♦♥ ccc ❜❡❦t♦r❡❛ QQQtbbb✲r❡♥ ❧❡❤❡♥❡♥❣♦ r ♦s❛❣❛✐❡❦ ♦s❛t③❡♥

❜❛✐t✉t❡✳

✸ ✉rr❛ts❛✳ ❊❜❛t③✐ RRR11yyy = (ccc −RRR12zzz)✳ ✭❇❛❧❞✐♥ zzz = 000 ❤❛rt③❡♥ ❜❛❞✉❣✉✱ RRR11yyyB = ccc ❡❜❛③t❡♥
❞✉❣✉✳✮

✹ ✉rr❛ts❛✳ ❆✉r❦✐t✉ xxx = PPP
[
yyy
zzz

]
✳ ✭zzz = 000 ❡t❛ yyyB ❜❛❞✐t✉❣✉✱ xxxB = PPP

[
yyyB
000

]
✮✳

✺ ✉rr❛ts❛✳ ■❘❚❊❊❘❆✳ ❊♠❛✐t③❛✿ xxx✳ ✭❇❛❧❞✐♥ zzz = 000 ❤❛rt✉ ❜❛❞✉❣✉✱ xxxB ♦✐♥❛rr✐✲s♦❧✉③✐♦❛ ✐③❛♥❣♦
❞✉❣✉✮✳

◆♦r♠❛❧❡❛♥✱ ♥♦r♠❛ ❡✉❦❧✐❞❡❛r ♠✐♥✐♠♦❛ ✭❧✉③❡r❛ ♠✐♥✐♠♦❛✮ ❞✉❡♥ xxxLM s♦❧✉③✐♦❛r❡❦✐♥ ❣❡r❛t③❡♥
❣❛r❛✳ ❆❧❡❣✐❛✱

‖xxxLM‖2 = min
zzz∈IRn−r

∥∥∥∥xxxB −PPP
[
RRR−1

11RRR12

−1ln−r

]
zzz
∥∥∥∥
2

. ✭✺✳✺✽✮

✶✹✶



✶✹✷ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❋r♦❣❛ ❞❛✐t❡❦❡ ❤❛✉ ❜❡t❡t③❡♥ ❞❡❧❛✿

1 ≤ ‖xxxB‖2
‖xxxLM‖2

≤
√
1 + ‖RRR−1

11RRR12‖22 .

✺✳✼✳ ❛❞✐❜✐❞❡❛✳ ■③❛♥ ❜✐t❡③

AAA =




1 2 2
7 6 10
4 4 6
1 0 1


 ❡t❛ bbb =




6
6
8
3


 .

❆✉r❦✐t✉ min ‖AAAxxx− bbb‖2 ♣r♦❜❧❡♠❛r❡♥ ♦✐♥❛rr✐✲s♦❧✉③✐♦❛✳ ❆✉r❦✐t✉ xxxLM s♦❧✉③✐♦❛ ❡r❡ ✭❤♦ts✱ ❧✉③❡r❛
♠✐♥✐♠♦❛ ❞✉❡♥❛✮✳

❊❜❛③♣❡♥❛✳ ❍✐r✉❣❛rr❡♥ ③✉t❛❜❡❛r❡♥ ♥♦r♠❛ ❡✉❦❧✐❞❡❛rr❛ ❤❛♥❞✐❡♥❛ ❞❡♥❡③✱ ✶✳ ❡t❛ ✸✳ ③✉t❛❜❡❛❦
tr✉❦❛t✉❦♦ ❞✐t✉❣✉ ♣❡r♠✉t❛③✐♦✲♠❛tr✐③❡ ❤♦♥❡♥ ❜✐t❛rt❡③✿

PPP =



0 0 1
0 1 0
1 0 0




❤♦ts✱

AAAPPP =




2 2 1
10 6 7
6 4 4
1 0 1




❍♦✉s❡❤♦❧❞❡r❡♥ tr❛♥s❢♦r♠❛③✐♦❛❦ ❡r❛❜✐❧✐③✱ AAAPPP = QQQR̃RR ❞❡s❦♦♥♣♦s✐③✐♦ ❤❛✉ ❦❛❧❦✉❧❛t③❡♥ ❞❛✿

QQQ =




−0.1684 0.7241 −0.4453 0.4991
−0.8422 −0.2322 −0.3881 −0.2936
−0.5053 0.2459 0.8049 0.1908
−0.0842 −0.6011 −0.0571 0.7927


 R̃RR =




−11.87 −7.411 −8.169
0 1.038 −0.5191
0 0 0
0 0 0




❛❧❡❣✐❛✱ AAA✲r❡♥ ❤❡✐♥❛ r = 2 ❞❛✱ ❡t❛

RRR11 =
[−11.87 −7.411

0 1.038

]
, RRR12 =

[ −8.169
−0.5191

]
, QQQtbbb =




−10.36
3.115
1.267
5.138


 ,

QQQtbbb ❜❡❦t♦r❡❛r❡♥ ❧❡❤❡♥❡♥❣♦ r = 2 ♦s❛❣❛✐❡❦ ccc = [−10.36 3.115]t ❜❡❦t♦r❡❛ ♦s❛t③❡♥ ❞✉t❡ ❡t❛
❛③❦❡♥ m − r = 4 − 2 = 2 ♦s❛❣❛✐❡❦ ddd = [1.267 5.138]t ❜❡❦t♦r❡❛✳ ❖r❛✐♥ z = 0 ❤❛rt✉③✱
RRR11yyyB = ccc ❞✉❣✉✱ ❡t❛ s✐st❡♠❛ ❤♦r✐ ❡❜❛t③✐③ ❤❛✉ ❧♦rt③❡♥ ❞✉❣✉✿

yyyB =
[−1
3

]
, ⇒ xxxB = PPP

[
yyyB
0

]
=



0 0 1
0 1 0
1 0 0






−1
3
0


 =




0
3
−1


 .

✶✹✷



✺✳✶✸✳ ▼✐♥✐♠♦ ❦❛rr❛t✉ ❧✐♥❡❛❧❛❦✿ s✐st❡♠❛ ❣❛✐♥❞❡t❡r♠✐♥❛t✉❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✶✹✸

❇❡r❛③✱ min ‖AAAxxx − bbb‖2 = ‖AAAxxxB − bbb‖2 = ‖d‖2 =
√
1.2672 + 5.1382 = 5.291 ❤♦♥❞❛r ♦♣t✐♠♦❛

✭♠✐♥✐♠♦❛✮ ❞❛✳

❖r❛✐♥✱ xxxLM ❦❛❧❦✉❧❛t✉❦♦ ❞✉❣✉✱ ✭✺✳✺✽✮ ❡r❛❜✐❧✐③✳ ▲❡❤❡♥✐❦✱ www = RRR−1
11RRR12 ❛✉r❦✐t✉❦♦ ❞✉❣✉❀

❤♦ts✱ RRR11www = RRR12 ❡❜❛t③✐ ❜❡❤❛r ❞✉❣✉✿

[−11.87 −7.411
0 1.038

] [
w1

w2

]
=
[ −8.169
−0.5191

]
⇒ www =

[
1

−0.5

]

●❡r♦✱ ❜❡❦t♦r❡ ❤❛✉ ❦❛❧❦✉❧❛t✉❦♦ ❞✉❣✉✿

vvv = xxxB−PPP
[
RRR−1

11RRR12

−1ln−r

]
zzz =




0
3
−1


−



0 0 1
0 1 0
1 0 0







1
−0.5
−1


 z =




0
3
−1


−




−1
−0.5
1


 z =




z
3 + 0.5z
−1− z


 .

❆③❦❡♥✐❦ ✭✺✳✺✽✮ ❦♦♥t✉❛♥ ❤❛rt✉③✱ ❤❛✉①❡ ❞✉❣✉✿

‖xxxLM‖2 = min
z

‖vvv‖2 ⇒ min{z2+(3+0.5z)2+(−1−z)2} = min{2.25z2+5z+10} ⇒ z = −1.111

❇❡r❛③✱

xxxLM =




−1.111
3 + 0.5 · (−1.111)
−1− (−1.111)


 =



−1.111
2.444
0.111




♥♦♥ ‖xxxLM‖2 = 2.687 ❜❛✐t❛ ✭‖xxxB‖2 = 3.162 ❞❛✮ ✳ ✷

✺✳✶✸✳✸✳ ❉❡s❦♦♥♣♦s✐③✐♦ ♦rt♦❣♦♥❛❧ ♦s♦❛

❍❡✐♥ ✉rr✐❦♦ QR ❢❛❦t♦r✐③❛③✐♦❛♥ R̃RR ♠❛tr✐③❡ ❤❛✉ ❧♦rt✉ ❞✉❣✉ ✭✐❦✉s ✭✺✳✺✺✮ ✮✿

QQQtAAAPPP = R̃RR =
[
RRR11 RRR12

000 000

]
r

m− r
r n− r

❇❡r❡③✐❦✐✱ QR ❢❛❦t♦r✐③❛③✐♦❛ ❡r❛❜✐❧ ❞❡③❛❦❡❣✉ ❤❛✉ ❦❛❧❦✉❧❛t③❡❦♦✿

ZZZ1 . . .ZZZr

[
RRRt

11

RRRt
12

]
=
[
TTT t

11

000

]
r

n− r

♥♦♥ ZZZi ❍♦✉s❡❤♦❧❞❡r❡♥ ♠❛tr✐③❡❛❦ ❜❛✐t✐r❛ ❡t❛ T t
11 ❣♦✐✲tr✐❛♥❣❡❧✉❛rr❛✳ ❖♥❞♦r✐♦③✿

QQQtAAAZZZ = TTT =
[
TTT 11 000
000 000

]
r

m− r
r n− r

✭✺✳✺✾✮

♥♦♥ ZZZ = PPPZZZr . . .ZZZ1✳ ❉❡s❦♦♥♣♦s✐③✐♦ ❤♦rr✐ ❞❡s❦♦♥♣♦s✐③✐♦ ♦rt♦❣♦♥❛❧ ♦s♦❛ ❞❡r✐t③♦❣✉✳

✶✹✸



✶✹✹ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❖♥❞♦r✐♦③✱ ♠✐♥✐♠♦ ❦❛rr❛t✉❡♥ ♣r♦❜❧❡♠❛♥ ❤❛✉ ❜❡t❡t③❡♥ ❞❛✿

‖AAAxxx− bbb‖22 = ‖(QQQtAAAZZZ)ZZZtxxx−QQQtbbb‖22 = ‖TTT 11www − ccc‖22 + ‖ddd‖22

♥♦♥

ZZZtxxx =
[
www
yyy

]
r

n− r
❡t❛ QQQtbbb =

[
ccc
ddd

]
r

m− r
.

❇✐st❛♥ ❞❡♥❡③✱ ❜❛❧❞✐♥ xxx✲❦ ♠✐♥✐♠♦ ❦❛rr❛t✉❛❦ ♠✐♥✐♠✐③❛t✉ ❜❡❤❛r ❜❛❞✐t✉✱ ♦r❞✉❛♥ www = TTT−1
11 ccc ❜❡t❡

❜❡❤❛r ❞✉✳ ●❛✐♥❡r❛✱ xxx✲r❡♥ ♥♦r♠❛ ❡✉❦❧✐❞❡❛rr❛ ♠✐♥✐♠♦❛ ✐③❛t❡❦♦ yyy ③❡r♦ ✐③❛♥ ❜❡❤❛r ❡t❛✱ ❤♦rr❡❧❛
❜❛❞❛✱ ❤❛✉ ❞✉❣✉✿

xxxLM = ZZZ
[
TTT−1

11 ccc
0

]
.

✶✹✹


