
✹✳ ❣❛✐❛

❊❦✉❛③✐♦ ❡③✲❧✐♥❡❛❧❡♥ ❡❜❛③♣❡♥❛

▼❡❞✐❦✉♥t③❛✲✐❦❛s❦❡t❡❦ ❜❛✐❡③t❛t✉ ❞✉t❡ ♣✉❡♥t✐♥❣✲❥❛✉③✐❧❛r✐ ❜❛t❡❦ ❜✐③❦❛rr❡③✉rr❡❦♦ ❦❛❧t❡ ❣❛rr❛♥✲
t③✐ts✉ ❜❛t ❥❛s❛t❡❦♦ ❞✉❡♥ ♣r♦❜❛❜✐❧✐t❛t❡❛ ❤❛♥❞✐t✉ ❡❣✐t❡♥ ❞❡❧❛ ❜❛❧❞✐♥ ❡r♦r❦❡t❛ ❧✐❜r❡❦♦ ❛❜✐❛❞✉r❛
✸✻ ♠✴s ❜❛✐♥♦ ❤❛♥❞✐❛❣♦❛ ❜❛❞❛✱ ❡r♦r❦❡t❛ ❧✐❜r❡❛♥ ✹ s ❡❣♦♥ ♦♥❞♦r❡♥✳ ❖r❞✉❛♥✱ ③✉r❡ ♥❛❣✉s✐❛❦ ♥❛❤✐
❞✉ ♣✉❡♥t✐♥❣✲❡♥♣r❡s❛♥ ③✉❦ ③❡❤❛③t❡❛ ③❡✐♥ ♠❛s❛t❛r❛❦♦ ❣❛✐♥❞✐t③❡♥ ❞❡♥ ✐r✐③♣✐❞❡ ❤♦r✐✱ ❛✐r❡❛r❡♥
❡rr❡s✐st❡♥t③✐❛✲❦♦❡✜③✐❡♥t❡❛ ✵✳✷✺ ❦❣✴♠ ❜❛❞❛✳

❩✉❦ ❜❛❞❛❦✐③✉✱ ❛✉rr❡❦♦ ✐❦❛s❦❡t❡♥ ❜✐❞❡③✱ ❛❞✐❡r❛③♣❡♥ ❤❛✉ ❡r❛❜✐❧ ❞❡③❛❦❡❣✉❧❛ ❞❡♥❜♦r❛r❡♥
♠❡♥♣❡❦♦ ❡r♦r❦❡t❛r❡♥ ❛❜✐❛❞✉r❛ ❥❛❦✐t❡❦♦✿
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❊③✐♥ ❞❛ ❜❛❦❛♥❞✉ m✳ ❆✉❦❡r❛ ❜❛t ❞❛ m ❛✉r❦✐t③❡❦♦ ❢✉♥t③✐♦ ❜❡rr✐ ❤♦♥❡♥ ❡rr♦❛ ❦❛❧❦✉❧❛t③❡❛✿
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− v(t) ✭✹✳✶✮

❑❛♣✐t✉❧✉ ❤♦♥❡t❛♥ ✐❦✉s✐❦♦ ❞✉❣✉ ♥♦❧❛ ❡r❛❜✐❧ ❞❡③❛❦❡❣✉♥ ♦r❞❡♥❛❣❛✐❧✉❛ ❤♦rr❡❧❛❦♦ s♦❧✉③✐♦❛❦
❦❛❧❦✉❧❛t③❡❦♦✳

✹✳✶✳ ▼❡t♦❞♦ ❣r❛✜❦♦❛❦

▼❡t♦❞♦ ❡rr❛③ ❜❛t ❞❛ f(x) = 0 ❡❦✉❛③✐♦❦♦ ❡rr♦❛r❡♥ ❤✉r❜✐❧♣❡♥ ❜❛t ❧♦rt③❡❦♦ ❢✉♥t③✐♦❛r❡♥ ♠❛✲
rr❛③❦❡t❛ ❡❣✐t❡❛✱ ❡t❛ ❛③t❡rt③❡❛ ♥♦♥ ③❡❤❛r❦❛t③❡♥ ❞✉❡♥ x ❛r❞❛t③❛✳ P✉♥t✉ ❤♦rr❡❦ ❡rr♦❛r❡♥ s❛s✐✲
❤✉r❜✐❧♣❡♥ ❜❛t ❡♠❛t❡♥ ❞✐❣✉✳

✹✳✶✳ ❛❞✐❜✐❞❡❛✳ ❍✉r❜✐❧♣❡♥ ❣r❛✜❦♦❛ ❡r❛❜✐❧✐③✱ ❛✉r❦✐t✉ ♣✉❡♥t✐♥❣✲❥❛✉③✐❧❛r✐❛r❡♥ ♠❛s❛✱ cd = 0.25
❦❣✴♠ ❜❛❞❛✱ ❡r♦r❦❡t❛ ❧✐❜r❡❦♦ ✹ s ✐❣❛r♦ ♦♥❞♦r❡♥ ❛❜✐❛❞✉r❛ ✸✻ ♠✴s✲❦♦❛ ✐③❛t❡❦♦ ✭g = 9.81 ♠✴s2✮✳

✻✾



✼✵ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❊❜❛③♣❡♥❛✿ m✲r❡❦✐❦♦ ✭✹✳✶✮ ❢✉♥t③✐♦❛ ♠❛rr❛③t❡❦♦✱ ▼❆❚▲❆❇ ❡r❛❜✐❧✐③✱ ❤❛✉ ❡❣✐♥❣♦ ❞✉❣✉✿

❃❃ ❝❞❂✵✳✷✺❀ ❣❂✾✳✽✶❀ ✈❂✸✻❀ t❂✹❀

❃❃ ♠♣❂❧✐♥s♣❛❝❡✭✺✵✱✷✵✵✮❀

❃❃ ❢♣❂sqrt✭❣✯♠♣✴❝❞✮✳✯t❛♥❤✭sqrt✭❣✯❝❞✳✴♠♣✮✯t✮✲✈❀

❃❃ ♣❧♦t✭♠♣✱❢♣✮✱ ❣r✐❞

❋✉♥t③✐♦ ❤♦rr❡❦ ✶✹✵ ❡t❛ ✶✺✵ ❦❣ ❛rt❡❛♥ ③❡❤❛r❦❛t③❡♥ ❞✉ m ❛r❞❛t③❛✳ ▼❛rr❛③❦❡t❛r❡♥ ❛③t❡r❦❡t❛❦
❡rr♦❛r❡♥ ✶✹✺ ❦❣✲❦♦ s❛s✐❤✉r❜✐❧♣❡♥ ❜❛t ❡♠❛t❡♥ ❞✐❣✉✳ ❍✉r❜✐❧♣❡♥ ❣r❛✜❦♦ ❤♦rr❡♥ ❜❛❧✐♦t❛s✉♥❛
♣r♦❜❛t③❡❦♦✱ ✭✹✳✶✮ ❛❞✐❡r❛③♣❡♥❡❛♥ ♦r❞❡③❦❛t✉❦♦ ❞✉❣✉✿

❃❃ sqrt✭❣✯✶✹✺✴❝❞✮✳✯t❛♥❤✭sqrt✭❣✯❝❞✳✴✶✹✺✮✯t✮✲✈

❛♥s ❂

✵✳✵✹✺✻

③❡✐♥❛ ③❡r♦t✐❦ ❤✉r❜✐❧ ❜❛✐t❛❣♦✳ ✷

❚❡❦♥✐❦❛ ❣r❛✜❦♦❡❦ ❡r❛❜✐❧❡r❛ ♣r❛❦t✐❦♦ ♠✉❣❛t✉❛ ❞✉t❡✱ ♦s♦ ③❡❤❛t③❛❦ ❡③ ❞✐r❡❧❛❦♦✳ ❍❛❧❛ ❡r❡✱
♠❡t♦❞♦ ❣r❛✜❦♦❛❦ ❡r❛❜✐❧ ❞❛✐t❡③❦❡ ❡rr♦❡♥ s❛s✐❤✉r❜✐❧♣❡♥❛❦ ❛✉r❦✐t③❡❦♦✱ ❡t❛ ❤♦r✐❡❦ ③❡♥❜❛❦✐③❦♦
♠❡t♦❞♦❡t❛♥ ❡r❛❜✐❧ ❞❛✐t❡③❦❡✱ ❤❛s✐❡r❛❦♦ ❤✉r❜✐❧t③❡✲♣✉♥t✉❛❦ ❜❡③❛❧❛✳

✹✳✷✳ ❇❛❦❛rt③❡✲♠❡t♦❞♦❛❦ ❡t❛ ❤❛s✐❡r❛❦♦ ❤✉r❜✐❧t③❡✲♣✉♥t✉❛❦

❇✐ ♠❡t♦❞♦ ♠♦t❛ ♥❛❣✉s✐ ❞✐t✉❣✉ ❡rr♦❛r✐ ❜✉r✉③ ❞✉❣✉♥ ✐♥❢♦r♠❛③✐♦❛r❡♥ ❛r❛❜❡r❛✱ ❤❛✉❡❦ ❞✐r❛✿

❼ ❇❛❦❛rt③❡✲♠❡t♦❞♦❛❦✳ ▼❡t♦❞♦ ❤❛✉❡t❛♥✱ ❤❛s✐❡r❛❦♦ ❜✐ ❤✉r❜✐❧t③❡✲♣✉♥t✉❦ ❡rr♦ ❜❛❦♦✐t③❛
❜❛❦❛rt③❡♥ ❞✉ t❛rt❡ ❜❛t❡❛♥✳

❼ ▼❡t♦❞♦ ✐r❡❦✐❛❦✳ ▼❡t♦❞♦ ❤❛✉❡t❛♥✱ ❤❛s✐❡r❛❦♦ ❤✉r❜✐❧t③❡✲♣✉♥t✉ ❜❛t ✭❡❞♦ ❣❡❤✐❛❣♦✮ ❡r❛✲
❜✐❧t③❡♥ ❞❛✱ ❜❛✐♥❛ ❡③ ❞❛ ❜❡❤❛rr❡③❦♦❛ ❡rr♦❛ t❛rt❡ ❜❛t❡❛♥ ❜❛❦❛rt③❡❛✳

❇❛❦❛rt③❡✲♠❡t♦❞♦❡♥ ❦♦♥❜❡r❣❡♥t③✐❛ ♠♦t❡❧❛ ❞❛✳ ❆❧❞✐③✱ ♠❡t♦❞♦ ✐r❡❦✐❡♥ ❦♦♥❜❡r❣❡♥t③✐❛✱ ♦r♦
❤❛r✱ ❛③❦❛rr❛❣♦❛ ❞❛❀ ❜❛✐♥❛ ❤❛✐❡❦ ❞✐❜❡r❣❡♥t❡❛❦ ✐③❛♥ ❞❛✐t❡③❦❡✳
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✹✳✷✳ ❇❛❦❛rt③❡✲♠❡t♦❞♦❛❦ ❡t❛ ❤❛s✐❡r❛❦♦ ❤✉r❜✐❧t③❡✲♣✉♥t✉❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✼✶

❇✐ ❦❛s✉❡t❛♥✱ ❜❡❤❛rr❡③❦♦❛❦ ❞✐r❛ ❤❛s✐❡r❛❦♦ ❤✉r❜✐❧t③❡✲♣✉♥t✉❛❦✳ ❆③t❡rt③❡♥ ❛r✐ ❣❛r❡♥ t❡st✉✐♥✲
❣✉r✉ ✜s✐❦♦t✐❦ ❛t❡r❛ ❞✐t③❛❦❡❣✉ ❤♦r✐❡❦✳ ❍❛❧❛ ❡r❡✱ ❜❛t③✉❡t❛♥ ❡③ ❞❛ ❡rr❛③❛ ❤♦rr❡❧❛❦♦ ❤❛st❛♣❡♥✲
❞❛t✉ ♦♥❛❦ ✐r❛❣❛rt③❡❛✳

❊❦✉❛③✐♦ ❜❛t❡❦ ❡rr♦ ❛♥✐t③ ❜❛❧❞✐♥ ❜❛❞❛✉③❦❛ t❛rt❡ ❜❛t❡❛♥✱ ❡rr♦❛❦ ❜❛❦❛rt③❡❦♦ t❛rt❡ t①✐❦✐❛✲
❣♦❛❦ ❞❡✜♥✐t✉❦♦ ❞✐t✉❣✉✳ ❍♦r✐ ❢✉♥t③✐♦❛ ♠❛rr❛③t✉③ ❡❣✐♥ ❞❡③❛❦❡❣✉✱ ❡❞♦ ❢✉♥t③✐♦❛ ❜❛❧✐♦③t❛t✉③
s❡❣✐❞❛❦♦ ♣✉♥t✉❡♥ ♠✉❧t③♦ ❜❛t ❤❛rt✉③✱ ❡t❛ ❛③t❡rt✉③ ❢✉♥t③✐♦❛r❡♥ ③❡✐♥✉❛ ③❡✐♥ t❛rt❡t❛♥ ❛❧❞❛t③❡♥
❞❡♥✳

❖♥❞♦r❡♥❣♦ ❛t❛❧❡❛♥ ❦❛s✉ ❜❡r❡③✐ ❜❛t ✐❦✉s✐❦♦ ❞✉❣✉✱ ♥♦♥ ❡rr♦❛❦ ❛♥❛❧✐t✐❦♦❦✐ ❜❛❦❛rt✉ ❜❛✐t✐t③❛✲
❦❡❣✉♥✳

✹✳✷✳✶✳ ❊rr♦❛❦ ❜❛❦❛rt③❡❛

■③❛♥ ❜✐t❡③ [a, b] t❛rt❡❛ ❡t❛ f : [a, b] ⊂ IR → IR ❢✉♥t③✐♦ ♦♥❞♦ ❞❡✜♥✐t✉❛ ❡t❛ ❥❛rr❛✐t✉❛ t❛rt❡
❤♦rr❡t❛♥✳ ❋✉♥t③✐♦❛r❡♥ ❡rr♦❛❦ ❜✐❧❛t③❡❛ ❡t❛ f(x) = 0 ❡❦✉❛③✐♦❛r❡♥ s♦❧✉③✐♦❛❦ ❛s♠❛t③❡❛ ♣r♦❜❧❡♠❛
❜❡r❛ ❞❛✳ ❇❡r❞✐♥t③❛ ❤♦r✐ ❜❡t❡t③❡♥ ❞✉❡♥ p s♦❧✉③✐♦❛r✐ ❢✉♥t③✐♦❛r❡♥ ❡rr♦ ❡s❛♥❣♦ ❞✐♦❣✉✳

❇❛t③✉❡t❛♥✱ f ′(x) ❢✉♥t③✐♦❛r❡♥ ❡①✐st❡♥t③✐❛ ❢✉♥ts❡③❦♦❛ ✐③❛♥❣♦ ❞❛ ❤❡❧❜✉r✉❛ ❧♦rt③❡❦♦ ❡t❛✱ ③❡♥✲
❜❛✐t❡t❛♥✱ f ′′(x)✲r❡♥❛ ❡r❡ ❜❛✐✳ ❏♦ ❞❡③❛❣✉♥ f(x) = 0 ❡❦✉❛③✐♦❛r❡♥ ❡rr♦ ❣✉③t✐❛❦ ❞❡s❜❡r❞✐♥❛❦
❞✐r❡❧❛✳ ❍♦rt❛③✱ ❡rr♦ ❜❛❦♦✐t③❛r❡♥ ✐♥❣✉r✉♥❡ ♥❛❤✐❦♦ t①✐❦✐ ❜❛t❡r❛❦♦ ❡③ ❞❛❣♦ ❜❡st❡ ❡rr♦r✐❦✳ ❖r✲
❞✉❛♥✱ ❜✐ ✉rr❛ts ❤❛✉❡❦ ❜❡t❡❦♦ ❞✐t✉❣✉✿

✶✳ ❊rr♦❡♥ ❜❡r❡✐③❦❡t❛✿ ❡rr♦ ❜❛❦♦✐t③❛r❡♥ [α, β] ✐♥❣✉r✉♥❡ ❛❤❛❧✐❦ ❡t❛ t①✐❦✐❡♥❛ ❛✉r❦✐t③❡❛❀ ♥♦♥
t❛rt❡❛r❡♥ ❜❛r♥❡❛♥ ❡③ ❜❛✐t❛ ❡❦✉❛③✐♦❛r❡♥ ❜❡st❡ ❡rr♦r✐❦ ❡❣♦♥ ❜❡❤❛r✳

✷✳ ❊rr♦ ❤✉r❜✐❧❞✉❡♥ ❜❛❧✐♦❛❦ ❞♦✐t③❡❛✿ ❡♠❛✐t③❛ ❣❡r♦ ❡t❛ ❤♦❜❡❛❦ ❤✉r❜✐❧t③❡❛✳

❏❛rr❛✐❛♥✱ ❦♦♥t✉❛♥ ❤❛rt✉ ❜❡❤❛r❦♦ ❞✐t✉❣✉ ❜✐ ♣r♦♣✐❡t❛t❡ ❤❛✉❡❦✿

✭✐✮■③❛♥ ❜❡❞✐ f ❥❛rr❛✐t✉❛ [a, b] t❛rt❡❛♥ ❡t❛ [a, b]✲❦♦ ♠✉t✉rr❡t❛♥ ③❡✐♥✉ ❞❡s❜❡r❞✐♥❡❦✐♥ ✭❤♦ts✱
f(a) · f(b) < 0✮❀ ♦r❞✉❛♥✱ f ❢✉♥t③✐♦❛❦ ❣✉t①✐❡♥❡③ c ❡rr♦ ❜❛t ✐③❛♥❣♦ ❞✉ (a, b) t❛rt❡❛♥❀ ❤♦ts✱
∃c ∈ (a, b)✱ ♥♦♥ f(c) = 0 ❜❛✐t❛ ✭❇♦❧③❛♥♦✲r❡♥ t❡♦r❡♠❛✮✳

✭✐✐✮❇❛❧❞✐♥ f ❞❡r✐❜❛❣❛rr✐❛ ❜❛❞❛ (a, b) t❛rt❡❛♥✱ ❡t❛ f ′✲❦ t❛rt❡ ❤♦rr❡t❛♥ ③❡✐♥✉❛ ❛❧❞❛t③❡♥ ❡③ ❜❛❞✉
✭❤❛✉ ❞❛✱ f ♠♦♥♦t♦♥♦❛ ❜❛❞❛✮✱ ♦r❞✉❛♥✱ f ❢✉♥t③✐♦❛❦ ❡③ ❞✉ [a, b] t❛rt❡❛♥ ❡rr♦ ❜❛t ❜❛✐♥♦
❣❡❤✐❛❣♦ ✐③❛♥❣♦✳

❖♥❞♦r✐♦③✱ f(x) = 0 ❡❦✉❛③✐♦❛r❡♥ ❡rr♦❛❦ ❦❛❧❦✉❧❛t③❡❦♦ ✉rr❛ts ❤❛✉❡✐ ❥❛rr❛✐t✉❦♦ ❞✐❡❣✉✿

✶✳ ❋✉♥t③✐♦❡♥ ❡rr♦❛❦ t❛rt❡ ❞❡s❜❡r❞✐♥❡t❛♥ ❜❛❦❛rt✉❦♦ ❞✐t✉❣✉ ✭✐✐✮ ❛♣❧✐❦❛t✉③✱ ❛❤❛❧ ❜❛❞❛✳ ▲❡❤❡♥✲
❞❛❜✐③✐✱ ❡♠❛♥❞❛❦♦ t❛rt❡❛r❡♥ ♣❛rt✐③✐♦ ❜❛t ❡❣✐t❡♥ ❞❛✿ a < α1 < α2 < . . . < αn < b

✼✶



✼✷ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

✭❛❞✐❜✐❞❡③✱ f ❞❡r✐❜❛❣❛rr✐❛ ❜❛❞❛✱ ❞❡r✐❜❛t✉❛r❡♥ ③❡✐♥✉✲❛❧❞❛❦❡t❛❦ ❡r❛❜✐❧✐③ ❧♦r ❞❡③❛❦❡❣✉ ♣❛r✲
t✐③✐♦❛❀ ❤❛✉ ❞❛✱ f ′(x) ❢✉♥t③✐♦❛r❡♥ ❡rr♦❛❦ ❦❛❧❦✉❧❛t✉③✮✳

✷✳ ❖♥❞♦③ ♦♥❞♦❦♦ ♣✉♥t✉✲❜✐❦♦t❡❛❦ ❜✐❧❛t✉❦♦ ❞✐t✉❣✉✱ ✭✐✮ ❛♣❧✐❦❛t✉③✿ ❤❛❧❛✱ f ❢✉♥t③✐♦❛❦ ③❡✐♥✉
❞❡s❜❡r❞✐♥❛❦ ❤❛rt✉❦♦ ❞✐t✉✳ ❍❛✉ ❞❛✱ αk, αk+1 ✐③❛♥❣♦ ❞✐t✉❣✉✱ ♥♦♥ f(αk) · f(αk+1) < 0
❜❛✐t❛✳ ❍♦rr❡❦ ❛❞✐❡r❛③t❡♥ ❞✐❣✉ ❡③❡♥ t❛rt❡ ❤♦rr❡t❛♥ f(x)✲r❡♥ ❡rr♦ ❜❛t ❡①✐st✐t③❡♥ ❞❡❧❛✳

✹✳✷✳ ❛❞✐❜✐❞❡❛✳ ❊❜❛t③✐ x4 − 4x− 1 = 0 ❡❦✉❛③✐♦❛✳

❊❜❛③♣❡♥❛✳ ■③❛♥ ❜❡❞✐ f(x) = x4 − 4x − 1✳ ❋✉♥t③✐♦ ❤♦rr❡❦✱ ✹✳ ♠❛✐❧❛❦♦ ♣♦❧✐♥♦♠✐♦ ❜❛t ❞❡♥❡③✱
❣❡❤✐❡♥❡③ ❧❛✉ ❡rr♦ ✐③❛♥❣♦ ❞✐t✉✳ ❋✉♥t③✐♦ ❤♦rr❡♥ ③❡✐♥✉✲❛❧❞❛❦❡t❛❦ ✜♥❦❛t③❡❦♦✱ ❛s❦✐ ❞✐r❛ ❡♠❛♥❞❛❦♦
t❛rt❡❛r❡♥ ♠✉t✉rr❛❦ ❡t❛ ❢✉♥t③✐♦❛r❡♥ ♠❛①✐♠♦ ❡t❛ ♠✐♥✐♠♦ ❧♦❦❛❧❛❦✳ ❑❛s✉ ❤♦rr❡t❛♥✱ f ′(x) =
4(x3− 1) ❛③t❡rt③❡♥ ❞❛✱ ❡t❛✱ ♦♥❞♦r✐♦③✱ x = 1 ❞❛ f ′(x)✲r❡♥ ③❡✐♥✉✲❛❧❞❛❦❡t❛ ❜❛❦❛rr❛✳ ❍❛✐♥ ③✉③❡♥
❡r❡✿

x ∈ (−∞, 1) ⇒ f ′(x) < 0
x ∈ (1,∞) ⇒ f ′(x) > 0

❍♦rt❛③✱ (−∞, 1) t❛rt❡❛♥✱ f(x) ❜❡❤❡r❛❦♦rr❛ ❞❛✱ ❡t❛✱ (1,∞) t❛rt❡❛♥✱ f(x) ❣♦r❛❦♦rr❛ ❞❛✳ ●❛✐✲
♥❡r❛✱ t❛rt❡ ❤♦r✐❡♥ ♠✉t✉rr❡t❛♥✱ ③❡r❛ ❣❡rt❛t③❡♥ ❞❛✿

f(−∞) · f(1) < 0 ❡t❛ f(1) · f(∞) < 0,

❖♥❞♦r✐♦③✱ ❜✐ t❛rt❡ ❤♦r✐❡t❛♥ f(x)✲❦ ✵ ❜❛❧✐♦❛ ❤❛rt③❡♥ ❞✉ ✭✐✮ ❛♣❧✐❦❛t✉③✳ ❍❛✉ ❞❛✱ t❛rt❡ ❜❛❦♦✐t③❡❛♥
❡rr♦ ❜❛t ❞❛❣♦✳ ✷

❖❤❛rr❛✳ ❊rr♦❛❦ t❛rt❡ ❞❡s❜❡r❞✐♥❡t❛♥ ❜❛❦❛rt③❡❦♦ ❞✉❣✉♥ ❜❡st❡ ♠❡t♦❞♦ ❜❛t ❞❛ ❢✉♥t③✐♦❛r❡♥
❣r❛✜❦♦❛ ❛③t❡rt③❡❛ ✭❡s❛t❡ ❜❛t❡r❛❦♦✱ ▼❆❚▲❆❇ ❡r❛❜✐❧✐③✮✳ ●❡r♦❛❣♦✱ ❡rr♦ ❜❛t ❞✉❡♥ t❛rt❡ ❜❛❦♦✐t③❛
t①✐❦✐t③❡♥ ❞❛✱ ❛❞✐❜✐❞❡③✱ ❜✐s❡❦③✐♦ ♠❡t♦❞♦❛r❡♥ ❜✐t❛rt❡③✳

✹✳✷✳✷✳ ❇✐s❡❦③✐♦ ♠❡t♦❞♦❛

❉❡♠❛❣✉♥ f ❢✉♥t③✐♦❛ ❥❛rr❛✐t✉❛ ❞❡❧❛ [a, b] t❛rt❡❛♥ ❡t❛ f(a) ·f(b) < 0 ❜❡t❡t③❡♥ ❞❡❧❛❀ ♦r❞✉❛♥✱ ✭✐✮
♣r♦♣✐❡t❛t❡❛r❡♥ ❛r❛❜❡r❛ p ❜❛❧✐♦ ❜❛t ❡①✐st✐t③❡♥ ❞❛ (a, b) t❛rt❡❛♥✱ ♥♦♥ f(p) = 0 ❜❛✐t❛✳ ❙✉♣♦s❛
❞❡③❛❣✉♥✱ ♦r♦❜❛t✱ t❛rt❡ ❤♦rr❡t❛♥ ❡rr♦ ❤♦r✐ ❜❛✐♥♦ ❡③ ❞❛❣♦❡❧❛✳

▲❡❤❡♥❞❛❜✐③✐✱ a = a1 ❡t❛ b = b1 ✐③❡♥❞❛t✉❦♦ ❞✐r❛✱ ❡t❛ ❡♠❛♥❞❛❦♦ t❛rt❡❛ ❜✐ ③❛t✐ ❜❡r❞✐♥❡t❛♥
❜❡r❡✐③✐❦♦ ❞❛❀ [a, b] = [a1, p1] ∪ [p1, b1]✱ ♥♦♥ p1 = (a1 + b1)/2 ❡r❞✐❣✉♥❡❦♦ ❜❛❧✐♦❛ ❜❛✐t❛✳ ❖r❛✐♥✱
❤❛s✐❡r❛❦♦ t❛rt❡❛r❡♥ ❧✉③❡r❛✲❡r❞✐❦♦ ❛③♣✐t❛rt❡ ❜❛t❡❛♥ ❡❣♦♥❣♦ ❞❛ p ❡rr♦❛✱ ❡t❛ ③❡✐♥ ❞❡♥ ❥❛❦✐t❡❦♦✱
f(a1) · f(p1) ❜❛❧✐♦③t❛t③❡♥ ❞❛✳ ❇❛❧❞✐♥ ❛③❦❡♥ ❜❛❧✐♦ ❤♦r✐ ♥❡❣❛t✐❜♦❛ ❜❛❞❛✱ ♦r❞✉❛♥ ❧❡❤❡♥❡♥❣♦
❛③♣✐t❛rt❡❛♥ ❡❣♦♥❣♦ ❞❛ ❡t❛✱ ♦♥❞♦r✐♦③✱ ♣r♦③❡s✉❛ [a2, b2] t❛rt❡❛♥ ❡rr❡♣✐❦❛t✉ ❜❡❤❛r ❞❛✱ t❛rt❡
❤♦rr❡t❛r❛❦♦ a2 = a1 ❡t❛ b2 = p1 ❤❛rt✉③❀ ❜❡st❡❧❛✱ a2 = p1 ❡t❛ b2 = b1 ✐③❡♥❞❛t✉ ❜❡❤❛r❦♦
❞✐r❛✳ ■t❡r❛③✐♦ ❜❛❦♦✐t③❡❛♥ ❞❛❣♦❡♥ t❛rt❡❛r❡♥ ❧✉③❡r❛ ❡r❞✐❜✐t✉ ❡❣✐t❡♥ ❞❛✱ ❡t❛✱ n ✐t❡r❛③✐♦ ❜✉r✉t✉
♦♥❞♦r❡♥✱ [an, bn]✲r❡♥ ❧✉③❡r❛ (b − a)/2n−1 ✐③❛♥❣♦ ❞❛✳ ◆♦s❦✐✱ p ∈ [an, bn] ❞❛❣♦❡♥❡③✱ ❡rr♦r❡❛
|pn − p| ≤ (b − a)/2n ✐③❛♥❣♦ ❞❛✳ ❇❡r❛③✱ n ❤❛♥❞✐t✉③✱ ❡rr♦r❡❛ ❣❡r♦ ❡t❛ t①✐❦✐❛❣♦❛ ❡❣✐t❡♥ ❞❛✳
❍♦r✐ ❢♦r♠❛❧✐③❛ ❞❛✐t❡❦❡ t❡♦r❡♠❛ ❤♦♥❡t❛♥✿

✼✷



✹✳✷✳ ❇❛❦❛rt③❡✲♠❡t♦❞♦❛❦ ❡t❛ ❤❛s✐❡r❛❦♦ ❤✉r❜✐❧t③❡✲♣✉♥t✉❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✼✸

✹✳✶✳ ✐r✉❞✐❛✳ ❇✐s❡❦③✐♦ ♠❡t♦❞♦❛✳

✹✳✶✳ t❡♦r❡♠❛✳ ❉❡♠❛❣✉♥ f ∈ C[a, b] ❡t❛ f(a)f(b) < 0 ❞❡❧❛✳ ■③❛♥ ❜❡❞✐ {pn}∞n=1 s❡❣✐❞❛✱ ♥♦♥
pn = (an + bn)/2 ❜❛✐t❛✳ ❖r❞✉❛♥✱ ❜❛❞❛❣♦ p ∈ (a, b) ♣✉♥t✉ ❜❛t✱ ♥♦♥ f(p) = 0✱ ❤❛✉ ❜❡t❡t③❡♥
❞✉❡♥❛✿

εn = |p− pn| ≤
b− a

2n
, n = 1, 2, . . . ✭✹✳✷✮

❡t❛✱ ❜❡r❡③✐❦✐✱ limn→∞ pn = p✳

❋r♦❣❛♣❡♥❛✳ ▼❡t♦❞♦❛r❡♥ ❞❡s❦r✐♣③✐♦t✐❦ ✭✹✳✷✮ ❧♦rt③❡♥ ❞❛✳ ❇❡st❛❧❞❡✱ ❤❛✉ ❜❡t❡t③❡♥ ❞❛✿

lim
n→∞

|p− pn| ≤ lim
n→∞

b− a

2n
= 0,

❡t❛ ❤♦rr❡❦ limn→∞ pn = p ✐♥♣❧✐❦❛t③❡♥ ❞✉✳ ✷

❆✉rr❡❦♦ t❡♦r❡♠❛r❡♥ ❛r❛❜❡r❛✱ ❤❛s✐❡r❛❦♦ τ > 0 t♦❧❡r❛♥t③✐❛ ❜❛t ✭❡rr♦r❡❛r❡♥ ❣♦✐✲❜♦r♥❡ ❜❛t✮
❥❛r ❞❡③❛❦❡❣✉✱ ❡t❛ εn < τ ❞❡♥❡❛♥ ❜✉❦❛t✉t③❛t ❡♠❛♥ ♣r♦③❡s✉❛✳ ❇❡st❛❧❞❡✱ ♣r♦③❡s✉❛ ♠♦③t❡❦♦ ❜❡t✐
❥❛r ❞❡③❛❦❡❣✉ ✐t❡r❛③✐♦❡♥ nmax ❦♦♣✉r✉ ♠❛①✐♠♦ ❜❛t❀ ❤♦ts✱ n = nmax ❞❡♥❡❛♥✱ ♣r♦③❡s✉❛ ❜✉❦❛t③❡♥
❞❛ ❡t❛ pn✲r❡❦✐♥ ❣❡r❛t③❡♥ ❣❛r❛✳

✹✳✸✳ ❛❞✐❜✐❞❡❛✳ ❇✐s❡❦③✐♦ ❛❧❣♦r✐t♠♦❛ ❡r❛❜✐❧✐③✱ ❦❛❧❦✉❧❛t✉ ex = sin x ❡❦✉❛③✐♦❛r❡♥ s♦❧✉③✐♦❛ x ∈
[−4,−3] t❛rt❡❛♥✱ ❡rr♦r❡❛r❡♥ t♦❧❡r❛♥t③✐❛ ✵✳✵✶ ✐③❛♥✐❦✳

❊❜❛③♣❡♥❛✳ ■③❛♥ ❜❡❞✐ f(x) = ex − sin x❀ ♦r❛✐♥✱ ❡❦✉❛③✐♦❛r❡♥ s♦❧✉③✐♦ ❜❛t f ❢✉♥t③✐♦❛r❡♥ ❡rr♦ ❜❛t
✐③❛♥❣♦ ❞❛✳ ❍❛st❡❦♦✱ [a1, b1] = [−4,−3]✱ f(a1) = f(−4) < 0 ❡t❛ f(b1) = f(−3) > 0 ❞✐r❡♥❡③✱
[−4,−3] t❛rt❡❛♥ ❣✉t①✐❡♥❡③ ❡rr♦ ❜❛t ❞❛❣♦✳

❏❛rr❛✐❛♥✱ [−4,−3] t❛rt❡❛ ❡r❞✐❜✐t✉❦♦ ❞✉❣✉✳ ❊r❞✐❣✉♥❡❛ p1 = −3.5 ❞❛❀ [−4,−3] = [−4,−3.5]∪
[−3.5,−3]✱ f(p1) = f(−3.5) < 0 ❞❡♥❡③✱ [a2, b2] = [−3.5,−3] t❛rt❡❛♥ ❡❣♦♥❣♦ ❞❛ ❡rr♦❛✳

✼✸



✼✹ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

✹✳✶✳ t❛✉❧❛✳ ❇✐s❡❦③✐♦ ♠❡t♦❞♦❛✳

n an bn pn f(pn)
✶ ✲✹ ✲✸ ✲✸✳✺ ✲✵✳✸✷✵✻
✷ ✲✸✳✺ ✲✸ ✲✸✳✷✺ ✲✵✳✵✻✾✹
✸ ✲✸✳✷✺ ✲✸ ✲✸✳✶✷✺ ✵✳✵✻✵✺
✹ ✲✸✳✷✺ ✲✸✳✶✷✺ ✲✸✳✶✽✼✺ ✲✵✳✵✵✹✻

❖r❛✐♥✱ t❛rt❡❛r❡♥ ❡r❞✐❣✉♥❡❛ p2 = −3.25 ❞❛❀ [−3.5,−3] = [−3.5,−3.25] ∪ [−3.25,−3]✱
f(p2) = f(−3.25) < 0 ❞❡♥❡③✱ [a3, b3] = [−3.25,−3] t❛rt❡❛♥ ❡❣♦♥❣♦ ❞❛ ❡rr♦❛✳

❊t❛ ❤♦rr❡❧❛ ❥❛rr❛✐t✉③✱ ♥❛❤✐ ❞✉❣✉♥ ❜❡③❛✐♥❜❡st❡ ❤✉r❜✐❧❞✉❦♦ ❣❛r❛ ❡rr♦r❛♥t③✳

❇❡r❛③✱ ❧❛✉ ✐t❡r❛③✐♦ ❡❣✐♥ ♦♥❞♦r❡♥ ❧♦rt✉r✐❦♦ s♦❧✉③✐♦ ❤✉r❜✐❧❞✉❛ x = −3.1875 ❞❛✱ ❡t❛ |−0.0046|
= 0.0046 < 0.01 s♦rt③❡♥ ❞❡♥ ❡rr♦r❡❛✳ ✷

❇✐s❡❦③✐♦ ♠❡t♦❞♦❛r✐ ❜✉r✉③❦♦ ♦❤❛rr❛❦

❆❧❞❡ ❜❛t❡t✐❦✱ ❜✐s❡❦③✐♦ ♠❡t♦❞♦❛❦ ❜✐ ❡r❛❣♦③♣❡♥ ♥❛❜❛r✐ ❞✐t✉✱ ❡t❛ ❤❛✉❡①❡❦ ❞✐r❛✿ ❜❛t❛✱ ♠❡t♦❞♦❛
❛st✐r♦ ❤✉r❜✐❧t③❡♥ ❞❡❧❛ s♦❧✉③✐♦r❛♥t③✱ ❡t❛ ❜❡st❡❛✱ ❤✉r❜✐❧❞✉ ❜✐t❛rt❡❛♥ ❛❧❞❡ ❜❛t❡❛♥ ✉t③ ❞✐t③❛❦❡❡❧❛
❤✉r❜✐❧❦❡t❛ ♦♥❛❦✳ ❇❡st❡ ❛❧❞❡t✐❦✱ ♠❡t♦❞♦ ❤♦♥❡❦ s♦❧✉③✐♦r❛♥t③ ❥♦t③❡♥ ❞✉✱ ❡t❛✱ ❤♦rr❡❣❛t✐❦✱ ❡r❛❜✐❧✲
❣❛rr✐❛ ❞❛ ❤❛s✐❡r❛❦♦ ❡st✐♠❛③✐♦ ❜❛t ❛s♠❛t③❡❦♦✱ ❡t❛✱ ❥❛rr❛✐❛♥✱ ❜❡st❡ ♠❡t♦❞♦ ❡r❛❣✐♥❦♦rr❛❣♦ ❜❛t
❛♣❧✐❦❛t✉ ❛❤❛❧ ✐③❛t❡❦♦✳ ▼❡t♦❞♦ ❤♦rr❡❦ ❤✉ts ❡❣✐♥ ❞❡③❛❦❡ p ♣✉♥t✉❛♥✱ ❜❛❧❞✐♥ ❛❜s③✐s❛ y = f(x)
❦✉r❜❛r❡♥ ③✉③❡♥ ✉❦✐t③❛✐❧❡❛ ❜❛❞❛ ❡t❛ ❦✉r❜❛❦ ❛❜s③✐s❛ ❡③ ❜❛❞✉ ③❡❤❛r❦❛t③❡♥✳

✹✳✹✳ ❛❞✐❜✐❞❡❛✳ ■❞❛t③✐ ▼❆❚▲❆❇ ♣r♦❣r❛♠❛ ❜❛t✱ ✐♥str✉❦③✐♦❡♥ ▼✲✜t①❛t❡❣✐ ❜❛t✱ 8 − 4.5(x −
sin(x)) = 0 ❡❦✉❛③✐♦❛r❡♥ s♦❧✉③✐♦❛ ❛✉r❦✐t③❡❦♦✱ ❜✐s❡❦③✐♦ ♠❡t♦❞♦❛ ❡r❛❜✐❧✐③✳ ❙♦❧✉③✐♦❛r❡♥ ❡rr♦r❡✲
t♦❧❡r❛♥t③✐❛❦ ✵✳✵✵✶ r❛❞ ✐③❛♥ ❜❡❤❛r ❞✉ ✭❤♦ts✱ ❡rr♦r❡❛ ❁ ✵✳✵✵✶✮✳ ❙♦rt✉ t❛✉❧❛ ❜❛t✱ ♥♦♥ ❜✐s❡❦③✐♦
♣r♦③❡s✉❦♦ ✐t❡r❛③✐♦ ❜❛❦♦✐t③❡❛♥ a✱ b✱ pn✱ f(pn) ❡t❛ ❡rr♦r❡❛ ❛❣❡rt③❡♥ ❜❛✐t✐r❛✳

❊❜❛③♣❡♥❛✳ ❙♦❧✉③✐♦❛r❡♥ ❤❛s✐❡r❛❦♦ ❤✉r❜✐❧t③❡ ❜❛t
❡❣✐t❡❦♦✱ f(x) = 8−4.5(x−sin(x)) ♠❛rr❛③t❡♥ ❞✉❣✉✱
▼❆❚▲❆❇❡♥ ❢♣❧♦t ✐♥str✉❦③✐♦❛ ❡r❛❜✐❧✐③✳ ❍♦rr❡❦
x = 2r❡♥ ❡t❛ x = 3r❡♥ ❛rt❡❛♥ s♦❧✉③✐♦❛ ❞❛❣♦❡❧❛ ❡r✲
❛❦✉st❡♥ ❞✐❣✉✳ ❇❡r❛③✱ a = 2 ❡t❛ b = 3 ♠✉t✉rr❡❦✐♥
❛✉❦❡r❛t✉❦♦ ❞❛ ❤❛s✐❡r❛❦♦ t❛rt❡❛✳

✼✹



✹✳✷✳ ❇❛❦❛rt③❡✲♠❡t♦❞♦❛❦ ❡t❛ ❤❛s✐❡r❛❦♦ ❤✉r❜✐❧t③❡✲♣✉♥t✉❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✼✺

✹✳✷✳✸✳ ❘❡❣✉❧❛ ❢❛❧s✐ ♠❡t♦❞♦❛

▼❡t♦❞♦ ❤♦♥❡♥ ❜❡st❡ ✐③❡♥ ❜❛t③✉❦ ❞✐r❛ ♣♦s✐③✐♦ ❢❛❧ts✉❛r❡♥ ❡t❛ ✐♥t❡r♣♦❧❛③✐♦ ❧✐♥❡❛❧❛r❡♥ ♠❡t♦❞♦❛❦✳
❇✐s❡❦③✐♦ ♠❡t♦❞♦❛♥ ❜❡③❛❧❛✱ [a, b] t❛rt❡❛♥ f ❥❛rr❛✐t✉❛ ❞❛✱ f(a) ·f(b) < 0 ❡t❛✱ ❜❡r❛③✱ f(x) = 0✲❦
❡rr♦ ❜❛t ❞❛✉❦❛ t❛rt❡ ❤♦rr❡t❛♥✳ ❇✐s❡❦③✐♦ ♠❡t♦❞♦❛♥✱ ❤✉rr❡♥❣♦ ✉rr❛ts❛ ❡♠❛t❡❦♦✱ [a, b] t❛rt❡❛r❡♥
❡r❞✐❣✉♥❡❛ ❡r❛❜✐❧t③❡♥ ❞❛✳ ■③❛♥ ❜❡❞✐ (a, f(a))✱ (b, f(b)) ♣✉♥t✉❡t❛t✐❦ ✐❣❛r♦t③❡♥ ❞❡♥ y = f(x)✲r❡♥
L ③✉③❡♥ ❡❜❛❦✐t③❛✐❧❡❛✳ ❖r❛✐♥❣♦ ♠❡t♦❞♦❛♥ ❤✉r❜✐❧♣❡♥❛ ❤♦❜❡t③❡♥ ❞❛✱ E ③✉③❡♥ ❤♦rr❡t❛❦♦ (p, 0)
♣✉♥t✉❛ ❡r❛❜✐❧✐③❀ ❤♦ts✱ E✲r❡♥ ❡❜❛❦✐t③❡✲♣✉♥t✉❛ ❛❜s③✐s❛r❡❦✐♥✳ ❖r❛✐♥ p ❛✉r❦✐t✉❦♦ ❞✉❣✉✳ E✲r❡♥
m ♠❛❧❞❛ ❦❛❧❦✉❧❛t③❡❦♦✱ ❜✐ ❛❞✐❡r❛③♣❡♥ ❤❛✉❡❦ ❞✐t✉❣✉✿

m =
f(b)− f(a)

b− a
❡t❛ m =

0− f(b)

p− b
,

❜✐❛❦ ❜❡r❞✐♥❞✉③✱
f(b)− f(a)

b− a
=

0− f(b)

p− b

❡t❛ p ❜❛❦❛♥❞✉③ ❢♦r♠✉❧❛ ❤❛✉ ❛t❡r❛t③❡♥ ❞✉❣✉✿

p = b− (b− a)

f(b)− f(a)
f(b). ✭✹✳✸✮

✹✳✷✳ ✐r✉❞✐❛✳ ❘❡❣✉❧❛ ❢❛❧s✐ ♠❡t♦❞♦❛✳

❍✉rr❡♥❣♦ ✐t❡r❛③✐♦r❛❦♦✱ ♠❡t♦❞♦ ❤♦♥❡♥ ❛✉❦❡r❛❦ ❜✐s❡❦③✐♦❛r❡♥ ❜❡r❞✐♥❛❦ ❞✐r❛✱ ❛❧❡❣✐❛✿

❼ f(a) · f(p) < 0 ❜❛❞❛✱ [a, p] t❛rt❡❛♥ ❡rr♦ ❜❛t ❞❛❣♦✳

❼ f(p) · f(b) < 0 ❜❛❞❛✱ [p, b] t❛rt❡❛♥ ❡rr♦ ❜❛t ❞❛❣♦✳

❼ f(p) = 0 ❜❛❞❛✱ p ❞❛ f(x)✲r❡♥ ❡rr♦ ❜❛t✳

❆✉rr❡❦♦ ✭✹✳✸✮ ❢♦r♠✉❧❛ ❡r❛❜✐❧ ❞❡③❛❦❡❣✉✱ ❛✉❦❡r❛ ❤♦r✐❡❦✐♥ ❜❛t❡r❛ {[an, bn]} t❛rt❡❡♥ s❡❣✐❞❛
s♦rt③❡❦♦✱ ❤♦r✐❡t❛❦♦ ❜❛❦♦✐t③❛❦ ❡rr♦ ❜❛t ❡❞✉❦✐③✳

✼✺



✼✻ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❘❡❣✉❧❛ ❢❛❧s✐ ♠❡t♦❞♦❛r✐ ❜✉r✉③❦♦ ♦❤❛rr❛❦

❼ ■t❡r❛③✐♦ ❜❛❦♦✐t③❡❛♥✱ ❤❛✉ ✐③❛♥❣♦ ❞❛ ❡rr♦❛r❡♥ ❤✉r❜✐❧♣❡♥❛✿

pn = bn −
(bn − an)

f(bn)− f(an)
f(bn)

❡t❛ ❡❣✐❛③t❛ ❞❛✐t❡❦❡✱ ❣♦✐❦♦ ❜❛❧❞✐♥t③❡t❛♥✱ {pn}✲❦ ❥♦t③❡♥ ❞✉❡❧❛ ❢✉♥t③✐♦❛r❡♥ p ❡rr♦ ❜❛t❡r❛✳

❼ ■t❡r❛③✐♦❛❦ ❣❡❧❞✐t✉❦♦ ❞✐r❛ εn = |f(pn)| ❡rr♦r❡❛ ❡r❛❜✐❧t③❛✐❧❡❛❦ ✜♥❦❛t✉r✐❦♦ t♦❧❡r❛♥t③✐❛ ❜❛t
❜❛✐♥♦ t①✐❦✐❛❣♦ ❞❡♥❡❛♥✱ ❡❞♦ ✐t❡r❛③✐♦ ❦♦♣✉r✉❛ ❡③❛rr✐t❛❦♦ ♠❛①✐♠♦r❛ ❤❡❧t③❡♥ ❞❡♥❡❛♥✳

❼ ❙❛rr✐t❛♥✱ ❢✉♥t③✐♦❛ ❣♦r❛❦♦ ❡❞♦ ❜❡❤❡r❛❦♦ ❛❤✉rr❛ ❞❛ [a, b] t❛rt❡❛♥❀ ♦r❞✉❛♥✱ t❛rt❡❛r❡♥ ♠✉✲
t✉r ❜❛t ✜♥❦♦ ❣❡r❛t③❡♥ ❞❛ ✐t❡r❛③✐♦ ❣✉③t✐❡t❛♥✱ ❜❡st❡ ♠✉t✉rr❛❦ ❡rr♦r❛♥t③ ❥♦t③❡♥ ❞✉❡♥
❜✐t❛rt❡❛♥✳ ❍♦ts✱ ③❡♥❜❛❦✐③❦♦ s♦❧✉③✐♦❛ ❡rr♦r❛♥t③ ❞♦❛✱ ❛❧❞❡ ❜❛t❡t✐❦ ❜❛❦❛rr✐❦✳

✹✳✸✳ ▼❡t♦❞♦ ✐r❡❦✐❛❦

✹✳✸✳✶✳ P✉♥t✉ ✜♥❦♦❛r❡♥ ♠❡t♦❞♦❛

▼❡t♦❞♦ ✐r❡❦✐❡❦ ❢♦r♠✉❧❛ ❜❛t ❡r❛❜✐❧t③❡♥ ❞✉t❡ ❡rr♦ ❜❛t ✐r❛❣❛rt③❡❦♦✳ ❍♦rr❡❧❛❦♦ ❢♦r♠✉❧❛ ❣❛r❛t✉
❞❡③❛❦❡❣✉ ♣✉♥t✉ ✜♥❦♦❛r❡♥ ✐t❡r❛③✐♦❛ ❡r❛❜✐❧✐③✱ f(x) = 0 ❡❦✉❛③✐♦❛ ❜❡rr♦r❞❡♥❛t✉③ ❡❦✉❛③✐♦❛r❡♥
❡③❦❡rr❛❧❞❡❛♥ x ✐③❛t❡❦♦✱ ❛❧❡❣✐❛✿

x = F (x) ✭✹✳✹✮

❚r❛♥s❢♦r♠❛③✐♦ ❤♦r✐ ❧♦r ❞❡③❛❦❡❣✉ ♠❛♥✐♣✉❧❛③✐♦ ❛❧❣❡❜r❛✐❦♦❛r❡♥ ❜✐❞❡③✱ ❡❞♦ x ❜❛t✉③ ❥❛t♦rr✐③❦♦
❡❦✉❛③✐♦❛r❡♥ ❜✐ ❛❧❞❡❡t❛♥✳ ❖r❞✉❛♥✱ ✭✹✳✹✮ ❛❞✐❡r❛③♣❡♥❛r❡♥ ❜✐❞❡③ ✐r❛❣❛r ❞❛✐t❡❦❡ x✲r❡♥t③❛t ❜❛❧✐♦
❜❡rr✐ ❜❛t✱ x✲r❡♥ ❜❛❧✐♦ ③❛❤❛r ❜❛t❡t✐❦✳ ❍♦ts✱

pn = F (pn−1) ✭✹✳✺✮

❑♦♥❜❡r❣❡♥t③✐❛r❡♥ ❛♥❛❧✐s✐❛

✹✳✷✳ t❡♦r❡♠❛✳ ❉❡♠❛❣✉♥ F ∈ C[a, b] ❞❡❧❛✳

✭✐✮ y = F (x) ❢✉♥t③✐♦❛r❡♥ ✐r✉❞✐❛❦ y ∈ [a, b] ❜❡t❡t③❡♥ ❜❛❞✉✱ x ∈ [a, b] ♣✉♥t✉ ❜❛❦♦✐t③❡❦♦✱ ♦r❞✉❛♥✱
F ✲❦ ♣✉♥t✉ ✜♥❦♦ ❜❛t ❞❛✉❦❛ [a, b] t❛rt❡❛♥✳

✭✐✐✮ ❉❡♠❛❣✉♥✱ ❣❛✐♥❡r❛✱ F ′(x) ❞❡✜♥✐t✉t❛ ❞❛❣♦❡❧❛ (a, b) t❛rt❡❛♥ ❡t❛ |F ′(x)| < 1 ❞✉❣✉❧❛✱ x ∈
(a, b) ❞❡♥❡❛♥❀ ♦r❞✉❛♥✱ F ✲❦ ♣✉♥t✉ ✜♥❦♦ ❜❛❦❛r ❜❛t ❞❛✉❦❛ [a, b] t❛rt❡❛♥✳

✼✻



✹✳✸✳ ▼❡t♦❞♦ ✐r❡❦✐❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✼✼

✭✐✮✲r❡♥ ❢r♦❣❛♣❡♥❛✳ F (a) = a ❡❞♦ F (b) = b ❜❛❞❛✱ ♦♥❞♦r✐♦❛ ❡❣✐❛ ❞❛✳ ❉❡♠❛❣✉♥✱ ♦r❞✉❛♥✱
F (a) ∈ (a, b] ❡t❛ F (b) ∈ [a, b) ❡❣✐❛③t❛t③❡♥ ❞✐r❡❧❛✳ f(x) = x− F (x) ❢✉♥t③✐♦❛❦ ♣r♦♣✐❡t❛t❡ ❤❛✉
❞❛✉❦❛✿

f(a) = a− F (a) < 0 ❡t❛ f(b) = b− F (b) > 0.

❇♦❧③❛♥♦r❡♥ t❡♦r❡♠❛ ❛♣❧✐❦❛t✉③✱ ❜❛❞❛❣♦ p ∈ (a, b) ♣✉♥t✉ ❜❛t ♥♦♥ f(p) = 0 ❜❛✐t❛✳ ❇❡r❛③✱
p = F (p) ❡t❛ p ♣✉♥t✉❛ F (x)✲r❡♥ ♣✉♥t✉ ✜♥❦♦❛ ❞❛✳

✭✐✐✮✲r❡♥ ❢r♦❣❛♣❡♥❛✳ P✉♥t✉ ✜♥❦♦ ❜❛❦❛r ❜❛t ❞❛❣♦❡❧❛ ❢r♦❣❛t✉ ❜❡❤❛r ❞✉❣✉✳ ❆❧❞✐③✱ ❞❡♠❛❣✉♥ ❜✐
♣✉♥t✉ ✜♥❦♦ ❞❛✉❞❡❧❛✱ p1 ❡t❛ p2 ✭p1 6= p2✮❀ ♦r❞✉❛♥✱ ❜❛t❡③ ❜❡st❡❦♦ ❜❛❧✐♦❛r❡♥ t❡♦r❡♠❛ ✭▲❛❣r❛♥✲
❣❡r❡♥ t❡♦r❡♠❛✮ ❡r❛❜✐❧✐③✱ ❜❛❞❛❣♦ d ∈ (a, b) ♣✉♥t✉ ❜❛t ❤❛✉ ❜❡t❡t③❡♥ ❞✉❡♥❛✿

F ′(d) =
F (p2)− F (p1)

p2 − p1
.

❇❛✐♥❛ ❜✐ ♣✉♥t✉ ❤♦r✐❡❦ ♣✉♥t✉ ✜♥❦♦❛❦ ❞✐r❡♥❡③✱ ❤❛✉ ❜❡t❡ ❜❡❤❛r✿

F ′(d) =
p2 − p1
p2 − p1

= 1,

❡t❛ ❤♦r✐ |F ′(x)| < 1 t❡♦r❡♠❛❦♦ ❜❛❧❞✐♥t③❛r❡♥ ❦♦♥tr❛❡s❛♥❛ ❞❛✳ ❇❡r❛③✱ ❡③✐♥ ❞✐r❛ ❡❣♦♥ ❜✐ ♣✉♥t✉
✜♥❦♦ ❞❡s❜❡r❞✐♥✳ ✷

✹✳✺✳ ❛❞✐❜✐❞❡❛✳ ❋r♦❣❛t✉ F (x) = cos(x) ❢✉♥t③✐♦❛❦ ♣✉♥t✉ ✜♥❦♦ ❜❛❦❛r ❜❛t ❞❛✉❦❛❧❛ [0, 1]
t❛rt❡❛♥✳

❊❜❛③♣❡♥❛✳ ❇✐st❛❦♦❛ ❞❛ F ∈ C[0, 1] ❞❡❧❛✳ ●❛✐♥❡r❛✱ F (x) = cos(x) ❢✉♥t③✐♦❛ t❛rt❡ ❤♦rr❡t❛♥
❜❡❤❡r❛❦♦rr❛ ❞❡♥❡③✱ ❤❛r❡♥ ✐r✉❞✐❛❦ F ([0, 1]) = [cos(1), 1] ⊂ [0, 1] ❜❡t❡t③❡♥ ❞✉✳ ❖r❞✉❛♥ ❛✉rr❡❦♦
t❡♦r❡♠❛r❡♥ ✭✐✮ ❛t❛❧❛ ❜❡t❡t③❡♥ ❞✉✳ ❆❧❡❣✐❛✱ F ✲❦ ♣✉♥t✉ ✜♥❦♦ ❜❛t ❞✉ [0, 1] t❛rt❡❛♥✳ ❆③❦❡♥✐❦✱
x ∈ (0, 1) ❜❛❞❛✱ |F ′(x)| = | − sin(x)| = sin(x) ≤ sin(1) ≈ 0.8415 < 1✳ ❇❡r❛③✱ ❛✉rr❡❦♦
t❡♦r❡♠❛r❡♥ ✭✐✐✮ ❜❛❧❞✐♥t③❛ ❜❡t❡t③❡♥ ❞❛ ❡t❛✱ ♦♥❞♦r✐♦③✱ ❜❛❦❛rr❛ ❞❛ F ✲r❡♥ ♣✉♥t✉ ✜♥❦♦❛ [0, 1]
t❛rt❡❛♥✳ ✷

✹✳✸✳ t❡♦r❡♠❛✳ ✭P✉♥t✉ ✜♥❦♦❛r❡♥ t❡♦r❡♠❛✮✳ ❉❡♠❛❣✉♥ ✭❛✮ F, F ′ ∈ C[a, b]✱ ✭❜✮ K > 0✱
✭❝✮ p0 ∈ (a, b) ❡t❛ ✭❞✮ F (x) ∈ [a, b]✱ x ∈ [a, b] ❣✉③t✐❡t❛r❛❦♦✳ ❖r❞✉❛♥✱ ❜❛❞❛❣♦ F ✲r❡♥
p ∈ [a, b] ♣✉♥t✉ ✜♥❦♦ ❜❛t✳

✭✐✮ ❇❛❧❞✐♥ |F ′(x)| ≤ K < 1✱ x ∈ [a, b] ❣✉③t✐❡t❛r❛❦♦✱ ♦r❞✉❛♥✱ p ❞❛ F ✲r❡♥ ♣✉♥t✉ ✜♥❦♦ ❜❛❦❛rr❛
[a, b] t❛rt❡❛♥ ❡t❛ pn = F (pn−1) ✐t❡r❛③✐♦❛❦ p ♣✉♥t✉r❛ ❥♦t③❡♥ ❞✉✳ ❑❛s✉ ❤♦rr❡t❛♥✱ p ♣✉♥t✉
✜♥❦♦ ❡r❛❦❛r❣❛rr✐❛ ❞❡❧❛ ❡s❛t❡♥ ❞❛✳

✭✐✐✮ ❇❛❧❞✐♥ |F ′(x)| > 1 ❡t❛ p0 6= p ❜❛❞✐r❛✱ ♦r❞✉❛♥✱ pn = F (pn−1) ✐t❡r❛③✐♦❛❦ ❡③ ❞✉ ❥♦t③❡♥
p ♣✉♥t✉r❛✳ ❑❛s✉ ❤♦rr❡t❛♥✱ p ♣✉♥t✉ ✜♥❦♦ ❛❧❞❛r❛❣❛rr✐❛ ❞❡❧❛ ❡s❛t❡♥ ❞❛ ❡t❛ ✐t❡r❛③✐♦❛❦
❞✐❜❡r❣❡♥t③✐❛ ❧♦❦❛❧❛ ❞✉✳

✼✼



✼✽ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

✹✳✸✳ ✐r✉❞✐❛✳ ✭❛✮ P✳ ✜♥❦♦ ❡r❛❦❛r❣❛rr✐❛ ✭|F ′(x)| < 1✮✳ ✭❜✮ P✳ ✜♥❦♦

❛❧❞❛r❛❣❛rr✐❛ ✭|F ′(x)| > 1✮✳

✭✐✮✲r❡♥ ❢r♦❣❛♣❡♥❛✳ ✹✳✷✳ t❡♦r❡♠❛❦♦ ✭✐✮ ❛t❛❧❛❦ ❡t❛ ♦r❛✐♥❣♦ t❡♦r❡♠❛r❡♥ ✭❛✮ ❡t❛ ✭❞✮ ❤✐♣♦t❡s✐❡❦
❜❡r♠❛t③❡♥ ❞✉t❡ F ✲❦ [a, b] t❛rt❡❛♥ ♣✉♥t✉ ✜♥❦♦ ❜❛t ❞❛✉❦❛❧❛✳ ❇❡st❛❧❞❡✱ ✹✳✷✳ t❡♦r❡♠❛❦♦ ✭✐✮ ❡t❛
✭✐✐✮ ❛t❛❧❛❦ ❡r❛❜✐❧✐③✱ ✭❛✮✲✭❞✮ ❜❛❧❞✐♥t③❡❦ ✐♥♣❧✐❦❛t③❡♥ ❞✉t❡ F ✲r❡♥ ♣✉♥t✉ ✜♥❦♦❛ ❜❛❦❛rr❛ ❞❡❧❛ [a, b]
t❛rt❡❛♥✳ ❇❡st❛❧❞❡✱ ✐♥❞✉❦③✐♦③ ✐❦✉s✐❦♦ ❞✉❣✉♥ ❜❡③❛❧❛✱ ✭❝✮ ❡t❛ ✭❞✮ ❜❛❧❞✐♥t③❡t❛t✐❦ ❛t❡r❛t③❡♥ ❞❛
{pn}∞n=0 s❡❣✐❞❛❦♦ ♣✉♥t✉ ❣✉③t✐❛❦ [a, b] t❛rt❡❛♥ ❞❛✉❞❡❧❛✳ ❏❛rr❛✐❛♥✱ p0✲t✐❦ ❤❛s✐③ ❜❛t❡③ ❜❡st❡❦♦
❜❛❧✐♦❛r❡♥ t❡♦r❡♠❛ ❛♣❧✐❦❛t✉❦♦ ❞✉❣✉✱ c0 ∈ (a, b) ❡①✐st✐t③❡♥ ❞❡❧❛ ❛t❡r❛t③❡❦♦✱ ❤❛✉ ❡❣✐❛③t❛t③❡♥
❞✉❡♥❛✿

|p− p1| = |F (p)− F (p0)| = |F ′(c0)(p− p0)| = |F ′(c0)| · |p− p0|
≤ K|p− p0| < |p− p0|. ✭✹✳✻✮

❇❡r❛③✱ p1 p✲t✐❦ ❤✉r❜✐❧❛❣♦ ❞❛❣♦ p0 ❜❛✐♥♦✳ ❍♦rr❡❧❛ ❛rr❛③♦✐t✉③✱ ♦r♦ ❤❛r✱ ❤❛✉ ✐③❛♥❣♦ ❞✉❣✉✿

|p− pn| = |F (p)− F (pn−1)| = |F ′(cn−1)(p− pn−1)| = |F ′(cn−1)| · |p− pn−1|
≤ K|p− pn−1| < |p− pn−1|. ✭✹✳✼✮

❋r♦❣❛♣❡♥❛ ❜✉❦❛t③❡❦♦✱ ❤❛✉ ❜❡t❡t③❡♥ ❞❡❧❛ ✐❦✉s✐ ❜❡❤❛r ❞✉❣✉✿

lim
n→∞

|p− pn| = 0.

▲❡❤❡♥✐❦✱ ✐♥❞✉❦③✐♦③ ✭✹✳✻✮✲✭✹✳✼✮ ❡r❧❛③✐♦❛❦ ❡r❛❜✐❧✐③✱ ❤❛✉ ❡rr❛③ ❧♦rt③❡♥ ❞❛✿

|p− pn| ≤ Kn|p− p0|. ✭✹✳✽✮

●❛✐♥❡r❛✱ 0 < K < 1 ❞❡♥❡③✱

0 ≤ lim
n→∞

|p− pn| ≤ lim
n→∞

Kn|p− p0| = 0.

❖♥❞♦r✐♦③✱ limn→∞ |p− pn| = 0✱ ❡t❛✱ ♦r❞✉❛♥✱ limn→∞ pn = p✳

✼✽



✹✳✸✳ ▼❡t♦❞♦ ✐r❡❦✐❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✼✾

✭✐✐✮ ❢r♦❣❛♣❡♥❛ ❛r✐❦❡t❛ ❣✐s❛ ❣❡r❛t③❡♥ ❞❛✳ ✷

❖❤❛rt✉ ✹✳✸✳ t❡♦r❡♠❛r❡♥ ✭✐✮ ❛t❛❧❡❦♦ ❜❛❧❞✐♥t③❛❦ ❜❡t❡t③❡♥ ❞✐r❡♥❡❛♥ ✭✹✳✽✮ ❜❡t❡t③❡♥ ❞❡❧❛ ❡t❛✱
♦♥❞♦r✐♦③✱ ♣✉♥t✉✲✜♥❦♦❛r❡♥ ✐t❡r❛③✐♦r❛❦♦ ❡rr♦r❡❛r❡♥ ❜♦r♥❡ ❤❛✉ ❞✉❣✉❧❛✿

|p− pn| ≤ Kn|p− p0|, n ≥ 1 ❣✉③t✐❡t❛r❛❦♦

✹✳✻✳ ❛❞✐❜✐❞❡❛✳ P✉♥t✉ ✜♥❦♦❛r❡♥ ♠❡t♦❞♦❛ ❡r❛❜✐❧✐③✱ ❦❛❧❦✉❧❛t✉ cos x − x = 0 ❡❦✉❛③✐♦❛r❡♥
s♦❧✉③✐♦ ❤✉r❜✐❧❞✉ ❜❛t✱ ❡rr♦r❡✲t♦❧❡r❛♥t③✐❛❂✵✳✵✵✵✶ ❡t❛ p0 = π/4 = 0.785398 ❤❛rt✉③✳ ●❡❤✐❡♥❡③✱
❤❛♠❛r ✐t❡r❛③✐♦ ❡❣✐♥✳ ✭❊rr♦r❡❛ |f(pn)| ❞❛✮✳

❊❜❛③♣❡♥❛✳ ❑❛s✉ ❤♦♥❡t❛♥✱ f(x) = cos x − x = 0 ❡❦✉❛③✐♦❛ ❞✉❣✉✱ ❡t❛ [0, π/2] t❛rt❡❛♥ p ❡rr♦
❜❛❦❛r ❜❛t ❞❛✉❦❛✱ ③❡r❡♥ ❡t❛ F (x) = cosx ❢✉♥t③✐♦❛❦ ✹✳✷✳ t❡♦r❡♠❛r❡♥ ❜❛❧❞✐♥t③❛❦ ❜❡t❡t③❡♥
❜❛✐t✐t✉ ✭|F ′(x)| = | − sin(x)| < 1 ❞❛ (0, π/2) t❛rt❡❛♥✮✳ ●❛✐♥❡r❛✱ ✹✳✸✳ t❡♦r❡♠❛r❡♥ ✭✐✮ ❛t❛❧❡❦♦
❜❛❧❞✐♥t③❛❦ ❜❡t❡t③❡♥ ❞✐r❡♥❡③✱ p ♣✉♥t✉ ✜♥❦♦ ❤♦r✐ ❡r❛❦❛r❣❛rr✐❛ ❞❛✳ ❖♥❞♦r✐♦③✱ ♠❡t♦❞♦ ❤♦r✐
❦♦♥❜❡r❣❡♥t❡❛ ❞❛✳

n pn F (pn) f(pn)
✵ ✵✳✼✽✺✸✾✽ ✵✳✼✵✼✶✵✼ ✵✳✵✼✽✷✾✶
✶ ✵✳✼✵✼✶✵✼ ✵✳✼✻✵✷✹✹ ✲✵✳✵✺✸✶✸✼
✷ ✵✳✼✻✵✷✹✹ ✵✳✼✷✹✻✻✽ ✲✵✳✵✸✺✺✼✻
✸ ✵✳✼✷✹✻✻✽ ✵✳✼✹✽✼✷✵ ✲✵✳✵✷✹✵✺✷
✹ ✵✳✼✹✽✼✷✵ ✵✳✼✸✷✺✻✶ ✲✵✳✵✶✻✶✺✾
✺ ✵✳✼✸✷✺✻✶ ✵✳✼✹✸✹✻✹ ✲✵✳✵✶✵✾✵✸
✻ ✵✳✼✹✸✹✻✹ ✵✳✼✸✻✶✷✽ ✲✵✳✵✵✼✸✸✻
✼ ✵✳✼✸✻✶✷✽ ✵✳✼✹✶✵✼✹ ✲✵✳✵✵✹✾✹✺
✽ ✵✳✼✹✶✵✼✹ ✵✳✼✸✼✼✹✹ ✲✵✳✵✵✸✸✸✵
✾ ✵✳✼✸✼✼✹✹ ✵✳✼✸✾✾✽✽ ✲✵✳✵✵✷✷✹✹

✹✳✷✳ t❛✉❧❛✳ P✉♥t✉ ✜♥❦♦❛r❡♥ ✐t❡r❛③✐♦❛❦✳

❍♦♥❛ ❤❡♠❡♥ ♣✉♥t✉ ✜♥❦♦❛r❡♥ ✐t❡r❛③✐♦❛✿

pn = F (pn−1) = cos(pn−1), n ≥ 1

❇❡r❛③✱ ❤❛♠❛r ✐t❡r❛③✐♦ ❡❣✐♥ ♦♥❞♦r❡♥✱ ❡③ ❞✉❣✉ ❧♦rt✉ ♥❛❤✐ ❣❡♥✉❡♥ s♦❧✉③✐♦ ❤✉r❜✐❧❞✉❛✳ ■t❡r❛③✐♦
❣❡❤✐❛❣♦ ❡❣✐♥❡③ ❣❡r♦✱ ❡s❦❛t✉t❛❦♦ s♦❧✉③✐♦ ❤✉r❜✐❧❞✉r❛ ❤❡❧❞✉❦♦ ❞❛✳ ❩❡♥❜❛t ✐t❡r❛③✐♦t❛♥❄ ✷

✹✳✸✳✷✳ ❑♦♥❜❡r❣❡♥t③✐❛r❡♥ ♦r❞❡♥❛

❙❡❣✐❞❛ ❜❛t❡♥ ❦♦♥❜❡r❣❡♥t③✐❛ ♥❡✉rt③❡❦♦ ❡r❛❜✐❧t③❡♥ ❞❡♥ ❦♦♥t③❡♣t✉ ❜❛t ❞❛✳ ❆s❦♦t❛♥ s❡❣✐❞❛ ❤♦r✐
❛❧❣♦r✐t♠♦ ❜❛t❡❦ s♦rt✉t❛❦♦❛ ❞❛✳ ❉❡♠❛❣✉♥ {xn} → x∗ s❡❣✐❞❛ ❦♦♥❜❡r❣❡♥t❡❛✳ ❖r❞✉❛♥✱ ❤❛✉

✼✾



✽✵ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❜❡t❡t③❡♥ ❞❛✿
lim
k→∞

|xk − x∗| = 0.

✹✳✶✳ ❉❡✜♥✐③✐♦❛✳ ❑♦♥❜❡r❣❡♥t③✐❛ Q✲lineala ❞❡❧❛ ❡s❛♥❣♦ ❞✉❣✉ r ∈ [0, 1) ❦♦♥st❛♥t❡ ❜❛t
❡①✐st✐t③❡♥ ❜❛❞❛✱ ♥♦♥ ❤❛✉ ❜❡t❡t③❡♥ ❜❛✐t❛✿

|xk+1 − x∗|
|xk − x∗| ≤ r, k ♥❛❤✐❦♦ ❤❛♥❞✐ ❜❛t❡r❛❦♦✳

❍♦rr❡❦ ❡s❛♥ ♥❛❤✐ ❞✉ ✐t❡r❛③✐♦ ❜❛❦♦✐t③❡❛♥ x∗✲r❛✐♥♦❦♦ ❞✐st❛♥t③✐❛ ❣✉t①✐❡♥❡③ t①✐❦✐t③❡♥ ❞❡❧❛ ❢❛❦t♦r❡
❦♦♥st❛♥t❡ ❜❛t❡❛♥✳ ❆❞✐❜✐❞❡③✱ {1 + (0.5)k} → 1 s❡❣✐❞❛❦ ❦♦♥❜❡r❣❡♥t③✐❛ ◗✲❧✐♥❡❛❧❛ ❞✉✳ ❍♦rr❡♥
❢r♦❣❛♣❡♥❛ ❛r✐❦❡t❛ ❣✐s❛ ❣❡r❛t③❡♥ ❞❛✳

✹✳✷✳ ❉❡✜♥✐③✐♦❛✳ ❑♦♥❜❡r❣❡♥t③✐❛ Q✲superlineala ❞❡❧❛ ❡s❛♥❣♦ ❞✉❣✉ {rk} → 0 s❡❣✐❞❛ ❜❛t
❡①✐st✐t③❡♥ ❜❛❞❛✱ ♥♦♥ ❤❛✉ ❜❡t❡t③❡♥ ❜❛✐t❛✿

|xk+1 − x∗|
|xk − x∗| ≤ rk.

❍♦ts✱ limk→∞

|xk+1 − x∗|
|xk − x∗| = 0 ❞❡♥❡❛♥✳

❆❞✐❜✐❞❡③✱ {1+k−k} → 1 s❡❣✐❞❛❦ ❦♦♥❜❡r❣❡♥t③✐❛ ◗✲s✉♣❡r❧✐♥❡❛❧❛ ❞✉✳ ❍♦rr❡♥ ❢r♦❣❛♣❡♥❛ ❛r✐❦❡t❛
❣✐s❛ ❣❡r❛t③❡♥ ❞❛✳

✹✳✸✳ ❉❡✜♥✐③✐♦❛✳ ❑♦♥❜❡r❣❡♥t③✐❛ Q✲koadratikoa ❞❡❧❛ ❡s❛♥❣♦ ❞✉❣✉ r ≥ 0 ❦♦♥st❛♥t❡ ❜❛t
❡①✐st✐t③❡♥ ❜❛❞❛✱ ♥♦♥ ❤❛✉ ❜❡t❡t③❡♥ ❜❛✐t❛✿

|xk+1 − x∗|
|xk − x∗|2 ≤ r, k ♥❛❤✐❦♦ ❤❛♥❞✐ ❜❛t❡r❛❦♦✳

❑❛s✉ ❤♦♥❡t❛♥ r ❦♦♥st❛♥t❡❛❦ ❡③ ❞✉ ✐③❛♥ ❜❡❤❛r ✶ ❜❛✐♥♦ t①✐❦✐❛❣♦❛✳ ❆❞✐❜✐❞❡③✱ {1+(0.5)2
k} → 1

s❡❣✐❞❛❦ ❦♦♥❜❡r❣❡♥t③✐❛ ◗✲❦♦❛❞r❛t✐❦♦❛ ❞✉✳ ❍♦rr❡♥ ❢r♦❣❛♣❡♥❛ ❛r✐❦❡t❛ ❣✐s❛ ❣❡r❛t③❡♥ ❞❛✳

✹✳✹✳ ❉❡✜♥✐③✐♦❛✳ ❖r♦ ❤❛r✱ ❦♦♥❜❡r❣❡♥t③✐❛ Q✲konbergentzia ordena ♣ gutxienez ❞❡❧❛
❡s❛♥❣♦ ❞✉❣✉ r ≥ 0 ❦♦♥st❛♥t❡ ❜❛t ❡①✐st✐t③❡♥ ❜❛❞❛✱ ♥♦♥ ❤❛✉ ❜❡t❡t③❡♥ ❜❛✐t❛✿

|xk+1 − x∗|
|xk − x∗|p ≤ r, k ♥❛❤✐❦♦ ❤❛♥❞✐ ❜❛t❡r❛❦♦✳

❖r♦ ❤❛r✱ ✏◗✑ ❡③ ❞❛ ✐❞❛③t❡♥ ✭◗ ✏q✉♦t✐❡♥t✑ ❤✐t③❡t✐❦ ❞❛t♦r✮✳ P✉♥t✉ ✜♥❦♦❛r❡♥ ♠❡t♦❞♦❛r❡♥
❦♦♥❜❡r❣❡♥t③✐❛ ✭❦♦♥❜❡r❣❡♥t❡ ❞❡♥❡❛♥✮ ❧✐♥❡❛❧❛ ❞❛ ✭✐❦✉s ✭✹✳✼✮ ❛❞✐❡r❛③♣❡♥❛✮✳

✽✵



✹✳✸✳ ▼❡t♦❞♦ ✐r❡❦✐❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✽✶

✹✳✸✳✸✳ ◆❡✇t♦♥✲❘❛♣❤s♦♥✲❡♥ ♠❡t♦❞♦❛

▼❡t♦❞♦ ❤❛✉ ✭◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛ ❡r❡ ❡s❛t❡♥ ③❛✐♦✮ ♦s♦ ❛③❦❛rr❛ ❞❛✱ ❜❛✐♥❛ ❜❛❞✉ ❛r❛③♦ ❜❛t✿
❤❛s✐❡r❛❦♦ ♣✉♥t✉❛❦ ❡rr♦t✐❦ ♥❛❤✐❦♦ ❤✉r❜✐❧ ❡❣♦♥ ❜❡❤❛r ❞✉✳

❖✐♥❛rr✐ ❛♥❛❧✐t✐❦♦❛ ❚❛②❧♦r❡♥ s❡r✐❡✲❣❛r❛♣❡♥❡❛♥ ❞❛t③❛✳ ■③❛♥ ❜❡❞✐ f ∈ C2[a, b]✱ ♥♦♥ p ❡rr♦❛
❜❛✐t❛ ❡t❛ p0 ∈ [a, b] ❤❛r❡♥ ❤✉r❜✐❧❦❡t❛ ♦♥ ❜❛t✳ ❖r❞✉❛♥✱ |p0 − p| t①✐❦✐❛ ❡t❛ f(p0) 6= 0 ✐③❛♥❣♦
❞✐r❛✳ ❋✉♥t③✐♦ ❤♦rr❡♥ p0✲r❡♥ ✐♥❣✉r✉♥❡❦♦ ❚❛②❧♦r❡♥ ❣❛r❛♣❡♥❛ ❤❛✉ ❞❛✿

f(x) = f(p0) + (x− p0)f
′(p0) +

1

2
(x− p0)

2f ′′(c)

♥♦♥ c ❜❛❧✐♦❛ p0 ❡t❛ x✲r❡♥ ❛rt❡❛♥ ❜❛✐t❛❣♦✳ ❇❡r❛③✱ f(p) = 0 ❜❡t❡ ❜❡❤❛r ❞❡♥❡③✱ ❤❛✉ ❧♦rt✉❦♦
❞✉❣✉✿

f(p0) + (p− p0)f
′(p0) +

1

2
(p− p0)

2f ′′(c) = 0 ⇒ 0 ≈ f(p0) + (p− p0)f
′(p0)

❇❛✐♥❛✱ ❛③❦❡♥ ♦♥❞♦r✐♦❛ ❧♦rt③❡❦♦✱ (p − p0)
2f ′′(c)/2 ❜❛t✉❣❛✐❛ ❡③❛❜❛t✉ ❞✉❣✉✱ ❜❛③t❡r❣❛rr✐❛ ❞❡❧❛

s✉♣♦s❛t③❡♥ ❜❛✐t❛❀ ✐③❛♥ ❡r❡✱ |p−p0| t❛rt❡❛ ♥❛❤✐❦♦ t①✐❦✐❛ ❞❡❧❛ ❥♦ ❞✉❣✉✳ ❆rr❛③♦✐ ❤♦rr❡t❛♥ ❞❛t③❛✱
❤❛✐♥ ③✉③❡♥ ❡r❡✱ ♠❡t♦❞♦❛r❡♥ ❜❛❧❞✐♥t③❛✳

❇❡r❛③✱ f(p0) + (p− p0)f
′(p0) ≈ 0 ❞❡❧❛ ❥♦③ ❡t❛ p ❛s❦❛t✉③✱ p ≈ p0 −

f(p0)

f ′(p0)
= p1 ❤✉r❜✐❧❦❡t❛

❧♦rt③❡♥ ❞✉❣✉✳ ■t❡r❛③✐♦ ❤♦r✐ ❡rr❡♣✐❦❛t✉③✱ ♠❡t♦❞♦❛r❡♥ ✐t❡r❛③✐♦✲❢♦r♠✉❧❛ ❤❛✉ ❧♦rt✉❦♦ ❞✉❣✉✿

pn = pn−1 −
f(pn−1)

f ′(pn−1)
✭✹✳✾✮

◆❡✇t♦♥❡♥ ✐t❡r❛③✐♦❛ ♣✉♥t✉ ✜♥❦♦❛r❡♥ ✐t❡r❛③✐♦❛ ❞❛✱ ✐t❡r❛③✐♦ ❢✉♥t③✐♦ ❤♦♥❡t❛r❛❦♦✿

F (x) = x− f(x)

f ′(x)
.

❖❤❛rt✉ p ❡rr♦r❛❦♦ p = F (p) ❞❡❧❛✳ ❑❛s✉ ❤♦♥❡t❛♥✱ f ′(p) 6= 0 ❤❛rt✉③✱ ③❡r❛ ❞✉❣✉✿

F ′(x) = 1− (f ′(x))2 − f(x)f ′′(x)

(f ′(x))2
=

f(x)f ′′(x)

(f ′(x))2

❍✐♣♦t❡s✐❛③ f(p) = 0 ❞❡♥❡③✱ F ′(p) = 0 ❞✉❣✉✳ ❇❡r❛③✱ [a, b] t❛rt❡❛♥ F ′(x) ❥❛rr❛✐t✉❛ ❞❡♥❡③ ❡t❛
F ′(p) = 0✱ ❜❛❞❛❣♦ p✲r❡♥ (p − δ, p + δ) ✐♥❣✉r✉♥❡ ❜❛t ♥♦♥ |F ′(x)| < 1 ❞❡♥✳ ❖♥❞♦r✐♦③✱ ✹✳✸✳
t❡♦r❡♠❛❦♦ ✭✐✮ ❛t❛❧❛r❡♥ ❛r❛❜❡r❛✱ ✐t❡r❛③✐♦ ❤♦r✐ ❦♦♥❜❡r❣❡♥t❡❛ ❞❛ p0 ✐♥❣✉r✉♥❡ ❤♦rr❡t❛❦♦ ♣✉♥t✉
❜❛t ❜❛❞❛✳ ❇❛✐♥❛✱ ③❡✐♥ ❞❛ ❤❛r❡♥ ❦♦♥❜❡r❣❡♥t③✐❛✲♦r❞❡♥❛❄ ❏❛rr❛✐❛♥ ❡r❛♥t③✉♥❣♦ ❞✉❣✉✳

✹✳✹✳ t❡♦r❡♠❛✳ ✭◆❡✇t♦♥❡♥ t❡♦r❡♠❛✳✮ ■③❛♥ ❜❡❞✐ f ∈ C2[a, b]✳ ❉❡♠❛❣✉♥ ρ > 0 ❜❛t❡r❛❦♦
|f ′(x)| > ρ ❜❡t❡t③❡♥ ❞❡❧❛ x ∈ [a, b] ❣✉③t✐❡t❛r❛❦♦✱ ❡t❛ p0 ♣✉♥t✉❛ p✲t✐❦ ♥❛❤✐❦♦ ❤✉r❜✐❧ ❞❛❣♦❡❧❛
✭❣♦✐❦♦ ♣❛rr❛❢♦❛r❡♥ ③❡♥t③✉❛♥✮✳ ❖r❞✉❛♥✱ f(x) = 0 ❡❦✉❛③✐♦❛❦ p ∈ [a, b] s♦❧✉③✐♦ ❜❛t ❜❛❞❛✉❦❛✱
η > 0 ❜❛t ❡①✐st✐t③❡♥ ❞❛✱ ♥♦♥✿ |p0 − p| < η ❜❛❞❛✱ ✭✹✳✾✮ ❛❞✐❡r❛③♣❡♥❛❦ s♦rt✉t❛❦♦ {pn} s❡❣✐❞❛❦ p
♣✉♥t✉r❛ ❥♦t③❡♥ ❜❛✐t✉ ❦♦♥❜❡r❣❡♥t③✐❛ ❦♦❛❞r❛t✐❦♦❛r❡❦✐♥✳
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❋r♦❣❛♣❡♥❛✳ n = 1✲❡r❛❦♦ ❤❛✉ ❞✉❣✉✿

p1 − p = p0 − p− f(p0)

f ′(p0)
= p0 − p− f(p0)− f(p)

f ′(p0)

=
1

f ′(p0)
[f(p)− f(p0)− f ′(p0)(p− p0)].

▼❛❦♦❡♥ ❛rt❡❦♦ ❣❛✐❛ ❚❛②❧♦r❡♥ ❣❛r❛♣❡♥❛r❡♥ O(|p− p0|2) ❤♦♥❞❛rr❛ ❞❛ ✭✐❦✉s ✸✳✹✳✺✳ ❛③♣✐❛t❛❧❛✮❀
❤♦ts✱ ❜❛❞❛❣♦ M > 0 ③❡♥❜❛❦✐ ❜❛t ❤❛✉ ❜❡t❡t③❡♥ ❞✉❡♥❛✿

|f(p)− f(p0)− f ′(p0)(p− p0)| ≤ M |p− p0|2.

M ❤♦r✐ ♥❛❤✐❦♦ ❤❛♥❞✐❛ ❤❛rt✉❦♦ ❞✉❣✉ |f ′′(x)/2| < M ❜❡t❡ ❞❛❞✐♥ [a, b] t❛rt❡❛♥ ❡r❡ ✭f ′′(x)
❥❛rr❛✐t✉❛ ❞❡♥❡③✱ ❜♦r♥❛t✉❛ ❞❛ [a, b] t❛rt❡❛♥✮✳ ❖♥❞♦r✐♦③✱

|p1 − p| ≤ M

|f ′(p0)|
|p0 − p|2 ≤ M

ρ
|p0 − p|2

n = 2 ❞❡♥❡❛♥✱ ❤❛✉ ❞✉❣✉✿

|p2 − p| ≤ M

|f ′(p1)|
|p1 − p|2 ≤ M

ρ
|p1 − p|2

❍♦rr❡❧❛✱ r = M/ρ ❜❛❞❛✱ n = 1, 2, . . . ❣✉③t✐❡t❛r❛❦♦ ❡♠❛✐t③❛ ❤♦♥❡t❛r❛ ❤❡❧t③❡♥ ❣❛r❛✿

|pn − p| ≤ r|pn−1 − p|2.

❍♦r✐ ❞❡❧❛ ❡t❛✱ ♦♥❞♦r✐♦ ❤❛✉ ❧♦rt✉❦♦ ❞✉❣✉✿

|pn − p|
|pn−1 − p|2 ≤ r.

❇❡r❛③✱ r|pn−1 − p| < 1 ❜❛❞❛✱ |pn − p| < |pn−1 − p| ❞✉❣✉ ❡t❛ ❤♦r✐ n = 1, 2, . . . ❣✉③t✐❡t❛r❛❦♦
❜❡t❡❦♦ ❞❛✱ p0 ♣✉♥t✉❛ p✲t✐❦ ♥❛❤✐❦♦ ❤✉r❜✐❧ ❜❛❞❛❣♦ r|p0−p| < 1 ❜❡t❡t③❡❦♦ ✭❤♦ts✱ ❜❛❧❞✐♥ η ≤ 1/r
❜❛❞❛ p0 ∈ (p−η, p+η) ❤❛rt✉③✮✳ ❖♥❞♦r✐♦③✱ p0 ❤❛s✐❡r❛❦♦ ♣✉♥t✉❛ p ❡rr♦t✐❦ ♥❛❤✐❦♦ ❤✉r❜✐❧ ❤❛rt✉③
❣❡r♦✱ {pn} → p ❞✉❣✉ ❦♦♥❜❡r❣❡♥t③✐❛ ❦♦❛❞r❛t✐❦♦❛r❡❦✐♥✳ ✷

●❡♦♠❡tr✐❦♦❦✐✱ ♠❡t♦❞♦❛❦ ❤❛✉ ❡❣✐t❡♥ ❞✉✿ OX ❛r❞❛t③❛ ❡❜❛❦✐t③❡♥ ❞✉❡♥ y = f(x) ❦✉r❜❛r❡♥
♦r❞❡③✱ (p0, f(p0)) ♣✉♥t✉t✐❦ ♣❛s❛t③❡♥ ❞❡♥ ❦✉r❜❛r❡♥ ③✉③❡♥ ✉❦✐t③❛✐❧❡❛ ❡r❛❜✐❧t③❡♥ ❞✉✳ ●❡r♦✱
❡❜❛❦✐❞✉r❛ OX✲r❡❦✐♥ ✭y = 0✲r❡❦✐♥✮ ❦❛❧❦✉❧❛t③❡♥ ❞❛✱ ❡t❛✱ ❤❛❧❛✱ p1 ♣✉♥t✉❛ ❧♦rt③❡♥ ❞❛✳ ❚❡❦♥✐❦❛
❤♦r✐ ❡rr❡♣✐❦❛t✉③✱ (pn, f(pn)) ♣✉♥t✉t✐❦ ♣❛s❛t③❡♥ ❞❡♥ f(x)✲r❡♥ ✉❦✐t③❛✐❧❡❛r❡♥ ❡❦✉❛③✐♦❛ ❧♦rt③❡♥
❞❛✱ ❤♦ts✱ y − f(pn) = f ′(pn)(x − pn)✳ ❖r❛✐♥✱ OX ❛r❞❛t③❛r❡❦✐♥ ✭y = 0✲r❡❦✐♥✮ ❡❜❛❦✐③✱ x ❛s❦❛

❞❛✐t❡❦❡✳ ❖♥❞♦r✐♦③✱ x = pn −
f(pn)

f ′(pn)
❧♦rt③❡♥ ❞❛ ❡t❛ pn+1 = x✳ ❇❡❣✐r❛ ❡③❛③✉ ✹✳✹✳ ✐r✉❞✐❛✳

✽✷



✹✳✸✳ ▼❡t♦❞♦ ✐r❡❦✐❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✽✸

✹✳✹✳ ✐r✉❞✐❛✳ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛✳

✹✳✶✳ ❛❧❣♦r✐t♠♦❛✳ ◆❡✇t♦♥❡♥ ❛❧❣♦r✐t♠♦❛✳

✵ ✉rr❛ts❛✳ ❙❆❘❘❊❘❆✳ ❙❛rt✉✿ f(x) ❢✉♥t③✐♦❛✱ f ′(x) ❢✉♥t③✐♦❛✱ p0 ❤❛s✐❡r❛❦♦ ❤✉r❜✐❧♣❡♥❛✱ εmax

❡rr♦r❡❛r❡♥ t♦❧❡r❛♥t③✐❛✱ zemax ❡s❦❛t✉t❛❦♦ ③❡❤❛③t❛s✉♥ ❡r❧❛t✐❜♦❛ ❡t❛ imax ✐t❡r❛③✐♦❡♥ ❦♦✲
♣✉r✉ ♠❛①✐♠♦❛✳

✶ ✉rr❛ts❛✳ ❏❛rr✐ i = 0 ❡t❛ ❞❡✜♥✐t✉✿

fp0 = f(p0);
dfp0 = f ′(p0);
ε = |fp0|;
ze = zemax + 1;

✷ ✉rr❛ts❛✳ i ≤ imax ❡t❛ ε > εmax ❡t❛ ze > zemax ❞✐r❡♥ ❜✐t❛rt❡❛♥✱ ❡❣✐♥ ❤❛✉✿

✭❛✮ ❑❛❧❦✉❧❛t✉ p ❤♦♥❡❧❛✿
p = p0 − fp0/dfp0;

✭❜✮ ❊❣✐♥ ❤❛✉✿
pzaharra = p0;
p0 = p;
fp0 = f(p0);
dfp0 = f ′(p0);

✭❝✮ ❊❣✐♥ i = i+ 1;

✭❞✮ ❑❛❧❦✉❧❛t✉ ③❡❤❛③t❛s✉♥ ❡r❧❛t✐❜♦❛✿ ze = |p0 − pzaharra|/|p0|;
✭❡✮ ❑❛❧❦✉❧❛t✉ ❡rr♦r❡❛✿ ε = |fp0|;

✸ ✉rr❛ts❛✳ ■❘❚❊❊❘❆✳ ❊♠❛✐t③❛❦✿ p ❡rr♦❛✱ i ❡r❛❜✐❧✐t❛❦♦ ✐t❡r❛③✐♦❡♥ ❦♦♣✉r✉❛✱ ze ③❡❤❛③t❛s✉♥
❡r❧❛t✐❜♦❛ ❡t❛ ε ❡rr♦r❡❛✳
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✹✳✼✳ ❛❞✐❜✐❞❡❛✳ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛ ❡r❛❜✐❧✐③✱ ❦❛❧❦✉❧❛t✉ x = cos x ❡❦✉❛③✐♦❛r❡♥ s♦❧✉③✐♦ ❤✉r✲
❜✐❧❞✉ ❜❛t✱ ❡rr♦r❡✲t♦❧❡r❛♥t③✐❛ ✵✳✵✵✵✵✶ ❤❛rt✉③✳

❊❜❛③♣❡♥❛✳ ■③❛♥ ❜❡❞✐ f(x) = cos x− x✳ ❖r❛✐♥✱ f(x)✲r❡♥ ❡rr♦ ❜❛t ❛✉r❦✐t✉ ❜❡❤❛r ❞✉❣✉✳ ❇❛✐♥❛✱
❧❡❤❡♥❞❛❜✐③✐✱ s♦❧✉③✐♦ ❜❛t ❜❛❦❛rt✉ ❜❡❤❛r ❞✉❣✉ t❛rt❡ ❜❛t❡❛♥✳ ❍♦rr❡t❛r❛❦♦✱ ❛❧❞❡③ ❛✉rr❡t✐❦ ✐❦✉s✐✲
t❛❦♦ ✭✐✐✮ ♣r♦♣✐❡t❛t❡❛ ✭❇♦❧③❛♥♦r❡♥ t❡♦r❡♠❛✮ ❡r❛❜✐❧✐❦♦ ❞✉❣✉✳ ❖r❞✉❛♥✱ f(π/2) = −π/2 < 0 ❡t❛
f(0) = 1 > 0 ❞✐r❡♥❡③✱ ❢✉♥t③✐♦❛❦ ❣✉t①✐❡♥❡③ ❡rr♦ ❜❛t ❞❛✉❦❛ (0, π/2) t❛rt❡❛♥ ✭❣r❛✜❦♦❦✐ ✐❦✉s
❞❛✐t❡❦❡ ❡rr♦ ❜❛❦❛rr❛ ❞❡❧❛✮✳ ❍♦♥❛ ❤❡♠❡♥ ◆❡✇t♦♥❡♥ ✐t❡r❛③✐♦❛ ❦❛s✉ ❤♦rr❡t❛♥✿

pn = pn−1 −
cos(pn−1)− pn−1

− sin(pn−1)− 1
, n ≥ 1

p0 ❣❡♦♠❡tr✐❛r❡♥ ❛r❛❜❡r❛ ❤❛✉t❛t✉❦♦ ❞✉❣✉✳ ❑❛s✉ ❤♦♥❡t❛♥✱ p0 = π/4 = 0.785398 ❡❣♦❦✐❛ ❞❡❧❛
✐❦✉s ❞❛✐t❡❦❡✳

n pn f(pn)
✵ ✵✳✼✽✺✸✾✽ ✵✳✵✼✽✷✾✶
✶ ✵✳✼✸✾✺✹✷ ✵✳✵✵✵✼✻✺
✷ ✵✳✼✸✾✵✽✺ −2.2 · 10−7

✹✳✸✳ t❛✉❧❛✳ ◆❡✇t♦♥❡♥ ✐t❡r❛③✐♦❛❦✳

❇❡r❛③✱ ❜✐ ✐t❡r❛③✐♦ ❡❣✐♥ ♦♥❞♦r❡♥✱ x = 0.739085 ❞✉❣✉ ❡❦✉❛③✐♦❛r❡♥ s♦❧✉③✐♦ ❤✉r❜✐❧❞✉❛✳ ✷

✹✳✽✳ ❛❞✐❜✐❞❡❛✳ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛ ❡r❛❜✐❧✐③ ❡t❛ p0 = −3 ❤❛rt✉③✱ ❦❛❧❦✉❧❛t✉ ex = sin x
❡❦✉❛③✐♦❛r❡♥ s♦❧✉③✐♦ ❤✉r❜✐❧❞✉ ❜❛t ❡rr♦r❡✲t♦❧❡r❛♥t③✐❛ ✵✳✵✵✵✶ ❤❛rt✉③✳

❊❜❛③♣❡♥❛✳ ❍❡♠❡♥ f(x) = ex − sin x ❞✉❣✉ ❡t❛

pn = pn−1 −
epn−1 − sin(pn−1)

epn−1 − cos(pn−1)− 1
, n ≥ 1

n pn f(pn)
✵ ✲✸✳✵✵✵✵ ✵✳✶✾✵✾
✶ ✲✸✳✶✽✸✻ ✲✵✳✵✵✵✺✺✾
✷ ✲✸✳✶✽✸✶ −3.8 · 10−5

✹✳✹✳ t❛✉❧❛✳ ◆❡✇t♦♥❡♥ ✐t❡r❛③✐♦❛❦✳

❇❡r❛③✱ ❜✐ ✐t❡r❛③✐♦ ❡❣✐♥ ♦♥❞♦r❡♥✱ x = −3.1831 ❞✉❣✉ ❡❦✉❛③✐♦❛r❡♥ s♦❧✉③✐♦ ❤✉r❜✐❧❞✉❛✳ ✷

✽✹



✹✳✸✳ ▼❡t♦❞♦ ✐r❡❦✐❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✽✺

◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛r✐ ❜✉r✉③❦♦ ♦❤❛rr❛❦

❼ ■❦✉s✐ ❞✉❣✉♥ ❜❡③❛❧❛✱ ♠❡t♦❞♦ ❤❛✉ ❦♦♥❜❡r❣❡♥t❡ ✐③❛t❡❦♦✱ ❤❛s✐❡r❛❦♦ ♣✉♥t✉❛❦ p s♦❧✉③✐♦t✐❦
♥❛❤✐❦♦ ❤✉r❜✐❧ ❡❣♦♥ ❜❡❤❛r ❞✉❀ ❤♦rr❡❧❛❦♦ ♠❡t♦❞♦ ❜❛t✐ ♠❡t♦❞♦ ❧♦❦❛❧❛ ❞❡r✐t③♦❣✉✳

❼ ❖r♦ ❤❛r✱ ♠❡t♦❞♦❛❦ ❦♦♥❜❡r❣❡♥t③✐❛ ❛r❛③♦❛❦ ✐③❛t❡♥ ❞✐t✉ p s♦❧✉③✐♦❛r❡♥ ✐♥❣✉r✉♥❡ ❜❛t❡❛♥
f ′(x) ≈ 0 ❞❡♥❡❛♥✳ ❆r✐❦❡t❛ ❣✐s❛✱ ❛✉r❦✐t✉ x10 − 1 = 0 ❡❦✉❛③✐♦❛r❡♥ ❡rr♦ ♣♦s✐t✐❜♦ ❜❛t
p0 = 0.5 ❤❛rt✉③✳ ❩❡r ❣❡rt❛t③❡♥ ❞❛❄

❼ ❊rr♦❛ ❛♥✐③❦♦✐t③❛ ❞❡♥❡❛♥✱ ❦♦♥❜❡r❣❡♥t③✐❛ ❧✐♥❡❛❧❛ ❞❛✳ ❉❡♠❛❣✉♥ f(x) = (x − p)mG(x)

❢✉♥t③✐♦❛ ❞✉❣✉❧❛ ❡t❛ G(p) 6= 0❀ ♦r❞✉❛♥✱ |pn − p|/|pn−1 − p| ≈ 1 − 1

m
❞❛ n ♥❛❤✐❦♦

❤❛♥❞✐ ❜❛t❡r❛❦♦✳ ❇❡r❛③✱ ❛♥✐③❦♦✐③t❛s✉♥❛ ❤❛♥❞✐t③❡♥ ❞❡♥ ❤❡✐♥❡❛♥✱ ❦♦♥❜❡r❣❡♥t③✐❛ ♠♦t❡✲
❧❛❣♦ ❜✐❤✉rt③❡♥ ❞❛✳ ❍♦rr❡❧❛❦♦ ❦❛s✉❡t❛♥✱ ♦s♦ ❡❣♦❦✐❛ ❞❛ f(x) ❢✉♥t③✐♦❛r❡♥ ♦r❞❡③ g(x) =
f(x)/f ′(x) ❢✉♥t③✐♦❛ ❤❛rt③❡❛❀ ❤♦rr❡❦ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦ ♦r♦❦♦rt✉❛ ♦♥❞♦r✐♦③t❛t③❡♥ ❞✉✳
❆❞✐❜✐❞❡③✱ f(x) = x3 − 3x + 2 ❢✉♥t③✐♦❛❦ ❡rr♦ ❜✐❦♦✐t③❛ ❞✉ x = 1 ♣✉♥t✉❛♥✳ ❆③t❡rt✉ ❣❡r✲
t❛t③❡♥ ❞❡♥❛ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛ ❡r❛❜✐❧t③❡♥ ❜❛❞✉❣✉ ❡rr♦❛ ❦❛❧❦✉❧❛t③❡❦♦ p0 = 1.2 ❤❛rt✉③✳
●❡r♦❛❣♦✱ ❡r❛❜✐❧✐ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦ ♦r♦❦♦rt✉❛✳

❼ ❍❛s✐❡r❛❦♦ ❜❛❧✐♦❛✱ p0✱ ❡rr♦t✐❦ ♥❛❤✐❦♦ ✉rr✉♥ ❜❛❞❛❣♦✱ ❣❡rt❛ ❞❛✐t❡❦❡ ♠❡t♦❞♦❛ ❦♦♥❜❡r❣❡♥t❡
❡③ ✐③❛t❡❛✳ ❆❞✐❜✐❞❡③✱ f(x) = xe−x ❦❛s✉❛♥✱ ❜✐st❛♥ ❞❛ ❡rr♦❛ p = 0 ❞❡❧❛✳ ❆③t❡rt✉ ❣❡rt❛t③❡♥
❞❡♥❛ p0 = 2 ❤❛rt③❡♥ ❜❛❞✉❣✉✳

❼ ❇❡st❡ ❣❡rt❛❡r❛ ❜❡r❡③✐ ❜❛t ♣❡r✐♦❞✐❦♦t❛s✉♥❛ ❞❛❀ ❤♦r✐ ❣❡rt❛t③❡♥ ❞❛ {pn} s❡❣✐❞❛r❡♥ ❣❛✐✲
❛❦ ♣❡r✐♦❞✐❦♦❦✐ ❡rr❡♣✐❦❛t③❡♥ ✭❡❞♦ ✐❛ ❡rr❡♣✐❦❛t③❡♥✮ ❤❛st❡♥ ❞✐r❡♥❡❛♥✳ ❆❞✐❜✐❞❡③✱ ❛③t❡rt✉
f(x) = x3 − x− 3 ❡t❛ p0 = 0 ❤❛rt③❡♥ ❞✉❣✉♥❡❛♥✳

❼ |F ′(x)| > 1 ❜❡t❡t③❡♥ ❜❛❞❛ p ❡rr♦❛ ❞❛✉❦❛♥ t❛rt❡❛♥✱ ♦r❞✉❛♥✱ ♦s③✐❧❛③✐♦ ❞✐❜❡r❣❡♥t❡ ❜❛t
❣❡rt❛ ❞❛✐t❡❦❡✳ ❆❞✐❜✐❞❡③✱ f(x) = arctan(x) ❢✉♥t③✐♦❛ p0 = 1.45 ❤❛rt✉③✳ ❆③t❡rt✉ ❦❛s✉
❤♦r✐✳

✹✳✸✳✹✳ ❊❜❛❦✐t③❛✐❧❡❛r❡♥ ♠❡t♦❞♦❛

❇❛t③✉❡t❛♥✱ ❡③✐♥ ❞❛ f ′(x) ❞❡r✐❜❛t✉❛ ❦❛❧❦✉❧❛t✉ ✐t❡r❛③✐♦❛r❡♥ ❢♦r♠✉❧❛♥ ♦r❞❡③❦❛t③❡❦♦❀ ♦r❞✉❛♥✱
③❡♥❜❛❦✐③❦♦ ♠❡t♦❞♦❛❦ ❡r❛❜✐❧✐③ ♠❛❧❞❛ ③❡❤❛③t✉ ❞❡③❛❦❡❣✉✳ ❍♦ts✱ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛r❡♥ ♦r❞❡③
❡❜❛❦✐t③❛✐❧❡❛r❡♥ ♠❡t♦❞♦❛ ❡r❛❜✐❧✐❦♦ ❞✉❣✉✳ ❑❛s✉ ❤♦r✐❡t❛♥ ❞❡r✐❜❛t✉❛ ❤✉r❜✐❧ ❞❡③❛❦❡❣✉ ❛❞✐❡r❛③♣❡♥
❤♦♥❡♥ ❜✐t❛rt❡③✿

f ′(pk) ≈
f(pk)− f(pk−1)

pk − pk−1

,

♦r❞✉❛♥✱ ◆❡✇t♦♥❡♥ ❡❦✉❛③✐♦❛♥ ♦r❞❡③❦❛t✉③ k = n− 1✲❡r❛❦♦✱

pn = pn−1 −
f(pn−1)(pn−1 − pn−2)

f(pn−1)− f(pn−2)
✭✹✳✶✵✮

✽✺



✽✻ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

✹✳✺✳ ✐r✉❞✐❛✳ ❊❜❛❦✐t③❛✐❧❡❛r❡♥ ♠❡t♦❞♦❛✳

❆❞✐❡r❛③♣❡♥ ❤♦rr❡t❛♥ ✐❦✉st❡♥ ❞❡♥ ❜❡③❛❧❛✱ ❤❛s✐❡r❛❦♦ ❜✐ ♣✉♥t✉ ❜❡❤❛r ❞✐t✉❣✉✳ ❍❛✉ ❞❛✱ p0 ❡t❛
p1 ♣✉♥t✉❡❦ ❡rr♦t✐❦ ♥❛❤✐❦♦ ❤✉r❜✐❧ ❡❣♦♥ ❜❡❤❛r ❞✉t❡ ✭◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛♥ ❜❡③❛❧❛✮❀ p2 ✐③❛♥❣♦
❞❛ ❧♦rt✉❦♦ ❞✉❣✉♥❛ ✶✳ ✐t❡r❛③✐♦❛♥✳

◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛♥✱ ❜❡st❡ ❛✉❦❡r❛ ❜❛t ❞❛ ❞❡r✐❜❛t✉❛ ❤✉r❜✐❧t③❡❛ ♦r❛✐♥❣♦ ✐t❡r❛③✐♦❛ ③❡rt①♦❜❛✐t
❛❧❞❛t✉③✱ ❛❧❡❣✐❛✿

f ′(pk) ≈
f(pk + δ)− f(pk)

δ
,

♥♦♥ δ > 0 ❜❛❧✐♦ t①✐❦✐ ❜❛t ❜❛✐t❛✱ ❡t❛✱ ♦r❞✉❛♥✱ ❡❜❛❦✐t③❛✐❧❡❛r❡♥ ♠❡t♦❞♦ ❛❧❞❛t✉❛ ✐③❛♥❣♦ ❞✉❣✉✿

pn = pn−1 −
δ · f(pn−1)

f(pn−1 + δ)− f(pn−1)
✭✹✳✶✶✮

❊❜❛❦✐t③❛✐❧❡❛r❡♥ ♠❡t♦❞♦❛r✐ ❜✉r✉③❦♦ ♦❤❛rr❛❦

❼ ▼❡t♦❞♦ ❤❛✉ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛r❡♥ ❞❡r✐❜❛t✉ ❣❛❜❡❦♦ ❤✉r❜✐❧♣❡♥ ❜❛t ❞❡♥❡③ ✭❜❛t❡③ ❡r❡
✭✹✳✶✶✮ ✐t❡r❛③✐♦❛ ❡r❛❜✐❧t③❡♥ ❜❛❞✉❣✉✮✱ ❦♦♥❜❡r❣❡♥t③✐❛r❡♥ ♦r❞❡♥❛ α ❞❛✱ ♥♦♥✿

α =
1 +

√
5

2
≈ 1.618

✉rr❡③❦♦ r❛t✐♦❛ ❜❛✐t❛✳ ❇❡r❡③✐❦✐✱ ❦♦♥❜❡r❣❡♥t③✐❛ s✉♣❡r❧✐♥❡❛❧❛ ❞❛✱ ❜❛✐♥❛ ❡③ ❞❛ ❤❡❧t③❡♥ ❦♦❛✲
❞r❛t✐❦♦❛ ✐③❛t❡r❛✳❑♦♥❜❡r❣❡♥t③✐❛r❡♥ ♦r❞❡♥❛ ✶✳✻✶✽ ❞❛ ❜❛❧❞✐♥ f ∈ C2 ❜❛❞❛✱ p ❡rr♦ ❜❛❦✉♥
✭❤♦ts✱ ❛♥✐③❦♦✐③t❛s✉♥❛❂✶✮ ❜❛❞❛ ❜❛t❡♥ ✐♥❣✉r✉♥❡ ❜❛t❡❛♥✱ ❡t❛ p0, p1 ❤❛s✐❡r❛❦♦ ♣✉♥t✉❛❦
p✲t✐❦ ♥❛❤✐❦♦ ❤✉r❜✐❧ ❞❛✉❞❡♥❡❛♥✳

❼ ❇❛✐♥❛✱ p ∈ [p0, p1] ♣✉♥t✉ ❜❛t❡r❛❦♦ f ′(p) = 0 ❜❛❞❛✱ ❛❧❣♦r✐t♠♦❛ ❜❛❧✐t❡❦❡ ❦♦♥❜❡r❣❡♥t❡ ❡③
✐③❛t❡❛✳

✽✻



✹✳✸✳ ▼❡t♦❞♦ ✐r❡❦✐❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✽✼

✹✳✷✳ ❛❧❣♦r✐t♠♦❛✳ ❊❜❛❦✐t③❛✐❧❡❛r❡♥ ❛❧❣♦r✐t♠♦❛✳

✵ ✉rr❛ts❛✳ ❙❆❘❘❊❘❆✳ ❙❛rt✉✿ f(x) ❢✉♥t③✐♦❛✱ p0 ❡t❛ p1 ❤❛s✐❡r❛❦♦ ❤✉r❜✐❧♣❡♥❛❦✱ εmax ❡rr♦✲
r❡❛r❡♥ t♦❧❡r❛♥t③✐❛✱ zemax ❡s❦❛t✉t❛❦♦ ③❡❤❛③t❛s✉♥ ❡r❧❛t✐❜♦❛ ❡t❛ imax ✐t❡r❛③✐♦❡♥ ❦♦♣✉r✉
♠❛①✐♠♦❛✳

✶ ✉rr❛ts❛✳ ❏❛rr✐ i = 1 ❡t❛ ❞❡✜♥✐t✉✿

q0 = f(p0);
q1 = f(p1);
ε = |q1|;
ze = |p1 − p0|/|p1|;

✷ ✉rr❛ts❛✳ i ≤ imax ❡t❛ ε > εmax ❡t❛ ze > zemax ❞✐r❡♥ ❜✐t❛rt❡❛♥✱ ❡❣✐♥ ❤❛✉✿

✭❛✮ ❑❛❧❦✉❧❛t✉ p ❤♦♥❡❧❛✿

p = p1 − q1(p1 − p0)/(q1 − q0);

✭❜✮ ❊❣✐♥ ❤❛✉✿

p0 = p1;
p1 = p;
q0 = q1;
q1 = f(p1);

✭❝✮ ❊❣✐♥ i = i+ 1;

✭❞✮ ❑❛❧❦✉❧❛t✉ ③❡❤❛③t❛s✉♥ ❡r❧❛t✐❜♦❛✿ ze = |p1 − p0|/|p1|;
✭❡✮ ❑❛❧❦✉❧❛t✉ ❡rr♦r❡❛✿ ε = |q1|;

✸ ✉rr❛ts❛✳ ■❘❚❊❊❘❆✳ ❊♠❛✐t③❛❦✿ p ❡rr♦❛✱ i ❡r❛❜✐❧✐t❛❦♦ ✐t❡r❛③✐♦❡♥ ❦♦♣✉r✉❛✱ ze ③❡❤❛③t❛s✉♥
❡r❧❛t✐❜♦❛ ❡t❛ ε ❡rr♦r❡❛✳

✹✳✸✳✺✳ ▼✉❧❧❡r✲❡♥ ♠❡t♦❞♦❛

❊❜❛❦✐t③❛✐❧❡❛r❡♥ ♠❡t♦❞♦❛❦ ❛✉rr❡❦♦ ❜✐ ♣✉♥t✉ ❡r❛❜✐❧t③❡♥ ❞✐t✉ ♣✉♥t✉ ❜❡rr✐ ❜❛t ❧♦rt③❡❦♦✳ ❩❡r❣❛t✐❦
❡③ ❞✐t✉❣✉ ❡r❛❜✐❧t③❡♥ ❤✐r✉ ♣✉♥t✉❄

▼❡t♦❞♦ ❤♦♥✐ ▼✉❧❧❡r❡♥ ♠❡t♦❞♦❛ ❞❡r✐t③♦❣✉✳ ❉❡♠❛❣✉♥ ✐t❡r❛③✐♦❡♥ ❤❛s✐❡r❛♥ (p0, f(p0))✱
(p1, f(p1)) ❡t❛ (p2, f(p2)) ❤✐r✉ ♣✉♥t✉❛❦ ❞✐t✉❣✉❧❛✳ ❖r❞✉❛♥✱ ❤✐r✉ ♣✉♥t✉ ❤♦r✐❡t❛t✐❦ ♣❛s❛t③❡♥
❞❡♥ ♣❛r❛❜♦❧❛ ❜❛❦❛rr❛ ❡r❛✐❦✐t③❡♥ ❞✉❣✉ ❡t❛✱ ❛❜s③✐s❛ ❛r❞❛t③❛r❡❦✐♥ ❡❜❛❦✐t③❡✲♣✉♥t✉❛ ❦❛❧❦✉❧❛t✉③✱
❤✉rr❡♥❣♦ p3 ♣✉♥t✉❛ ✐③❛♥❣♦ ❞✉❣✉✳ ❏♦ ❞❡③❛❣✉♥ p2 ❡rr♦❛r❡♥ ❤✉r❜✐❧♣❡♥ ❤♦❜❡r❡♥❛ ❞❡❧❛✱ ❡t❛
❞❡♠❛❣✉♥ ❤✐r✉ ♣✉♥t✉❡t❛t✐❦ ✐❣❛r♦t③❡♥ ❞❡♥ ✹✳✻✳ ✐r✉❞✐❦♦ ♣❛r❛❜♦❧❛ ❞❡❧❛✳
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✽✽ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

✹✳✻✳ ✐r✉❞✐❛✳ ▼✉❧❧❡r❡♥ ♠❡t♦❞♦❛✳

■③❛♥ ❜✐t❡③ t = x−p2 ❛❧❞❛❣❛✐✲❛❧❞❛❦❡t❛✱ ❡t❛ h0 = p0−p2 ❡t❛ h1 = p1−p2 ❞✐❢❡r❡♥t③✐❛❦✳ ■③❛♥
❜❡❞✐ y = at2+bt+c ♣♦❧✐♥♦♠✐♦ ❦♦❛❞r❛t✐❦♦❛✳ ❍✐r✉ ♣✉♥t✉ ❤♦r✐❡t❛t✐❦ ✐❣❛r♦t③❡♥ ❞❡♥ ♣❛r❛❜♦❧❛r❡♥
❡❦✉❛③✐♦❦♦ a✱ b ❡t❛ c ❦♦❡✜③✐❡♥t❡❛❦ ❦❛❧❦✉❧❛t✉❦♦ ❞✐t✉❣✉✳ P✉♥t✉ ❜❛❦♦✐t③❡❦♦✱ ❤❛✉ ❞✉❣✉✿

p0 − r❛❦♦ t = h0 ❞❛ ❡t❛ ❤❛✉ ❜❡t❡ ❜❡❤❛r✿ ah2
0 + bh0 + c = f(p0),

p1 − ❡r❛❦♦ t = h1 ❞❛ ❡t❛ ❤❛✉ ❜❡t❡ ❜❡❤❛r✿ ah2
1 + bh1 + c = f(p1),

p2 − r❛❦♦ t = 0 ❞❛ ❡t❛ ❤❛✉ ❜❡t❡ ❜❡❤❛r✿ a02 + b0 + c = f(p2).

❍❛✉ ❞❛ s✐st❡♠❛ ❤♦rr❡♥ s♦❧✉③✐♦❛✿

c = f(p2),

a =
e0h1 − e1h0

h1h2
0 − h0h2

1

,

b =
e1h

2
0 − e0h

2
1

h1h2
0 − h0h2

1

,

♥♦♥ e0 = f(p0)− c ❡t❛ e1 = f(p1)− c✳ ❖r❛✐♥✱ ♣❛r❛❜♦❧❛ ❤♦rr❡♥ t = z1, z2 ❡rr♦❛❦ ❢♦r♠✉❧❛ ❤❛✉
❡r❛❜✐❧✐③ ❧♦rt③❡♥ ❞✐r❛✿

z =
−2c

b±
√
b2 − 4ac

.

❉❛❦✐❣✉♥❡③✱ ❢♦r♠✉❧❛ ❤♦r✐ ❞❛ ❜✐❣❛rr❡♥ ♠❛✐❧❛❦♦ ❡❦✉❛③✐♦❡♥ ❡rr♦❛❦ ❛✉r❦✐t③❡❦♦ ❞✉❣✉♥ ♦❤✐❦♦ ❢♦r✲
♠✉❧❛r❡♥ ❜❛❧✐♦❦✐❞❡❛❀ ❜❛✐♥❛ ❦❛s✉ ❤♦♥❡t❛♥ ❤♦❜❡ ❞❛ ❤✉r❛ ❡r❛❜✐❧t③❡❛✱ ❥❛❞❛ ❡③❛❣✉t③❡♥ ❜❛✐t✉❣✉
c = f(p2) ≈ 0 ❞❡❧❛ ❡t❛✱ ♦♥❞♦r✐♦③✱ b ≈

√
b2 − 4ac✳

▼❡t♦❞♦❛r❡♥ ❡❣♦♥❦♦rt❛s✉♥❛ ③✐✉rt❛t③❡❦♦✱ ❜❛❧✐♦ ❛❜s♦❧✉t✉ t①✐❦✐❡♥❛ ❞✉❡♥ ❡rr♦❛ ❛✉❦❡r❛t✉❦♦
❞✉❣✉✳ ❇❡r❛③✱ b > 0 ❜❛❞❛✱ ③❡✐♥✉ ♣♦s✐t✐❜♦❛ ❛✉❦❡r❛t✉❦♦ ❞✉❣✉ ❡rr♦ ❦❛rr❛t✉r❛❦♦✳ ❆❧❞✐③✱ b < 0
❜❛❞❛✱ ③❡✐♥✉ ♥❡❣❛t✐❜♦❛ ❛✉❦❡r❛t✉❦♦ ❞✉❣✉ ❡rr♦ ❦❛rr❛t✉r❛❦♦✳ P✉♥t✉ ❜❡rr✐❛ ❤❛✉ ✐③❛♥❣♦ ❞❛✿

p3 = p2 + z.

✽✽



✹✳✸✳ ▼❡t♦❞♦ ✐r❡❦✐❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✽✾

❖r❞✉❛♥✱ p0 ❡t❛ p1 ♣✉♥t✉ ❜❡rr✐❛❦ {p0, p1, p2} ♣✉♥t✉ ③❛❤❛rr❡♥ ❛rt❡❛♥ ❛✉❦❡r❛t✉❦♦ ❞✐t✉❣✉ ❡t❛
p3✲t✐❦ ❤✉r❜✐❧❡♥❛❦ ✐③❛♥❣♦ ❞✐r❛❀ p2 ❜❡rr✐❛ p3 ✐③❛♥❣♦ ❞❛✳

Pr♦③❡s✉ ❤❛✉ ❡rr❡♣✐❦❛t✉③✱ ✐t❡r❛③✐♦✲s❡❣✐❞❛ ❜❛t ❧♦rt③❡♥ ❞❛✱ ❡t❛ ❤♦rr❡❦✱ ❜❛❧❞✐♥t③❛ ❡❣♦❦✐❡t❛♥✱
f(x) ❢✉♥t③✐♦❛r❡♥ ❡rr♦r❛ ❥♦❦♦ ❞✉✳ ▼✉❧❧❡r❡♥ ♠❡t♦❞♦❛❦ ❛r❛③♦ ❧❛rr✐❛❦ ✐③❛♥ ❞✐t③❛❦❡✱ ❡③ ❜❛❞✐r❛
❞❡s❜❡r❞✐♥❛❦ f(p1)✱ f(p2) ❡t❛ f(p3)✳ ❍❛❧❛ ❡r❡✱ ❡rr♦t✐❦ ♥❛❤✐❦♦ ❤✉r❜✐❧ ❜❛❞❛❣♦✱ ♦s♦ ❛③❦❛rr❛ ❞❛❀
❤❛r❡♥ ❦♦♥❜❡r❣❡♥t③✐❛✲♦r❞❡♥❛ ✶✳✽✹ ❞❛✳ ❊❜❛❦✐t③❛✐❧❡❛r❡♥❛ ✶✳✻✷ ❞❛ ❡t❛ ◆❡✇t♦♥❡♥ ♠❡t♦❞♦❛r❡♥❛ ✷
✭❡rr♦ ❜❛❦✉♥❡♥ ❦❛s✉r❛❦♦✮✳

●❡rt❛ ❞❛✐t❡❦❡ s♦rt✉t❛❦♦ ♣❛r❛❜♦❧❛❦ x ❛r❞❛t③❛ ❡③ ✉❦✐t③❡❛❀ ♦r❞✉❛♥✱ ❡rr♦ ❦♦♥♣❧❡①✉❛❦ ✐③❛♥❣♦
❞✐t✉❣✉ ♥♦♥ ❛❧❞❡ ✐r✉❞✐❦❛r✐❛ t①✐❦✐❛ ❜❛✐t❛ ❛❧❞❡ ❡rr❡❛❧❛r❡❦✐♥ ❦♦♥♣❛r❛t✉t❛✳ ❑❛s✉ ❤♦rr❡t❛♥✱ ❛❧❞❡
✐r✉❞✐❦❛r✐❛ ❦❡♥t③❡♥ ❞❛ ❡t❛ ♣r♦③❡s✉❛r❡❦✐♥ ❥❛rr❛✐t③❡♥ ❞❛✳

✹✳✸✳✻✳ ❆❧❞❡r❛♥t③✐③❦♦ ✐♥t❡r♣♦❧❛③✐♦ ❦♦❛❞r❛t✐❦♦❛

▼❡t♦❞♦ ❤♦♥❡t❛♥✱ x✲r❡❦✐❦♦ ❦♦❛❞r❛t✐❦♦❛ ✐③❛♥ ❜❡❤❛rr❡❛♥✱ y✲r❡❦✐❦♦ ✐③❛♥❣♦ ❞❛✳ ❍♦ts✱ (a, f(a))✱
(b, f(b)) ❡t❛ (c, f(c)) ❤✐r✉ ♣✉♥t✉❛❦ ❡③❛❣✉t✉③✱ ❛❧❞❡r❛♥t③✐③❦♦ ❢✉♥t③✐♦❛r❡❦✐♥ ❛r✐t✉❦♦ ❣❛r❛❀ ❧♦rt✉❦♦
❞✉❣✉♥ ♣♦❧✐♥♦♠✐♦ ❦♦❛❞r❛t✐❦♦❛ P (y) ♠♦t❛❦♦❛ ✐③❛♥❣♦ ❞❛✱ ❡t❛ ✐♥t❡r♣♦❧❛③✐♦✲❜❛❧❞✐♥t③❛ ❤❛✉❡❦
❡r❛❜✐❧✐③ ③❡❤❛③t✉❦♦ ❞✉❣✉✿

a = P (f(a)), b = P (f(b)), c = P (f(c)).

P❛r❛❜♦❧❛ ❤♦♥❡❦ ❜❡t✐ ❡❜❛❦✐t③❡♥ ❞✉ x ❛r❞❛t③❛❀ ❤♦ts✱ y = 0✳ ❇❡r❛③✱ x = P (0) ❞❛ ❤✉rr❡♥❣♦
✐t❡r❛③✐♦❛✳ ▼❡t♦❞♦ ❤♦♥✐ ❆■❑ ✐③❡♥ ❧❛❜✉rt✉❛ ❡♠❛♥❣♦ ❞✐♦❣✉✳ ▼❆❚▲❆❇❡♥ ❦♦❞❡❛♥❀ ❤❛✉ ✐③❛♥
❧✐t❡❦❡✿

❦❂✵❀

✇❤✐❧❡ ❛❜s✭❝✲❜✮ ❃ ❡♣s✯❛❜s✭❝✮

① ❂ ♣♦❧②✐♥t❡r♣✭❬❢✭❛✮✱❢✭❜✮✱❢✭❝✮❪✱❬❛✱❜✱❝❪✱✵✮

❛ ❂ ❜❀

❜ ❂ ❝❀

❝ ❂ ①❀

❦ ❂ ❦✰✶❀

❡♥❞

▼❡t♦❞♦ ❤♦rr❡♥ ❛r❛③♦❛ ③❡r❛ ❞❛❀ ✐♥t❡r♣♦❧❛③✐♦✲♣♦❧✐♥♦♠✐♦❛❦ f(a)✱ f(b) ❡t❛ f(c) ❞❡s❜❡r❞✐♥❛❦
✐③❛t❡❛ ❡s❦❛t③❡♥ ❞✉✳ ❇❛✐♥❛✱ ❣✉❦ ❡③ ❞✉❣✉ ❜❡r♠❡ ❤♦r✐✳ ❆❞✐❜✐❞❡③✱ ❦❛❧❦✉❧❛t✉ ♥❛❤✐ ❜❛❞✉❣✉

√
2

❜❛❧✐♦❛ f(x) = x2 − 2 ❢✉♥t③✐♦❛ ❡r❛❜✐❧✐③✱ ❡t❛ a = −2✱ b = 0 ❡t❛ c = 2✱ ♦r❞✉❛♥✱ f(a) = f(c)
❡t❛ ❧❡❤❡♥❡♥❣♦ ✉rr❛ts❛ ❡③ ❞❛❣♦ ❞❡✜♥✐t✉t❛✳ ❆❧❞✐③✱ a = −2.001✱ b = 0 ❡t❛ c = 1.999 ❜❛❧✐♦❡❦✐♥
❤❛st❡♥ ❜❛❣❛r❛✱ ❤✉rr❡♥❣♦ ✐t❡r❛③✐♦❛ x = 500 ✐③❛♥❣♦ ❞❛✳

✽✾



✾✵ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

✹✳✸✳✼✳ ❩❡r♦✐♥ ❛❧❣♦r✐t♠♦❛

▼❡t♦❞♦ ❤♦♥❡t❛♥✱ ❜✐s❡❦③✐♦❛r❡♥ ❦♦♥❜❡r❣❡♥t③✐❛r❡❦✐❦♦ ✜❞❛❣❛rr✐t❛s✉♥❛✱ ❡❜❛❦✐t③❛✐❧❡ ♠❡t♦❞♦❛r❡♥
❦♦♥❜❡r❣❡♥t③✐❛ ❛③❦❛rt❛s✉♥❛ ❡t❛ ❆■❑ ♠❡t♦❞♦❛ ❦♦♥❜✐♥❛t③❡♥ ❞✐r❛✳ ❉❡❦❦❡r✲❡❦ ❡t❛ ❇r❡♥t✲❡❦
❣❛r❛t✉ ③✉t❡♥ ❛❧❣♦r✐t♠♦ ❤♦♥❡♥ ❧❡❤❡♥❡♥❣♦ ❜❡rts✐♦❛ ✭✐❦✉s ❬✸✱ ✻❪✮❀ ❣❡r♦❦♦ ❜❡rts✐♦❡❦ ❛s❦♦ ❤♦✲
❜❡t✉ ❞✉t❡ ❛❧❣♦r✐t♠♦ ❤♦r✐✳ ❍♦♥❛ ❤❡♠❡♥ ❛❧❣♦r✐t♠♦❛r❡♥ ❧❛❜✉r♣❡♥ ❜❛t✿

✹✳✸✳ ❛❧❣♦r✐t♠♦❛✳ ❩❡r♦✐♥ ❛❧❣♦r✐t♠♦❛✳

a ❡t❛ b ❡♠❛♥❞❛✱ ♣✉♥t✉ ❤♦r✐❡t❛r❛❦♦ f(a) · f(b) < 0 ❜❡t❡t③❡♥ ❞❛❀ ❜❡r❛③✱ f ❥❛rr❛✐t✉❛ ❜❛❞❛
[a, b]✲♥✱ ❡rr♦❛ t❛rt❡❛r❡♥ ❜❛r♥❡❛♥ ❞❛❣♦✳

❼ ❊r❛❜✐❧✐ ❡❜❛❦✐t③❛✐❧❡❛r❡♥ ✐t❡r❛③✐♦❛✱ a ❡t❛ b✲r❡♥ ❛rt❡❦♦ c ❧♦rt③❡❦♦✳

❼ ●❡r♦✱ ❡rr❡♣✐❦❛t✉ ❤♦♥❛❦♦ ✉rr❛ts ❤❛✉❡❦✱ |b− a| < ε|b| ❡❞♦ f(b) = 0 ❜❡t❡ ❛rt❡✿

✶ ✉rr❛ts❛✳ ❖r❞❡♥❛t✉ a✱ b ❡t❛ c ❤♦♥❡❧❛✿

⊲ f(a)✲❦ ❡t❛ f(b)✲❦ ③❡✐♥✉ ❞❡s❜❡r❞✐♥❛❦ ❞✐t✉③t❡✳

⊲ |f(b)| ≤ |f(a)|✳
⊲ c ❜❡t✐ ❞❛ ❛✉rr❡❦♦ ✐t❡r❛③✐♦❦♦ b✲r❡♥ ❜❛❧✐♦❛✳

✷ ✉rr❛ts❛✳ c 6= a ❜❛❞❛✱ ❆■❑ ✐t❡r❛③✐♦❛ ❦❛❧❦✉❧❛t✉❦♦ ❞✉❣✉✳

✸ ✉rr❛ts❛✳ c = a✱ ❡❜❛❦✐t③❛✐❧❡❛r❡♥ ✐t❡r❛③✐♦❛ ❦❛❧❦✉❧❛t✉❦♦ ❞✉❣✉✳

✹ ✉rr❛ts❛✳ ❆■❑r❡♥❛ ❡❞♦ ❡❜❛❦✐t③❛✐❧❡❛r❡♥❛ [a, b]✲♥ ❜❛❞❛❣♦✱ ❤❛rt✉ ❡❣✐♥❣♦ ❞✉❣✉❀ ❡③ ❜❛❞❛
❤♦rr❡❧❛✱ ❜✐s❡❦③✐♦❛r❡♥ ♠❡t♦❞♦❛ ❡r❛❜✐❧✐ ❤✉rr❡♥❣♦ ✐t❡r❛③✐♦❛ ❧♦rt③❡❦♦✳

❆❧❣♦r✐t♠♦ ❤♦♥❡♥ ✐♥♣❧❡♠❡♥t❛③✐♦❛ ▼❆❚▲❆❇❡❦♦ ❢③❡r♦ ❢✉♥t③✐♦❛ ❞❛✱ ❡t❛ ❡r❛❣✐♥❦♦rt❛s✉♥
❤❛♥❞✐❛ ❞✉ ❡❦✉❛③✐♦ ❡③✲❧✐♥❡❛❧❡♥ ❡rr♦❡♥ ❦❛❧❦✉❧✉❛♥✳ ❖❤❛rt✉ ❡③ ❞✉❡❧❛ ❞❡r✐❜❛t✉r✐❦ ❡r❛❜✐❧t③❡♥✳
❆❞✐❜✐❞❡③✱ ❢③❡r♦✭✬①✲✵✳✺✯s✐♥✭①✮✲✵✳✼✬✱✶✮ ✐♥str✉❦③✐♦❛r❡♥ ❡♠❛✐t③❛ ✶✳✶✺✽✵ ❞❛ ❡t❛ f(1.1580) =
−1.1102× 10−16✳

❍♦♥❡❧❛ ❡r❡ ✐❞❛t③ ❞❛✐t❡❦❡✿ ❢③❡r♦✭✬①✲✵✳✺✯s✐♥✭①✮✲✵✳✼✬✱❬✶✱✷❪✮✱ ♥♦♥ ❬✶✱✷❪ t❛rt❡❛❦ ❡rr♦
❜❛t ✐③❛♥ ❜❡❤❛r ❜❛✐t✉✱ ❜❡st❡❧❛ ❡rr♦r❡✲♠❡③✉ ❜❛t ❡♠❛♥❣♦ ❞✉✳

❇❛❞❛❣♦ r♦♦t ❢✉♥t③✐♦❛ ❡r❡❀ r❂r♦♦t✭✶✱✲✻✱✺✮ ✐❞❛③t❡♥ ❜❛❞✉❣✉✱ p(x) = x2 − 6x + 5 = 0
❡❦✉❛③✐♦❛r❡♥ ❡rr♦❛❦ ❡♠❛♥❣♦ ❞✐③❦✐❣✉✱ ❤♦♥❡❧❛✿ r = (1, 5)❀ ❤♦ts✱ r ❜❡❦t♦r❡❛❦ p(x) ♣♦❧✐♥♦♠✐♦❛r❡♥
❡rr♦❛❦ ❣♦r❞❡❦♦ ❞✐t✉✳

✾✵



✹✳✹✳ ❆❧❣♦r✐t♠♦❛❦ ❣❡❧❞✐t③❡❦♦ ✐r✐③♣✐❞❡❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✾✶

✹✳✹✳ ❆❧❣♦r✐t♠♦❛❦ ❣❡❧❞✐t③❡❦♦ ✐r✐③♣✐❞❡❛❦

❍❛✉❡❦ ✐③❛t❡♥ ❞✐r❛ ❛❧❣♦r✐t♠♦ ❤♦r✐❡❦ ❣❡❧❞✐t③❡❦♦ ✐r✐③♣✐❞❡❛❦✿

✶✳ ❊rr♦r❡❛✱ ε✱ ❛❧❞❡③ ❛✉rr❡t✐❦ ✜♥❦❛t✉t❛❦♦ εmax > 0 ❡rr♦r❡❛r❡♥ t♦❧❡r❛♥t③✐❛ ❜❛✐♥♦ t①✐❦✐❛❣♦❛
✐③❛t❡❛✱ ❛❧❡❣✐❛✿

ε = |f(pn)| < εmax.

✷✳ ❖♥❞♦③ ♦♥❞♦❦♦ ❜✐ ✐t❡r❛③✐♦r❡♥ ❛rt❡❦♦ ❞✐❢❡r❡♥t③✐❛ ✭③❡❤❛③t❛s✉♥ ❛❜s♦❧✉t✉❛✮ ♥❛❤✐❦♦ t①✐❦✐❛
✐③❛t❡❛❀ ❤♦ts✱ ③❡❤❛③t❛s✉♥ ❛❜s♦❧✉t✉❛ ❛❧❞❡③ ❛✉rr❡t✐❦ ✜♥❦❛t✉t❛❦♦ za > 0 t♦❧❡r❛♥t③✐❛ ❜❛✐♥♦
t①✐❦✐❛❣♦❛ ✐③❛t❡❛✱ ❛❧❡❣✐❛✿

|pn − pn−1| < za.

✸✳ ❇✐ ✐t❡r❛③✐♦r❡♥ ❛rt❡❦♦ ③❡❤❛③t❛s✉♥ ❡r❧❛t✐❜♦❛ ♥❛❤✐❦♦ t①✐❦✐❛ ✐③❛t❡❛❀ ❤♦ts✱ ❞✐❢❡r❡♥t③✐❛ ❡r❧❛✲
t✐❜♦ ❤♦r✐ ❛❧❞❡③ ❛✉rr❡t✐❦ ✜♥❦❛t✉t❛❦♦ ze > 0 ③❡❤❛③t❛s✉♥ ❡r❧❛t✐❜♦❛ ❜❛✐♥♦ t①✐❦✐❛❣♦❛ ✐③❛t❡❛✱
❛❧❡❣✐❛✿

|pn − pn−1|
|pn|

< ze.

❍❛✉ ❞❛ pn ≈ 0✲r❡♥ ❛r❛③♦❛ ❣❛✐♥❞✐t③❡❦♦ ❡r❛❜✐❧ ❞❡③❛❦❡❣✉♥ ❜❡st❡ ③❡❤❛③t❛s✉♥ ♠♦t❛ ❜❛t✿

|pn − pn−1|
1 + |pn|

< ze.

❖❤❛rt✉ pn = 0 ❜❛❞❛✱ ③❛t✐❞✉r❛ ❤♦r✐ ③❡❤❛③t❛s✉♥ ❛❜s♦❧✉t✉❛ ❞❡❧❛✳

✹✳ ■t❡r❛③✐♦❡♥ ❦♦♣✉r✉ ♠❛①✐♠♦ ❜❛t✱ nmax✱ ✜♥❦❛t③❡❛✳ ❆❧❡❣✐❛✱ ❤❛✉ ❜❛❞❛✿

n > nmax,

❛❧❣♦r✐t♠♦❛ ❣❡❧❞✐t✉ ❡❣✐♥❣♦ ❞❛✳

✾✶


