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❖r❞❡♥❛❣❛✐❧✉❛r❡♥ ❛r✐t♠❡t✐❦❛ ❡t❛

❡rr♦r❡❛r❡♥ ❛♥❛❧✐s✐❛

❙♦❧✉③✐♦ ❜❛t ❧♦rt③❡❦♦ ❡r❛❜✐❧t③❡♥ ❞✉❣✉♥ ♦r❞❡♥❛❣❛✐❧✉❛ tr❡s♥❛ ✐♥♣❡r❢❡❦t✉❛ ❞❛✳ ■③❛♥ ❡r❡✱ ♠✉❣❛t✉t❛
❞❛❣♦ ❤❛r❦ ❞✉❡♥ ❣❛✐t❛s✉♥❛ ③❡♥❜❛❦✐❛❦ ③❡❤❛③t❛s✉♥❡③ ❛❞✐❡r❛③t❡❦♦✳ ❖♥❞♦r✐♦③✱ ♠❛❦✐♥❛❦ ❜❡r❛❦
❧♦rt③❡♥ ❞✐t✉❡♥ ❡♠❛✐t③❡❦ ❡rr♦r❡❛❦ ❞✐t✉③t❡✳

❇❡st❛❧❞❡✱ ♠❡t♦❞♦ ❤✉r❜✐❧❞✉❛❦ ❡r❛❜✐❧t③❡♥ ❜❛❞✐t✉❣✉✱ ❡rr♦r❡❛❦ s♦rt③❡♥ ❞✐r❛✳ ❆❞✐❜✐❞❡③✱ ❛❜✐❛✲
❞✉r❛r❡♥ ❞❡r✐❜❛t✉❛ ❦❛❧❦✉❧❛t③❡❦♦ ✭♣✉❡♥t✐♥❣✲❥❛✉③✐❧❛r✐❛r❡♥ ❛❞✐❜✐❞❡❛♥ ❜❡③❛❧❛✮ ❞✐❢❡r❡♥t③✐❛ ✜♥✐t✉❛❦
❡r❛❜✐❧t③❡❛♥✿

dv

dt
≈ ∆v

∆t
=

v(ti+1)− v(ti)

ti+1 − ti

❆✉③✐❛ ❞❛✱ ❜❡r❛③✱ ♥♦❧❛ ♠❛♥❡✐❛t✉ ❤♦rr❡❧❛❦♦ ③✐✉r❣❛❜❡t❛s✉♥❛✳

✸✳✶✳ ❩✉③❡♥t❛s✉♥❛ ❡t❛ ③❡❤❛③t❛s✉♥❛

❑❛❧❦✉❧✉❡❦✐♥ ❡t❛ ♥❡✉rr✐❡❦✐♥ ❡❧❦❛rt✉t❛❦♦ ❡rr♦r❡❡❦ ❜❡r❡♥
③✉③❡♥t❛s✉♥❛ ❡t❛ ③❡❤❛③t❛s✉♥❛ ❞✉t❡ ❡③❛✉❣❛rr✐✳ ◆❛❤✐③
❡t❛ ❤✐③❦❡r❛ ❛rr✉♥t❡❛♥ ❜✐ ❤✐t③ ❤♦r✐❡❦ s✐♥♦♥✐♠♦❛❦ ✐③❛♥✱
♠❡t♦❞♦ ③✐❡♥t✐✜❦♦❛♥ ❡③ ❞✐r❛ ❜❡r❞✐♥❛❦✳ ◆❡✉rr✐ ✭❡❞♦
❦❛❧❦✉❧✉✮ s✐st❡♠❛ ❜❛t❡♥ ③✉③❡♥t❛s✉♥❛ ❞❛ ❡❣✐❛③❦♦ ❜❛❧✐♦t✐❦
♥❡✉rt✉t❛❦♦ ✭❡❞♦ ❦❛❧❦✉❧❛t✉t❛❦♦✮ ❜❛❧✐♦ ❜❛t❡♥ ❤✉r❜✐❧t❛✲
s✉♥❛r❡♥ ❣r❛❞✉❛✳ ◆❡✉rr✐ ✭❡❞♦ ❦❛❧❦✉❧✉✮ s✐st❡♠❛ ❜❛t❡♥
③❡❤❛③t❛s✉♥❛ ✭❡rr❡♣✐❦❛❣❛rr✐t❛s✉♥ ❡r❡ ❡s❛t❡♥ ③❛✐♦✮ ❞❛
❜❛❧❞✐♥t③❛ ❜❡r❞✐♥❡♥ ♠❡♥♣❡❛♥ ❡♠❛✐t③❛ ❜❡r❞✐♥❛❦ ❧♦rt③❡❦♦
❣❛✐t❛s✉♥❛✳
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❩✉③❡♥t❛s✉♥✐❦ ❡③❛ ✭③❡❤❛rt❛s✉♥ ❡r❡ ❜❛❞❡r✐t③♦✮ ❡❣✐❛③❦♦ ❜❛❧✐♦t✐❦ ❞❡s❜✐❞❡r❛t③❡ s✐st❡♠❛t✐❦♦❛
❞❛✳ ❩❡❤❛③t❛s✉♥✐❦ ❡③❛ ✭③✐❤✉r❣❛❜❡t❛s✉♥ ❡r❡ ❡s❛t❡♥ ③❛✐♦✮ s❛❦❛❜❛♥❛t③❡❛r❡♥ ♠❛❣♥✐t✉❞❡❛r❡❦✐♥
❡r❧❛③✐♦♥❛t✉t❛ ❞❛❣♦✳

✸✳✷✳ ❆❧❣♦r✐t♠♦❛

❖r❞❡♥❛❣❛✐❧✉ ❜❛t ❡r❛❜✐❧t③❡♥ ❞❡♥❡❛♥ ♣r♦❜❧❡♠❛ ❜❛t❡♥ ③❡♥❜❛❦✐③❦♦ s♦❧✉③✐♦ ❜❛t ❧♦rt③❡❦♦✱ ♣r♦❣r❛✲
♠❛❦ ❣❛✉③❛t③❡♥ ❞✐t✉ ❡r❛❜✐❧✐t❛❦♦ ③❡♥❜❛❦✐③❦♦ ♠❡t♦❞♦❛r✐ ❡❧❦❛rt✉t❛❦♦ ❡r❛❣✐❦❡t❛❦✳ ❩❡♥❜❛❦✐③❦♦
♠❡t♦❞♦ ❜❛t③✉❦ ❡rr❛③❛❦ ❞✐r❛ ✐♥♣❧❡♠❡♥t❛t③❡❦♦✱ ❜❛✐♥❛ ❜❛t③✉❡t❛♥ ③❡♥❜❛❦✐③❦♦ ♣r♦③❡❞✉r❛❦ ③❛✐❧❛❦
❞✐r❛ ♣r♦❣r❛♠❛t③❡❦♦✳

❩❡♥❜❛❦✐③❦♦ ♠❡t♦❞♦ ❜❛t ♣r♦❣r❛♠❛t✉ ❜❛✐♥♦ ❧❡❤❡♥✱ ♦s♦ ♦♥✉r❛❣❛rr✐❛ ❞❛ ③❡♥❜❛❦✐③❦♦ ♠❡t♦❞♦❛
✐♥♣❧❡♠❡♥t❛t③❡❦♦ ❥❛rr❛✐t✉ ❜❡❤❛r ❞✐t✉❣✉♥ ✉rr❛ts ❣✉③t✐❛❦ ♣❧❛♥✐✜❦❛t③❡❛✳ ❍♦rr❡❧❛❦♦ ♣❧❛♥ ❜❛t✐
❛❧❣♦r✐t♠♦ ❞❡r✐t③♦❣✉✱ ❡t❛ s♦❧✉③✐♦r❛ ❤❡❧t③❡❦♦ ✉rr❛ts❡③ ✉rr❛ts❡❦♦ ✐♥str✉❦③✐♦❡♥ ❜✐❧❞✉♠❛ ❞❛✳ ❆❧✲
❣♦r✐t♠♦❛❦ ①❡❤❡t❛s✉♥ ♠❛✐❧❛ ❜❛t③✉❡t❛♥ ✐❞❛t③ ❞❛✐t❡③❦❡✳ ❆❞✐❜✐❞❡③✱ ❥♦ ❞❡③❛❣✉♥ ax2 + bx+ c = 0
❡❦✉❛③✐♦ ❦♦❛❞r❛t✐❦♦❛ ❡❜❛t③✐ ♥❛❤✐ ❞✉❣✉❧❛✱ s♦❧✉③✐♦ ❤❛✉❡❦ ❦❛❧❦✉❧❛t✉③✱ ❛❧❣♦r✐t♠♦ ❜❛t❡③✿

x1 =
−b+

√
b2 − 4ac

2a
x2 =

−b−
√
b2 − 4ac

2a

✸✳✶✳ ❛❧❣♦r✐t♠♦❛✳ ❊❦✉❛③✐♦ ❦♦❛❞r❛t✐❦♦ ❜❛t❡♥ ❡rr♦ ❡rr❡❛❧❛❦ ❡❜❛③t❡❦♦ ❛❧❣♦r✐t♠♦❛✳

❊❦✉❛③✐♦ ❦♦❛❞r❛t✐❦♦❛r❡♥ a✱ b ❡t❛ c ❦♦♥st❛♥t❡❛❦ ❡♠❛♥❞❛ ❞❛✉❞❡✳

✶✳ ❑❛❧❦✉❧❛t✉ ❞✐s❦r✐♠✐♥❛♥t❡❛r❡♥ ❜❛❧✐♦❛✱ D = b2 − 4ac✳

✷✳ D > 0 ❜❛❞❛✱ ❦❛❧❦✉❧❛t✉ ❜✐ ❡rr♦❛❦ ❣♦✐❦♦ ❛❞✐❡r❛③♣❡♥❛❦ ❡r❛❜✐❧✐③✳

✸✳ D = 0 ❜❛❞❛✱ ❦❛❧❦✉❧❛t✉ x = −b/2a ❡rr♦❛✱ ❡t❛ ❡r❛❦✉ts✐ ♠❡③✉ ❤❛✉✿ ✏❊❦✉❛③✐♦❛❦ ❡rr♦ ❜❛❦❛r
❜❛t ❞✉✑✳

✹✳ D < 0 ❜❛❞❛✱ ❡r❛❦✉ts✐ ♠❡③✉ ❤❛✉✿ ✏❊❦✉❛③✐♦❛❦ ❡③ ❞✉ ❡rr♦ ❡rr❡❛❧✐❦✑✳

❇❡❤✐♥ ❛❧❣♦r✐t♠♦❛ ❛s♠❛t✉③ ❣❡r♦✱ ✐♥♣❧❡♠❡♥t❛ ❞❛✐t❡❦❡ ♦r❞❡♥❛❣❛✐❧✉❦♦ ♣r♦❣r❛♠❛ ❜❛t❡❛♥✳

✸✳✸✳ ❩❡♥❜❛❦✐ ❜✐t❛rr❛❦

◆❛❤✐③ ❡t❛ ❣✐③❛❦✐♦❦ ③❡♥❜❛❦✐✲s✐st❡♠❛ ❤❛♠❛rt❛rr❛ ❡r❛❜✐❧✐ ❦❛❧❦✉❧✉ ❛r✐t♠❡t✐❦♦❡t❛♥✱ ♦r❞❡♥❛❣❛✐❧✉
❣❡❤✐❡♥❡❦ ③❡♥❜❛❦✐✲s✐st❡♠❛ ❜✐t❛rr❛ ❡r❛❜✐❧t③❡♥ ❞✉t❡✳ ❖r❞❡♥❛❣❛✐❧✉❛❦ ❞❛t✉ ❣✉③t✐❛❦ ③❡♥❜❛❦✐ ❜✐t❛r
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❜✐❤✉rt③❡♥ ❞✐t✉✳ ❑❛❧❦✉❧✉ ❛r✐t♠❡t✐❦♦❛❦ ✷ ♦✐♥❛rr✐❛♥ ❡❣✐t❡♥ ❞✐t✉✱ ❡t❛ ❣❡r♦ ✶✵ ♦✐♥❛rr✐r❛ ✐t③✉❧t③❡♥
❞✐t✉✳ ❩❡❤❛③t❛s✉♥❡❦♦ ❜❡❞❡r❛t③✐ ③✐❢r❛ ❞❡③✐♠❛❧ ❞❛✉③❦❛♥ ♦r❞❡♥❛❣❛✐❧✉ ❜❛t❡❦ ❡♠❛✐t③❛ ❤❛✉ ❡♠❛♥
③✉❡♥✿

100000∑

i=1

0.1 = 9999.99447

❇❛t✉r❛ ✶✵✵✵✵ ✐③❛♥ ❜❡❤❛r ③❡♥❡③✱ ❣✉r❡ ❧❛♥❡t❛r✐❦♦ ❜❛t ✐③❛♥❣♦ ❞❛ ❤✉r❛ ❣❡rt❛t③❡❦♦ ❛rr❛③♦✐❛
❥❛❦✐t❡❛✳

✸✳✸✳✶✳ ❩❡♥❜❛❦✐ ♦s♦ ❜✐t❛rr❛❦

❙✐st❡♠❛ ❤❛♠❛rt❛rr❡❛♥✱ ✶✺✻✸ ③❡♥❜❛❦✐❛ ❡r❛ ❣❛r❛t✉❛♥ ✐❞❛t③✐t❛ ❤❛✉ ❞❛✿

1563 = (1× 103) + (5× 102) + (6× 101) + (3× 100).

❇❛✐♥❛✱ ③❡♥❜❛❦✐ ❜❡r❛ s✐st❡♠❛ ❜✐t❛rr❡❛♥ ✐❞❛t③✐t❛ ❤❛✉ ❞❛✿

1563 = (1× 210) + (1× 29) + (0× 28) + (0× 27) + (0× 26) + (0× 25)

+(1× 24) + (1× 23) + (0× 22) + (1× 21) + (1× 20)

❇❡r❛③✱ ✶✺✻✸❂✶✶✵✵✵✵✶✶✵✶✶bi ❞✉❣✉✳

❍❛✉ ❞❛ ❜❡st❡ ❛❞✐❜✐❞❡ ❜❛t✿

(111 . . . 11)2 = 2n−1 + 2n−2 + 2n−3 + . . .+ 21 + 20 = (2n − 1),

❑♦♥t✉❛♥ ❤❛rt✉ ❜❡❤❛r ❞✉❣✉ ❛③❦❡♥ ❜❡r❞✐♥t③❛ ❧♦rt③❡❦♦ 1+x+x2+ . . .+xn =
xn+1 − 1

x− 1
❜❡t❡t③❡♥

❞❡❧❛✱ x 6= 1 ❞❡♥❡❛♥✳

◆♦❧❛ ❧♦r ❞❡③❛❦❡❣✉ s✐st❡♠❛ ❜✐t❛rr❡r❛ ✐❣❛r♦t③❡❛❄

✶✺✻✸ ③❡♥❜❛❦✐❛ ❜✐r❡❦✐♥ ③❛t✐t③❡❛♥ ❤❛✉ ❛t❡r❛t③❡♥ ❞✉❣✉✿

1563 = 2× 781 + 1

❖r❛✐♥✱ ✼✽✶ ③❡♥❜❛❦✐❛ ❜✐r❡❦✐♥ ③❛t✐t③❡❛♥ ❤❛✉ ❛t❡r❛t③❡♥ ❞✉❣✉✿

781 = 2× 390 + 1

❊r❛❣✐❦❡t❛ ❤♦r✐ ❡rr❡♣✐❦❛t✉③✱ ③❡r❛ ❧♦rt③❡♥ ❞❛✿

390 = 2× 195 + 0

195 = 2× 97 + 1

97 = 2× 48 + 1

✹✺
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48 = 2× 24 + 0

24 = 2× 12 + 0

12 = 2× 6 + 0

6 = 2× 3 + 0

3 = 2× 1 + 1

1 = 2× 0 + 1

❡t❛ ❜❡❤❡t✐❦ ❣♦r❛❦♦ ❤♦♥❞❛rr❛❦ ❤❛rt✉③✱ ③❡♥❜❛❦✐ ❜✐t❛rr❛ ❡r❛✐❦✐t③❡♥ ❞✉❣✉✿ ✶✺✻✸❂✶✶✵✵✵✵✶✶✵✶✶bi✳

✸✳✸✳✷✳ ❩❛t✐❦✐ ❜✐t❛rr❛❦

R ③❡♥❜❛❦✐ ❡rr❡❛❧ ❜❛t ❜❛❞❛✱ ♥♦♥ 0 < R < 1✱ ♦r❞✉❛♥ {0, 1} ♠✉❧t③♦❛♥ ❜❛❞❛❣♦ d1, d2, . . . , dn, . . .
③✐❢r❛ s❡❣✐❞❛ ❜❛t ❤❛✉ ❜❡t❡t③❡♥ ❞✉❡♥❛✿

R = (d1 × 2−1) + (d2 × 2−2) + . . .+ (dn × 2−n) + . . . . ✭✸✳✶✮

❊s❦✉✐♥❡❦♦ ❛❞✐❡r❛③♣❡♥❛ ❧❛❜✉r❦✐ ❡♠❛♥❞❛✱ ❤♦ts✱ ♥♦t❛③✐♦ ③❛t✐❦✐❛r ❜✐t❛rr❡❛♥✱ ❤♦♥❡❧❛ ❞❛✿

R = 0.d1d2 . . . dn . . .bi .

❆s❦♦t❛♥✱ ③❡♥❜❛❦✐ ❡rr❡❛❧❡❦ ✶ ③✐❢r❛r❡♥ ❦♦♣✉r✉ ✐♥✜♥✐t✉ ❜❛t ❜❡❤❛r ❞✉t❡ ❛❞✐❡r❛③♣❡♥ ❜✐t❛rr❡❛♥✳
❆❞✐❜✐❞❡③✱ ✼✴✶✵✱ ♦✐♥❛rr✐ ❤❛♠❛rt❛rr❡❛♥ ✵✳✼r❡♥ ❜✐❞❡③ ❛❞✐❡r❛③t❡♥ ❞❛✱ ❜❛✐♥❛ ❜❡r❡ ❛❞✐❡r❛③♣❡♥
❜✐t❛rr❛❦ ✶ ③✐❢r❛r❡♥ ❦♦♣✉r✉ ✐♥✜♥✐t✉ ❜❛t ❜❡❤❛r ❞✉✿

7

10
= 0.10110bi

❩❛t✐❦✐ ❤♦r✐ ♣❡r✐♦❞✐❦♦❛ ❞❛✿ ✵✶✶✵ ❧❛✉ ③✐❢r❛❦♦ t❛❧❞❡❛ ❡rr❡♣✐❦❛t✉ ❡❣✐t❡♥ ❞❛✱ ❜✉❦❛❡r❛r✐❦ ❣❛❜❡✳

❖r❛✐♥✱ ❛❧❣♦r✐t♠♦ ❡r❛❣✐♥❦♦r ❜❛t ❣❛r❛t✉ ❞❡③❛❦❡❣✉ ✷ ♦✐♥❛rr✐❦♦ ❛❞✐❡r❛③♣❡♥❛❦ ❛✉r❦✐t③❡❦♦✳
❇✐r❡❦✐♥ ✭✸✳✶✮ ❛❞✐❡r❛③♣❡♥❛ ❜✐❞❡r❦❛t③❡♥ ❜❛❞✉❣✉✱ ❤❛✉ ❞✉❣✉✿

2R = d1 + (d2 × 2−1) + . . .+ (dn × 2−n+1) + . . . ,

♥♦♥ d1 2R✲r❡♥ ③❛t✐ ♦s♦❛ ❜❛✐t❛✱ d1 = ⌊2R⌋✳ ❆❞✐❡r❛③♣❡♥ ❤♦rr❡♥ ③❛t✐❦✐❛✱ zat(2R)✱ ❤❛✉ ❞❛✿

Z1 = zat(2R) = (d2 × 2−1) + . . .+ (dn × 2−n+1) + . . .

❡t❛ ✭✵✱✶✮ t❛rt❡❛♥ ❞❛❣♦✳ ❆③❦❡♥ ❛❞✐❡r❛③♣❡♥ ❤♦r✐ ❜✐r❡❦✐♥ ❜✐❞❡r❦❛t✉③✱ ③❡r❛ ❧♦rt③❡♥ ❞✉❣✉✿

2Z1 = d2 + (d3 × 2−1) + . . .+ (dn × 2−n+2) + . . .

✹✻
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❇❡r❞✐♥t③❛ ❤♦rr❡♥ ③❛t✐ ♦s♦❛ ❤❛rt✉③✱ ❤♦ts✱ d2 = ⌊2Z1⌋✳ Pr♦③❡s✉❛ ❛✉rr❡r❛ ❥♦❛♥❣♦ ❞❛✱ s❡❣✉r❛s❦✐
❜✉❦❛❡r❛r✐❦ ❣❛❜❡ ✭R✲r❡♥ ❛❞✐❡r❛③♣❡♥❛ ✷ ♦✐♥❛rr✐❛♥ ❡③ ❜❛❞❛ ✜♥✐t✉❛✱ ❡③t❛ ♣❡r✐♦❞✐❦♦❛ ❡r❡✮✱ ❡t❛ ❡r❛
❡rr❡♣✐❦❛r✐❛♥ ❤♦♥❡❧❛ s♦rt③❡♥ ❞✐t✉ {dk} ❡t❛ {Zk} ❜✐ s❡❣✐❞❛❦✿

dk = ⌊2Zk−1⌋
Zk = zat(2Zk−1)

♥♦♥ d1 = ⌊2R⌋ ❡t❛ Z1 = zat(2R) ❜❛✐t✐r❛✳ ❖♥❞♦r✐♦③✱ R✲r❡♥ ❛❞✐❡r❛③♣❡♥ ❜✐t❛rr❛ s❡r✐❡ ❦♦♥❜❡r✲
❣❡♥t❡ ❤♦♥❡❦ ❡♠❛t❡♥ ❞✐❣✉✿

R =
∞∑

i=1

di(2)
−i

❡t❛ ❤❛✉ ✶✴✷ ❛rr❛③♦✐❦♦ s❡r✐❡ ❣❡♦♠❡tr✐❦♦ ❜❛t❡♥ ❛③♣✐s❡r✐❡❛ ❞❛✳

✸✳✶✳ ❛❞✐❜✐❞❡❛✳ ❑❛❧❦✉❧❛t✉ ✼✴✶✵❡♥ ❛❞✐❡r❛③♣❡♥ ❜✐t❛rr❛✳

❊❜❛③♣❡♥❛✳ R = 7/10 = 0.7 ❞❡♥❡③✱ ❤♦♥❡❧❛ ❦❛❧❦✉❧❛t✉❦♦ ❞✉❣✉✿

2R = 1.4 d1 = ⌊1.4⌋ = 1 Z1 = zat(1.4) = 0.4
2Z1 = 0.8 d2 = ⌊0.8⌋ = 0 Z2 = zat(0.8) = 0.8
2Z2 = 1.6 d3 = ⌊1.6⌋ = 1 Z3 = zat(1.6) = 0.6
2Z3 = 1.2 d4 = ⌊1.2⌋ = 1 Z4 = zat(1.2) = 0.2
2Z4 = 0.4 d5 = ⌊0.4⌋ = 0 Z5 = zat(0.4) = 0.4
2Z5 = 0.8 d6 = ⌊0.8⌋ = 0 Z6 = zat(0.8) = 0.8
2Z6 = 1.6 d7 = ⌊1.6⌋ = 1 Z7 = zat(1.6) = 0.6

❖❤❛rt✉ 2Z2 = 1.6 = 2Z6 ❞❡❧❛✳ ❇❡r❛③✱ dk = dk+4 ❡t❛ Zk = Zk+4 ♣❛tr♦✐❛❦ ❡rr❡♣✐❦❛t✉❦♦ ❞✐r❛
k = 2, 3, 4, . . .✲t❛r❛❦♦✳ ❖♥❞♦r✐♦③✱ 7/10 = 0.10110bi✳

❙❡r✐❡ ❣❡♦♠❡tr✐❦♦❛ ❡r❛❜✐❧ ❞❡③❛❦❡❣✉✱ ❛❞✐❡r❛③♣❡♥ ❜✐t❛r ❜❛t✐ ❞❛❣♦❦✐♦♥ ③❡♥❜❛❦✐ ❛rr❛③✐♦♥❛❧
❤❛♠❛rt❛rr❛ ❦❛❧❦✉❧❛t③❡❦♦✳

✸✳✷✳ ❛❞✐❜✐❞❡❛✳ ■③❛♥ ❜❡❞✐ 0.01bi ③❡♥❜❛❦✐ ❜✐t❛rr❛✳ ❆✉r❦✐t✉ ③❡♥❜❛❦✐ ❤♦rr✐ ❞❛❣♦❦✐♦♥ ③❡♥❜❛❦✐
❛rr❛③✐♦♥❛❧ ❤❛♠❛rt❛rr❛✳

❊❜❛③♣❡♥❛✳ 0.01bi ❡r❛ ❣❛r❛t✉❛♥ ✐❞❛t③✐③✱ ③❡r❛ ❞✉❣✉✿

0.01bi = (0× 2−1) + (1× 2−2) + (0× 2−3) + (1× 2−4) + . . .

=
∞∑

i=1

(2−2)i = −1 +
∞∑

i=0

(2−2)i

= −1 +
1

1− 1
4

= −1 +
4

3
=

1

3
. ✷

✹✼
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✸✳✸✳ ❛❞✐❜✐❞❡❛✳ ❉❡s♣❧❛③❛♠❡♥❞✉ ❜✐t❛rr❛✳ ❉❡♠❛❣✉♥ S = 0.0000011000bi ❞❡❧❛✳ ❑❛❧❦✉❧❛
❡③❛③✉ S ③❡♥❜❛❦✐❛ s✐st❡♠❛ ❤❛♠❛rt❛rr❡❛♥✳

❊❜❛③♣❡♥❛✳ ❍❛✉ ❞✉❣✉✿
25S = 32S = 0.11000bi

❇❡st❛❧❞❡✱
210S = 1024S = 11000.11000bi

❇✐❣❛rr❡♥ ❜❡r❞✐♥t③❛r✐ ❧❡❤❡♥❡♥❣♦❛ ❦❡♥❞✉③✿

1024S − 32S = 11000.11000bi − 0.11000bi = 11000bi = 1× 24 + 1× 23 = 24,

❡t❛ ♦r❞✉❛♥ 992S = 24✱ ❛③❦❡♥✐❦ S = 24/992 = 8/33✳ ✷

✸✳✸✳✸✳ ❖r❞❡♥❛❣❛✐❧✉❦♦ ③❡♥❜❛❦✐❛❦

❖r❞❡♥❛❣❛✐❧✉❡❦ ③❡♥❜❛❦✐ ❡rr❡❛❧❡t❛r❛❦♦ ❦♦♠❛ ♠✉❣✐❦♦rr❛r❡♥ ❛❞✐❡r❛③♣❡♥ ❜✐t❛rr❛ ❡r❛❜✐❧t③❡♥ ❞✉t❡✳
❩❡♥❜❛❦✐ ❜✐t❛rr❛❦ ✵ ❡t❛ ✶ ❞✐❣✐t✉❡❦ ♦s❛t✉t❛ ❞❛✉❞❡♥❡③✱ ♣✉♥t✉❛r❡♥ ❡③❦❡rr❛❧❞❡❦♦ ③❡♥❜❛❦✐❛ ✶
✐③❛t❡❦♦ ♥♦r♠❛❧✐③❛t③❡♥ ❞✐r❛ ❜❡t✐✳ ❇❡r❛③✱ ❜✐t ✭✵ ❡❞♦ ✶ ❞✐❣✐t✉ ❜✐t❛r ❜❛❦♦✐t③❛✮ ❤♦r✐ ❡③ ❞❛ ❣♦r❞❡
❜❡❤❛r ✭❜❡t✐ ✶ ❜❛✐t❛✮✳ ❖♥❞♦r✐♦③✱ ③❡r♦ ❡③ ❞✐r❡♥ ③❡♥❜❛❦✐ ❜✐t❛rr❛❦ ❤♦♥❡❧❛ ❣♦r❞❡❦♦ ❞✐r❛✿

± (1 + f)× 2e ✭✸✳✷✮

f ③❡♥❜❛❦✐❛r✐ ♠❛♥t✐s❛ ❞❡r✐t③♦❣✉ ❡t❛ ❛❞✐❡r❛③♣❡♥ ❜✐t❛r ✜♥✐t✉❛ ❞❛❀ e ③❡♥❜❛❦✐❛r✐ ❜❡rr❡t③❛✐❧❡ ❞❡r✐✲
t③♦❣✉✳ ❖r❞❡♥❛❣❛✐❧✉❡❦ ③❡♥❜❛❦✐ ❡rr❡❛❧❡♥ ❛③♣✐♠✉❧t③♦ t①✐❦✐ ❜❛t s♦✐❧✐❦ ❡r❛❜✐❧t③❡♥ ❞✉t❡✱ ③❡r❡♥ f
❡t❛ e ✐③❛♥ ❞✐t③❛❦❡t❡♥ ③✐❢r❛ ❜✐t❛rr❡♥ ❦♦♣✉r✉❛ ♠✉rr✐③t❡❛ ❜❡❤❛rr❡③❦♦❛ ❜❛✐t❛✳ ❆❞✐❜✐❞❡③✱ ❞❡♠❛❣✉♥
❡r❛ ❤♦♥❡t❛❦♦ ③❡♥❜❛❦✐ ❡rr❡❛❧ ♣♦s✐t✐❜♦❡♥ ♠✉❧t③♦❛✿

1.d1d2d3d4 bi × 2e,

♥♦♥ d1, d2, d3, d4 ∈ {0, 1} ❡t❛ e ∈ {−3,−2,−1, 0, 1, 2, 3, 4}✳ ▼❛♥t✐s❛r❛❦♦ 24 = 16 ❛✉❦❡r❛ ❞✉❣✉
❡t❛ ❜❡rr❡t③❛✐❧❡r❛❦♦ ✽ ❛✉❦❡r❛ ❡r❡✱ ❤♦rr❡❦ ✶✷✽ ③❡♥❜❛❦✐❡♥ ♠✉❧t③♦ ❜❛t ❡♠❛t❡♥ ❞✐❣✉✿

{1.0000bi × 2−3, 1.0001bi × 2−3, . . . , 1.1110bi × 24, 1.1111bi × 24}
♥♦♥✱ ❡s❛t❡ ❜❛t❡r❛❦♦✿

1.0000bi × 2−3 = 1× 2−3 = 0.1250
1.1111bi × 24 = (1 + 1× 2−1 + 1× 2−2 + 1× 2−3 + 1× 2−4)× 24

= 24 + 23 + 22 + 21 + 20 = 16 + 8 + 4 + 2 + 1 = 31.

❖r❞❡♥❛❣❛✐❧✉ ❜❛t❡❦ ✹ ③✐❢r❛❦♦ ♠❛♥t✐s❛ ❜❛t❡③ s♦✐❧✐❦ (1/10 + 1/5) + 1/6 ❡r❛❣✐❦❡t❛ ❡❣✐♥ ❜❡❤❛r❦♦
❜❛❧✉✱ ♦r❞❡♥❛❣❛✐❧✉❛❦ ③❡♥❜❛❦✐ ❜✐t❛r ❤✉r❜✐❧❡♥❛r✐ ❜✐r✐❜✐❧❞✉❦♦ ❞✐♦ ③❡♥❜❛❦✐ ❡rr❡❛❧ ❜❛❦♦✐t③❛❀ ❦❛s✉
❤♦♥❡t❛♥✱ ❤❛✉❡❦ ❜❛t③❡♥ ❞✐t✉✿

1
10

= 0.1 = 1.6
24

= 1.6× 2−4 = 1.1001bi × 2−4 ≈ 1.1001bi × 2−4 = 0.11001bi × 2−3

1
5
= 0.2 = 1.6

23
= 1.6× 2−3 = 1.1001bi × 2−3 ≈ 1.1001bi × 2−3 = 1.1001bi × 2−3,

❜❛t✉③ ❤❛✉ ❧♦rt③❡♥ ❞❛✿
3
10

≈ 10.01011bi × 2−3

✹✽



✸✳✸✳ ❩❡♥❜❛❦✐ ❜✐t❛rr❛❦ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✹✾

❖r❞❡♥❛❣❛✐❧✉❛❦ ❡r❛❜❛❦✐t③❡♥ ❞✉ ♥♦❧❛ ❣♦r❞❡ ❜❡❤❛r ❞✉❡♥ 10.01011bi × 2−3 = 1.001011bi × 2−2

③❡♥❜❛❦✐❛❀ ❞❡♠❛❣✉♥ 1.0011bi × 2−2 ③❡♥❜❛❦✐❛♥ ❜✐r✐❜✐❧t③❡♥ ❞✉❡❧❛✳ ❍✉rr❡♥❣♦ ✉rr❛ts❛ ❤❛✉ ❞❛✿

3
10

= 0.3 ≈ 1.0011bi × 2−2 = 1.0011bi × 2−2

1
6
= 1.3

23
= 1.3× 2−3 = 1.01bi × 2−3 ≈ 1.0101bi × 2−3 = 0.10101bi × 2−2,

❜❛t✉③ ❤❛✉ ❧♦rt③❡♥ ❞❛✿
7
15

≈ 1.11011bi × 2−2

❖r❞❡♥❛❣❛✐❧✉❛❦ ❡r❛❜❛❦✐t③❡♥ ❞✉ ♥♦❧❛ ❣♦r❞❡ ❜❡❤❛r ❞✉❡♥ 1.11011bi×2−2✳ ❇✐r✐❜✐❧t③❡♥ ❞✉ 1.1110bi×
2−2 ❣♦r❞❡③✳ ❇❡r❛③✱ ❤❛✉ ❞❛ ♦r❞❡♥❛❣❛✐❧✉❛❦ ❜❛t✉❦❡t❛ ♣r♦❜❧❡♠❛r✐ ❡♠❛t❡♥ ❞✐♦♥ s♦❧✉③✐♦❛✿

7

15
≈ 1.1110bi × 2−2.

❖r❞❡♥❛❣❛✐❧✉❛❦ s♦rt✉t❛❦♦ ❡rr♦r❡❛ ❤❛✉ ✐③❛♥ ❞❛✿

7

15
− 1.1110bi × 2−2 ≈ −0.0021,

❡t❛ ❤♦r✐ ✼✴✶✺✲❡♥ ✪ ✵✳✹✺ ❞❛✳

✸✳✸✳✹✳ ❖r❞❡♥❛❣❛✐❧✉ ❜❛t❡♥ ③❡❤❛③t❛s✉♥❛

▼❛♥t✐s❛❦ ✸✷ ③✐❢r❛ ❜❛❞✐t✉✱ ✾ ③✐❢r❛r❛✐♥♦❦♦ ③❡♥❜❛❦✐❛❦ ❣♦r❞❡ ❞❛✐t❡③❦❡✳ ■t③✉❧ ❣❛✐t❡③❡♥ ❛t❛❧❛r❡♥
❤❛s✐❡r❛r❛✱ ♦r❞❡♥❛❣❛✐❧✉ ❜❛t❡♥ ❜✐❞❡③ ✶✴✶✵ ❡❧❦❛rr❡♥ ♦♥❞♦❛♥ ✶✵✵✵✵✵ ❜✐❞❡r ❜❛t✉ ♥❛❤✐ ❣❡♥✉❡♥
❧❡❦✉r❛✳

❉❡♠❛❣✉♥ f ♠❛♥t✐s❛❦ ✸✷ ③✐❢r❛ ❜✐t❛r ❞❛✉③❦❛❧❛✳ ❇❡r❛③✱

1 + f = 1.d1d2d3 . . . d31d32bi.

❩❛t✐❦✐ ❜❛t ❡r❛ ❜✐t❛rr❡❛♥ ❛❞✐❡r❛③t❡♥ ❜❛❞✉❣✉✱ ❛❞✐❡r❛③♣❡♥ ❤♦r✐ ♣❡r✐♦❞✐❦♦❛ ✐③❛♥❣♦ ❞❛❀ ❛❞✐❜✐❞❡③✿

1

10
= 0.00011bi.

❇❛✐♥❛ ✸✷ ③✐❢r❛❦♦ ♠❛♥t✐s❛ ❜❛t ❡r❛❜✐❧t③❡♥ ❞✉❣✉♥❡❛♥✱ ♦r❞❡♥❛❣❛✐❧✉❛❦ tr✉♥❦❛t③❡♥ ❞✉ ❡t❛ ❜❛r♥❡❦♦
❤✉r❜✐❧♣❡♥ ❣✐s❛ ❤❛✉ ❡r❛❜✐❧t③❡♥ ❞✉✿

1

10
= 1.10011001100110011001100110011001bi × 2−4,

❡t❛ ❤♦rr❡♥ ❡rr♦r❡❛✱ ✭❤❛✉ ❞❛✱ ❛✉rr❡❦♦ ❜✐ ③❡♥❜❛❦✐ ❜✐t❛rr❡♥ ❛rt❡❦♦ ❞✐❢❡r❡♥t③✐❛✮ ❤❛✉ ❞❛✿

0.1001bi × 2−36 ≈ 8.731149137× 10−12.

❆rr❛③♦✐ ❤♦rr❡❣❛t✐❦✱ ♦r❞❡♥❛❣❛✐❧✉❛❦ ❡rr♦r❡ ❜❛t ❡❣✐♥ ❜❡❤❛r ❞✉✱ ✶✴✶✵ ③❡♥❜❛❦✐❛ ✶✵✵✵✵✵ ❜✐❞❡r
❜❛t③❡❛ ❡s❦❛t③❡♥ ❞✐♦❣✉♥❡❛♥✳ ❊rr♦r❡ ❤♦r✐ (100000)(8.731149137×10−12) = 8.731149137×10−7

✐③❛♥ ❜❡❤❛r ③❡♥ ❣✉t①✐❡♥❡③✳ ❇❛t✉r❛ ❤❛♥❞✐t③❡♥ ❞♦❛♥ ❤❡✐♥❡❛♥✱ ❜❛t✉r❛ ♣❛rt③✐❛❧❛❦ ❡r❡ ❜✐r✐❜✐❧t③❡♥
❞✐r❛✱ ❡t❛ ❜❛t✉❣❛✐❛❦ t①✐❦✐❛❦ ❞✐r❛ ✉♥❡ ❤♦rr❡t❛♥ ❞❛❣♦❡♥ ❜❛t✉r❛ ♣❛rt③✐❛❧❛r❡❦✐♥ ❦♦♥♣❛r❛t✉t❛✳
❖♥❞♦r✐♦③✱ tr✉♥❦❛❦❡t❛ ❣♦❣♦rr❛❣♦❛ ❞❛ ❜❛t✉❣❛✐❛r❡♥ ❡❦❛r♣❡♥❡r❛❦♦✳ ❊rr♦r❡ ❤♦r✐❡♥ ❣✉③t✐❡♥ ❡r❛❣✐♥
❦♦♥♣♦s❛t✉❛❦ ❛③❦❡♥ ❡rr♦r❡ ❤❛✉ ❡♠❛t❡♥ ❞✉✿ 10000− 9999.99447 = 5.53× 10−3✳

✹✾



✺✵ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

✸✳✸✳✺✳ ❖r❞❡♥❛❣❛✐❧✉❦♦ ❦♦♠❛ ♠✉❣✐❦♦rr❡❦♦ ③❡♥❜❛❦✐❛❦

■❊❊❊ ✼✺✹ ❦♦♠❛ ♠✉❣✐❦♦rr❡❦♦ ❛r✐t♠❡t✐❦❛r❛❦♦ ■❊❊❊✲❦♦ ❡st❛♥❞❛rr❛ ❞❛✳ ❖r❞❡♥❛❣❛✐❧✉❡❦ ❜✐ ♠♦❞✉
❞✐t✉③t❡ ③❡♥❜❛❦✐❛❦ ❛❞✐❡r❛③t❡❦♦✿ ♠♦❞✉ ♦s♦❛ ❡t❛ ❦♦♠❛ ♠✉❣✐❦♦rr❡❦♦ ♠♦❞✉❛✳ ▼♦❞✉ ♦s♦❛ ❡r❛✲
❜✐❧t③❡♥ ❞❛ ❡♠❛✐t③❛ ♦s♦❛ ✐③❛t❡❦♦ ③✐✉rt❛s✉♥❛ ❞✉t❡♥ ❡r❛❣✐❦❡t❛❦ ❡❣✐t❡❦♦✳ ❇❛✐♥❛✱ ♥♦r♠❛❧❡❛♥✱
③✐❡♥t③✐❡t❛♥ ❡t❛ ✐♥❣❡♥✐❛r✐t③❛♥✱ ❦♦♠❛ ♠✉❣✐❦♦rr❛r❡♥ ❛❞✐❡r❛③♣❡♥❛❦ ❡r❛❜✐❧t③❡♥ ❞✐r❛❀ ❡t❛ ✭✸✳✷✮
❛❞✐❡r❛③♣❡♥❛ ❡r❛❜✐❧t③❡❛❦ ♠✉❣❛❦ ❥❛rt③❡♥ ❞✐t✉ f ♠❛♥t✐s❛❦♦ ③✐❢r❡♥ ❦♦♣✉r✉❛r❡♥ ❡t❛ e ❜❡rr❡t③❛✐✲
❧❡❛r❡♥ ❤❡✐♥❛r❡♥ ❣❛✐♥❡❛♥✳

❩❡❤❛③t❛s✉♥ ❜❛❦✉♥❛r❡❦✐♥ ③❡♥❜❛❦✐ ❡rr❡❛❧❛❦ ❛❞✐❡r❛③t❡❦♦✱ ✸✷ ③✐❢r❛ ❜✐t❛r ✭❜✐t✮ ❡r❛❜✐❧t③❡♥ ❞✐✲
t✉③t❡ ♦r❞❡♥❛❣❛✐❧✉❡❦✳ ▲❡❤❡♥❡♥❣♦ ❜✐t✲❛❦ ③❡♥❜❛❦✐❛r❡♥ ③❡✐♥✉❛ ❣♦r❞❡t③❡♥ ❞✉ ✭✵ ✰ ❞❛ ❡t❛ ✶ ✲
❞❛✮✳ ❍✉rr❡♥❣♦ ✽ ❜✐t✲❛❦ ❜❡rr❡t③❛✐❧❡❛ ❣♦r❞❡t③❡❦♦ ❡r❛❜✐❧t③❡♥ ❞✐r❛✳ ❊t❛ ❛③❦❡♥ ✷✸ ❜✐t✲❛❦ ♠❛♥✲
t✐s❛ ❣♦r❞❡t③❡❦♦ ❡r❛❜✐❧t③❡♥ ❞✐r❛✳ ❍♦rr❡❦✱ ③❡r♦❛③ ❣❛✐♥✱ 1.1755× 10−38t✐❦ 3.4028× 1038r❛✐♥♦❦♦
③❡♥❜❛❦✐ ❡rr❡❛❧❛❦ ❛❞✐❡r❛③t❡♥ ✉③t❡♥ ❞✉❀ ❤♦ts✱ 2−126t✐❦ (2 − 2−23)2127r❛✐♥♦✳ ❩❡♥❜❛❦✐❡♥ ❛rt❡❦♦
t❛rt❡❛r❡♥ ❧✉③❡r❛ ❤❛✐❡♥ t❛♠❛✐♥❛r❡♥ ♠❡♥❞❡❦♦❛ ❞❛✳ ●♦r❞❡ ❞❡③❛❦❡❣✉♥ ♠❛♥t✐s❛r❡♥ ❜❛❧✐♦ t①✐❦✐❡♥❛
2−23 = 1.1921E − 7 ❞❛✳

❖r❞❡♥❛❣❛✐❧✉❛❦ ③❡❤❛③t❛s✉♥ ❜✐❦♦✐t③❛r❡❦✐♥ ③❡♥❜❛❦✐ ❡rr❡❛❧❛❦ ❛❞✐❡r❛③t❡❦♦ ✻✹ ③✐❢r❛ ❡r❛❜✐❧t③❡♥
❞✐t✉❀ ♦r❞✉❛♥✱ ❧❡❤❡♥❡♥❣♦ ❜✐t✲❛ ③❡♥❜❛❦✐❛r❡♥ ③❡✐♥✉❛ ❣♦r❞❡t③❡❦♦✱ ❤✉rr❡♥❣♦ ✶✶ ❜✐t✲❛❦ ❜❡rr❡t③❛✐✲
❧❡r❛❦♦✱ ❡t❛ ❛③❦❡♥ ✺✷ ❜✐t✲❛❦ ♠❛♥t✐s❛r❛❦♦✳ ❇❡r❛③✱ ❡s❛♥❣❛rr✐t❛s✉♥❛❦ ❜✐t ✐♥♣❧✐③✐t✉ ✶ ❞❛✉❦❛ ✭✜♥❦♦
❛❧❞❡ ♦s♦❛♥✮ ❡t❛ ✺✷ ❜✐t ❡s♣❧✐③✐t✉✱ ❣✉③t✐r❛ ✺✸ ❜✐t❀ ♦♥❞♦r✐♦③✱ ③❡❤❛③t❛s✉♥ ♦s♦❛❦ ✺✸ ❜✐t ❞❛✉③❦❛✱
❤❛✉ ❞❛ ≈ 16 ❞✐❣✐t✉ ❞❡③✐♠❛❧ ✭✶✻ ❞✐❣✐t✉ ❡s❛♥❣❛rr✐✮✱ log10(2

53)✳ ❇❛❧✐♦ ❤❛♥❞✐❡♥❛✱ r❡❛❧♠❛①✱ ❤❛✉
❞❛✿

+1.1111 . . . 1111bi × 2+1023 = (2− 2−52)× 2+1023 = 1.7977× 10308.

❊t❛ ❜❛❧✐♦ ♣♦s✐t✐❜♦ t①✐❦✐❡♥❛✱ r❡❛❧♠✐♥✱ ❤❛✉ ❞❛✿

+1.0000 . . . 0000bi × 2−1022 = 2.2251× 10−308.

❩❡♥❜❛❦✐❡♥ ❛rt❡❦♦ t❛rt❡❛r❡♥ ❧✉③❡r❛ ❤❛✐❡♥ t❛♠❛✐♥❛r❡♥ ♠❡♥❞❡❦♦❛ ❞❛✳ ▼❛♥t✐s❛r❡♥ ❜❛❧✐♦ t①✐❦✐❡♥❛
2−52 = 2.2204 × 10−16✳ ❇❛❧✐♦ ❤♦rr❡❦ ♠❛❦✐♥❛r❡♥ ③❡❤❛③t❛s✉♥❛✱ ❡♣s✱ ✭❡❞♦ ♠❛❦✐♥❛r❡♥ ❡rr♦r❡❛✱
εM✮ ❡♠❛t❡♥ ❞✉ ✶ t❛♠❛✐♥❛❦♦ ③❡♥❜❛❦✐❡t❛r❛❦♦❀ ❤♦r✐ ❞❛ ❜✐ ③❡♥❜❛❦✐❡♥ ❛rt❡❛♥ ❡❣♦♥ ❞❛✐t❡❦❡❡♥
❞✐❢❡r❡♥t③✐❛ t①✐❦✐❡♥❛✳ ❩❡♥❜❛❦✐❛r❡♥ t❛♠❛✐♥❛ ❤❛♥❞✐❛❣♦❛ ❞❡♥❡❛♥✱ ❞✐❢❡r❡♥t③✐❛ ❤♦r✐ ❤❛♥❞✐t✉ ❡❣✐t❡♥
❞❛✳ ▼❆❚▲❆❇❡❦✱ ❜❡r❡③✱ ③❡❤❛③t❛s✉♥ ❜✐❦♦✐t③❛ ❡r❛❜✐❧t③❡♥ ❞✉✳

✸✳✶✳ ✐r✉❞✐❛✳ ❩❡❤❛③t❛s✉♥ ❜✐❦♦✐t③❡❛♥ ❛❞✐❡r❛③ ❞❛✐t❡③❦❡❡♥ ③❡♥❜❛❦✐❡♥

❤❡✐♥❛

✺✵



✸✳✹✳ ❊rr♦r❡❛r❡♥ ❛♥❛❧✐s✐❛ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✺✶

▼❛♥t✐s❛r❡♥ ❜❛❧✐♦❛ ❡r❛ ❜✐t❛rr❡❛♥ s❛rt③❡♥ ❞❛✳ ❇❡rr❡t③❛✐❧❡❛r❡♥ ❜❛❧✐♦❛ ❛❧❜♦r❛♣❡♥ ❜❛t❡❦✐♥
s❛rt③❡♥ ❞❛✳ ❍❡♠❡♥✱ ❛❧❜♦r❛♣❡♥❛❦ ❡s❛♥ ♥❛❤✐ ❞✉ ❜❡rr❡t③❛✐❧❡❛r❡♥ ❜❛❧✐♦❛r✐ ❦♦♥st❛♥t❡ ❜❛t ❜❛t③❡♥
③❛✐♦❧❛✳ ❆❧❜♦r❛♣❡♥❛ ❡r❛❜✐❧t③❡♥ ❞❛ ❜❡rr❡t③❛✐❧❡❛r❡♥ ③❡✐♥✉❛♥ ❜✐t ❜❛t ❡③ ❣❛st❛t③❡❦♦✳ ❩❡❤❛③t❛s✉♥
❜✐❦♦✐t③❡❛♥✱ ♥♦t❛③✐♦ ❜✐t❛rr❡❛♥ ✶✶ ❜✐t❡❦✐♥ ✐❞❛t③ ❞❡③❛❦❡❣✉♥ ③❡♥❜❛❦✐ ❤❛♥❞✐❡♥❛ ✷✵✹✼ ❞❛ ✭❤♦ts✱ ✶✶
❞✐❣✐t✉❛❦ ✶ ❞✐r❡♥❡❛♥✮✳ ❊r❛❜✐❧t③❡♥ ❞❡♥ ❛❧❜♦r❛♣❡♥❛ ✶✵✷✸ ❞❛ ✭❜❡rr❡t③❛✐❧❡ t①✐❦✐❡♥❛ ✶ ❞❛✮✳ ❍♦ts✱
❜❡rr❡t③❛✐❧❡❛ ✹ ❜❛❞❛✱ ❣♦r❞❡t❛❦♦ ❜❛❧✐♦❛ ✹✰✶✵✷✸❂✶✵✷✼ ✐③❛♥❣♦ ❞❛ ✭✶ ❣♦r❞❡t❛ ❜❛❞❛❣♦✱ ❜❡♥❡t❛❦♦
❜❡rr❡t③❛✐❧❡❛ ✶✲✶✵✷✸❂✲✶✵✷✷ ❞✉❣✉✮✳ ❇❡r❛③✱ ♦r❞❡♥❛❣❛✐❧✉❛♥ ❣♦r❞❡t❛❦♦ ❜❡rr❡t③❛✐❧❡ t①✐❦✐❡♥❛ ✲✶✵✷✷
✐③❛♥❣♦ ❞❛ ✭✶ ❜❡③❛❧❛ ❣♦r❞❡③✮ ❡t❛ ❤❛♥❞✐❡♥❛ ✶✵✷✹ ✐③❛♥❣♦ ❞❛ ✭✷✵✹✼ ❜❡③❛❧❛ ❣♦r❞❡③✮✳ ❩❡❤❛③t❛s✉♥
❜❛❦✉♥❡❛♥✱ ♥♦♥ ✽ ❜✐t ❡r❛❜✐❧t③❡♥ ❜❛✐t✐t✉❣✉✱ ❤❛✐❡❦✐♥ ✐❞❛t③ ❞❡③❛❦❡❣✉♥ ③❡♥❜❛❦✐ ❤❛♥❞✐❡♥❛ ✷✺✺ ❞❛
✭❤♦ts✱ 11111111bi✮❀ ♦♥❞♦r✐♦③✱ ✶✷✼ ❞❛ ❜❡rr❡t③❛✐❧❡❛r❡♥ ❜❛❧✐♦❛ ❣♦r❞❡t③❡❦♦ ❛❧❜♦r❛♣❡♥❛✳

✸✳✷✳ ✐r✉❞✐❛✳ ❩❡♥❜❛❦✐ ❜❛t❡♥ ❜✐❧t③❡❛✱ ♥♦t❛③✐♦ ❜✐t❛rr❡❛♥✱ ■❊❊❊✲✼✺✹ ❡s✲

t❛♥❞❛rr❡❛♥✳

✸✳✹✳ ❛❞✐❜✐❞❡❛✳ ■❦✉s ❞❡③❛❣✉♥ ✷✷✳✺ ③❡♥❜❛❦✐❛ ♥♦❧❛ ❣♦r❞❡t③❡♥ ❞❡♥ ③❡❤❛③t❛s✉♥ ❜✐❦♦✐t③❡❛♥✱
■❊❊❊✲✼✺✹ ❡st❛♥❞❛rr❛r❡♥ ❛r❛❜❡r❛✳ ▲❡❤❡♥❡♥❣♦✱ ③❡♥❜❛❦✐❛ ♥♦r♠❛❧✐③❛t③❡♥ ❞❛ ✭❤♦ts✱ ❛❧❞❡ ♦s♦❛♥ ✶
③❡♥❜❛❦✐❛ ❥❛rt③❡♥ ❞❛✮ ❤♦♥❡❧❛✿

22.5

24
24 = 1.40625× 24.

❩❡❤❛③t❛s✉♥ ❜✐❦♦✐t③❡❛♥✱ ❜❡rr❡t③❛✐❧❡❛ ❛❧❜♦r❛♣❡♥❛r❡❦✐♥ ✹✰✶✵✷✸❂✶✵✷✼ ❞❛✱ ③❡✐♥❛ ❡r❛ ❜✐t❛rr❡❛♥
10000000011bi ❣♦r❞❡t③❡♥ ❜❛✐t❛✳ ▼❛♥t✐s❛ ✵✳✹✵✻✷✺ ❞❛✱ ③❡✐♥❛ ❡r❛ ❜✐t❛rr❡❛♥ .01101000bi . . . 000
❣♦r❞❡t③❡♥ ❜❛✐t❛✳ ❩❡♥❜❛❦✐ ❤♦rr❡♥ ❜✐❧t③❡❛ ❤❛✉ ❞❛✿

✸✳✸✳ ✐r✉❞✐❛✳ ✷✷✳✺ ③❡♥❜❛❦✐❛r❡♥ ❜✐❧t❡❣✐❛✱ ♥♦t❛③✐♦ ❜✐t❛rr❡❛♥✱ ■❊❊❊✲✼✺✹

❡st❛♥❞❛rr❡❛♥✳

✸✳✹✳ ❊rr♦r❡❛r❡♥ ❛♥❛❧✐s✐❛

❩❡♥❜❛❦✐③❦♦ ❦❛❧❦✉❧✉❛r❡♥ ♣r❛❦t✐❦❛♥✱ ❦♦♥t✉❛♥ ❤❛rt✉ ❜❡❤❛r ❞✉❣✉ ♦r❞❡♥❛❣❛✐❧✉❛❦ ❧♦rt✉t❛❦♦ ❡♠❛✐✲
t③❛❦ ❡③ ❞✐r❡❧❛ s♦❧✉③✐♦ ♠❛t❡♠❛t✐❦♦ ③❡❤❛t③❛❦✳ ❍❛✐♥❜❛t ❢❛❦t♦r❡r❡♥❣❛t✐❦✱ ③❡♥❜❛❦✐③❦♦ s♦❧✉③✐♦❛r❡♥

✺✶



✺✷ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

③❡❤❛③t❛s✉♥❛ t①✐❦✐t✉ ❞❛✐t❡❦❡ ❡t❛ ③❛✐❧t❛s✉♥ ❤♦r✐ ✉❧❡rt③❡❛❦ ♠❛✐③ ❣✐❞❛t✉ ❛❤❛❧ ❣❛✐t✉ ③❡♥❜❛❦✐③❦♦
❛❧❣♦r✐t♠♦ ❡❣♦❦✐❛❦ ❡r❛✐❦✐t③❡r❛✳

✸✳✶✳ ❉❡✜♥✐③✐♦❛✳ ❉❡♠❛❣✉♥ p̂ ❜❛❧✐♦❛ p✲r❡♥ ❤✉r❜✐❧♣❡♥ ❜❛t ❞❡❧❛✳ ❍✉r❜✐❧♣❡♥❛r❡♥ errore absolu✲
tua Ep = |p− p̂| ❞❛ ❡t❛ errore erlatiboa Rp = |p− p̂|/|p|✱ p 6= 0✳

✸✳✺✳ ❛❞✐❜✐❞❡❛✳ ■③❛♥ ❜✐t❡③ x = 3.141592 ❡t❛ x̂ = 3.14❀ ♦r❞✉❛♥✱ ❡rr♦r❡ ❛❜s♦❧✉t✉❛ ❤❛✉ ❞❛✿

Ex = |x− x̂| = |3.141592− 3.14| = 0.001592

❡t❛ ❡rr♦r❡ ❡r❧❛t✐❜♦❛ ❤❛✉ ❞❛✿

Rx =
|x− x̂|
|x| =

0.001592

3.141592
= 0.00507.

❑♦♠❛ ♠✉❣✐❦♦rr❡❦♦ ❛❞✐❡r❛③♣❡♥❡t❛♥✱ ♥❛❤✐❛❣♦ ❞❛ ❡rr♦r❡ ❡r❧❛t✐❜♦❛③ ❧❛♥ ❡❣✐t❡❛✱ ❤❛✉ ♠❛♥t✐s❛r❡❦✐♥
③✉③❡♥ ❡r❧❛③✐♦♥❛t✉t❛ ❜❛✐t❛❣♦✳

✸✳✷✳ ❉❡✜♥✐③✐♦❛✳ p̂ ③❡♥❜❛❦✐❛ d ③✐❢r❛ ❞❡③✐♠❛❧ ❡s❛♥❣❛rr✐❦♦ p✲r❡♥ ❤✉r❜✐❧♣❡♥ ❜❛t ❞❡❧❛ ❡s❛♥❣♦
❞✉❣✉✱ d ③❡♥❜❛❦✐❛ ❤❛✉ ❜❡t❡t③❡♥ ❞✉❡♥ ③❡♥❜❛❦✐ ❛rr✉♥t ❤❛♥❞✐❡♥❛ ❜❛❞❛✿

|p− p̂|
|p| <

10−d

2
.

✸✳✻✳ ❛❞✐❜✐❞❡❛✳ x = 3.141592 ❡t❛ x̂ = 3.14 ❜❛❞✐r❛✱ ♦r❞✉❛♥ |x− x̂|/|x| = 0.000507 < 10−2/2✳
❇❡r❛③✱ x̂ ❜✐ ③✐❢r❛ ❡s❛♥❣❛rr✐❦♦ x✲r❡♥ ❤✉r❜✐❧♣❡♥❛ ❞❛✳

✸✳✹✳✶✳ ❚r✉♥❦❛t③❡✲❡rr♦r❡❛

❚r✉♥❦❛t③❡✲❡rr♦r❡❛r❡♥ ♥♦③✐♦❛ ♦r♦❦♦r❦✐ ❡r❧❛③✐♦♥❛t✉t❛ ❞❛❣♦ ❛❞✐❡r❛③♣❡♥ ③❛✐❧ ❜❛t ❜❡st❡ ❢♦r♠✉❧❛ ❡✲
rr❛③❛❣♦ ❜❛t❡③ ♦r❞❡③❦❛t③❡❛r❡❦✐♥✳ ❆❞✐❜✐❞❡③✱ ❢✉♥t③✐♦ ❜❛t ❚❛②❧♦r✲❡♥ ♣♦❧✐♥♦♠✐♦ ❜❛t❡③ ♦r❞❡③❦❛t③❡♥
❞✉❣✉♥❡❛♥❀ ❡s❛t❡ ❜❛t❡r❛❦♦✱ ❛❞✐❡r❛③♣❡♥ ❤♦♥❡♥ ❦❛s✉❛♥✿

ex
2

= 1 + x2 +
x4

2!
+

x6

3!
+

x8

4!
+ . . . ,

❜❡r❡ ✐♥t❡❣r❛❧❛ ③❡♥❜❛❦✐③❦♦ ❦❛❧❦✉❧✉❡♥ ❜✐t❛rt❡③ ❛✉r❦✐t③❡❦♦ ♦r❞✉❛♥✱ ❧❡❤❡♥❡♥❣♦ ❜♦st ❣❛✐❡♥ ❜❛t✉✲

r❛r❡❦✐♥ ♦r❞❡③❦❛ ❞❡③❛❦❡❣✉✿ 1 + x2 +
x4

2!
+

x6

3!
+

x8

4!
✳

✺✷



✸✳✹✳ ❊rr♦r❡❛r❡♥ ❛♥❛❧✐s✐❛ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✺✸

✸✳✹✳✷✳ ❇✐r✐❜✐❧t③❡✲❡rr♦r❡❛

❖r❞❡♥❛❣❛✐❧✉ ❜❛t❡❛♥✱ ③❡♥❜❛❦✐ ❡rr❡❛❧❡♥ ❛❞✐❡r❛③♣❡♥❛ ♠❛♥t✐s❛r❡♥ ③✐❢r❡♥ ❦♦♣✉r✉❛❦ ♠✉❣❛t✉t❛
❞❛❣♦❀ ❜❡r❛③✱ ③❡♥❜❛❦✐ ❜❛t③✉❦ ❡③ ❞❛❣♦③❦✐❡ ❤❛✐❡♥ ♦r❞❡♥❛❣❛✐❧✉✲❛❞✐❡r❛③♣❡♥❡✐✳ ❍♦r✐ ❞❛✱ ❤❛✐♥
③✉③❡♥✱ biribiltze✲errore ✐③❡♥❛r❡❦✐♥ ❡③❛❣✉t③❡♥ ❞❡♥❛✳ ❆✉rr❡❦♦ ❛t❛❧❡❛♥ ✐❦✉s✐ ❞✉❣✉ ♥♦❧❛
1/10 = 0.00011bi tr✉♥❦❛t③❡♥ ③❡♥ ♦r❞❡♥❛❣❛✐❧✉❛♥ ❣♦r❞❡t③❡❛♥✳ ❉❛t✉❛❦ ❣♦r❞❡t③❡❛♥✱ ♦r❞❡♥❛✲
❣❛✐❧✉❛❦ ❜✐r✐❜✐❧t③❡✲❡rr♦r❡❛❦ s♦rt③❡♥ ❞✐t✉✱ ❡t❛ s❡❣✐❞❛❦♦ ❡r❛❣✐❦❡t❛ ❜❛t③✉❦ ❡❣✐t❡♥ ❞✐r❡♥❡❛♥ ③❛✲
❜❛❧t③❡♥ ❞✐r❛✳

✸✳✹✳✸✳ ■♥❛✉st❡❛ ❜✐r✐❜✐❧t③❡❛r❡♥ ❛✉rr❡❛♥

■③❛♥ ❜❡❞✐ p ③❡♥❜❛❦✐ ❡rr❡❛❧ ❜❛t✱ era dezimal normalizatu ♠♦❞✉❛♥ ❤♦♥❡❧❛ ❛❞✐❡r❛③✐t❛✿

p = ±d1.d2d3 . . . dkdk+1 . . .× 10n,

♥♦♥ d1 ∈ {1, 2, 3, . . . , 8, 9} ❡t❛ dj ∈ {0, 1, 2, . . . , 8, 9}✱ j > 1✳ ❉❡♠❛❣✉♥ k ❞❡❧❛ ♦r❞❡♥❛❣❛✐❧✉
❜❛t❡♥ ❦♦♠❛ ♠✉❣✐❦♦rr❡❦♦ ❛r✐t♠❡t✐❦❛♥ ♦♥❛rt③❡♥ ❞✐r❡♥ ③✐❢r❛ ❞❡③✐♠❛❧❡♥ ❦♦♣✉r✉ ♠❛①✐♠♦❛❀ ♦r✲
❞✉❛♥✱ p ③❡♥❜❛❦✐ ❡rr❡❛❧❛ flina(p) ♠❛❦✐♥❛✲③❡♥❜❛❦✐❛r❡♥ ❜✐❞❡③ ❛❞✐❡r❛③t❡♥ ❞❛✱ ❡t❛ ❤♦♥❡❧❛ ❞❛❣♦
❡♠❛♥❞❛✿

flina(p) = ±d1.d2d3 . . . dk × 10n,

♥♦♥ d1 ∈ {1, 2, 3, . . . , 8, 9} ❡t❛ dj ∈ {0, 1, 2, . . . , 8, 9}✱ 1 < j ≤ k✳

flina(p)♠❛❦✐♥❛✲③❡♥❜❛❦✐❛r✐ inausketa bidezko komamugikorreko adierazpena

❞❡r✐t③♦ ❡❞♦ p✲ren azpiko biribiltzea✳ ❑❛s✉ ❤♦♥❡t❛♥✱ flina(p)✲r❡♥ k✲❣❛rr❡♥ ③✐❢r❛ p✲r❡♥
k✲❣❛rr❡♥ ③✐❢r❛ ❡r❡ ❜❛❞❛✳ ❇❡st❡ ❛✉❦❡r❛ ❜❛t p ③❡♥❜❛❦✐❛ k ③✐❢r❡❦✐♥ ❛❞✐❡r❛③t❡❦♦ ❞❛ flbir(p)
biribiltzearen bidezko komamugikorreko adierazpena✱ ❡t❛ ❤♦♥❡❧❛ ❞❛❣♦ ❡♠❛♥❞❛✿

flbir(p) = ±r1.r2r3 . . . rk × 10n,

♥♦♥ r1 ∈ {1, 2, 3, . . . , 8, 9} ❡t❛ rj ∈ {0, 1, 2, . . . , 8, 9}✱ 1 < j ≤ k✱ ❡t❛ r ❤♦r✐❡❦ ❦❛❧❦✉❧❛t③❡♥
❞✐r❛ d1d2d3 . . . dkdk+1dk+2 . . . ❜✐r✐❜✐❧❞✉③ ③❡♥❜❛❦✐ ♦s♦r✐❦ ❣❡rt✉❡♥❡r❛✳ ❆❞✐❜✐❞❡③✱ ③❡♥❜❛❦✐ ❡rr❡❛❧
❤♦♥❡❦✿

p =
22

7
= 3.142857142857142857 . . . ,

s❡✐ ③✐❢r❛ ❡s❛♥❣❛rr✐❦♦ ❦♦♠❛ ♠✉❣✐❦♦rr❡❦♦ ❛❞✐❡r❛③♣❡♥ ❤❛✉❡❦✿

flina(p) = 3.14285× 100,
f lbir(p) = 3.14286× 100.

❆③❦❡♥ ③✐❢r❛❦ ❜❡❞❡r❛t③✐ ❜❛❞✐r❛✱ ❛❞✐❜✐❞❡ ❤❛✉ ❞✉❣✉✿

p = 0.23159963

♦r❞✉❛♥✱
flina(p) = 2.31599× 10−1,
f lbir(p) = 2.31600× 10−1.

❖r❞❡♥❛❣❛✐❧✉ ❣❡❤✐❡♥❡❦ ❡r❛❜✐❧t③❡♥ ❞✉t❡ ❜✐r✐❜✐❧t③❡❛r❡♥ ❜✐❞❡③❦♦ ❦♦♠❛ ♠✉❣✐❦♦rr❡❦♦ ❛❞✐❡r❛③♣❡♥❛✳

✺✸



✺✹ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

✸✳✹✳✹✳ ❩✐❢r❛ ❡s❛♥❣❛rr✐❡♥ ❡③❡③t❛♣❡♥❛

❏♦ ❞❡③❛❣✉♥ p = 3.1415926536 ❡t❛ q = 3.1415957341 ③❡♥❜❛❦✐❛❦ ❜❡r❞✐♥ts✉❛❦ ❞✐r❡❧❛✱ ❡t❛ ✶✶ ③✐❢r❛
❞❡③✐♠❛❧❡❦♦ ③❡❤❛③t❛s✉♥❡③ ❛❞✐❡r❛③✐t❛ ❞❛✉❞❡❧❛✳ ❍❛✐❡♥ ❦❡♥❞✉r❛ ❦❛❧❦✉❧❛t③❡♥ ❜❛❞✉❣✉✱ p − q =
−0.0000030805✱ ✐❦✉s✐❦♦ ❞✉❣✉ p ❡t❛ q✲r❡♥ ❧❡❤❡♥❡♥❣♦ s❡✐ ③✐❢r❛❦ ❜❡r❞✐♥❛❦ ❞✐r❡❧❛❀ ❜❡r❡ ❞✐❢❡✲
r❡♥t③✐❛❦ p−q ❜♦st ③✐❢r❛ ❞❡③✐♠❛❧ ❜❛❦❛rr✐❦ ❞❛✉③❦❛❀ ❢❡♥♦♠❡♥♦ ❤♦rr✐ zifra esangarrien ezez✲
tapena ❡❞♦ galera ❞❡r✐t③♦❣✉✱ ❡t❛ ❦♦♥t✉③ ✐❜✐❧✐ ❜❡❤❛r ❞✉❣✉✱ ③❡r❡♥ ❦♦♥t✉r❛t✉ ❣❛❜❡ ❦❛❧❦✉✲
❧❛t✉t❛❦♦ ❛③❦❡♥ ❡♠❛✐t③❛r❡♥ ③❡❤❛③t❛s✉♥❛ t①✐❦✐❛❣♦t✉ ❡❣✐♥ ❜❛✐t❡③❛❦❡✳

✸✳✼✳ ❛❞✐❜✐❞❡❛✳ ■③❛♥ ❜✐t❡③ f(x) = x(
√
x+ 1−√

x) ❡t❛ g(x) = x/(
√
x+ 1+

√
x) ❛❧❣❡❜r❛✐❦♦❦✐

❢✉♥t③✐♦ ❜❛❧✐♦❦✐❞❡❛❦ ✭❡❣✐❛③t❛t✉✮✳ ❑♦♥♣❛r❛t✉❦♦ ❞✐t✉❣✉ f(500) ❡t❛ g(500)✱ s❡✐ ③✐❢r❛ ❡s❛♥❣❛rr✐❦♦
❜✐r✐❜✐❧t③❡❛ ❡r❛❜✐❧✐③✳

❊❜❛③♣❡♥❛✳ ▲❡❤❡♥❡♥❣♦ ❢✉♥t③✐♦❛r❡❦✐♥ ❤❛✉ ❧♦rt③❡♥ ❞✉❣✉✿

f(500) = 500(
√
501−

√
500) = 500(22.3830− 22.3607) = 500(0.0223) = 11.1500.

❖r❛✐♥✱ g(x)✲r❡❦✐♥ ③❡r❛ ❞✉❣✉✿

g(500) =
500√

501 +
√
500

=
500

22.3830 + 22.3607
=

500

44.7437
= 11.1748.

❇✐❣❛rr❡♥❛r❡♥ ❡rr♦r❡ ❛❜s♦❧✉t✉❛ t①✐❦✐❛❣♦❛ ❞❛✳ ❍♦r✐ ❞❛ ❧♦rt✉❦♦ ❣❡♥✉❦❡❡♥❛ 11.174755300747198 . . .
❡♠❛✐t③❛ ③❡❤❛t③❛ s❡✐ ③✐❢r❛ ❡s❛♥❣❛rr✐❡t❛r❛ ❜✐r✐❜✐❧❞✉③✳

❍♦r♥❡r✲❡♥ ♠❡t♦❞♦❛

P♦❧✐♥♦♠✐♦ ❜❛t ❜❛❧✐♦③t❛t③❡❦♦ ♦r❞✉❛♥✱ ❡♠❛✐t③❛ ❤♦❜❡❛❦ ❧♦rt✉❦♦ ❞✐t✉❣✉ ❍♦r♥❡r✲❡♥ ♠❡t♦❞♦❛
✭❜✐❞❡r❦❛❞✉r❛ ❛❤♦❦❛t✉❛✮ ❡r❛❜✐❧t③❡♥ ❜❛❞✉❣✉✳

■③❛♥ ❜❡❞✐ p(x) = a0 + a1x+ a2x
2 + a3x

3 + . . .+ anx
n ♣♦❧✐♥♦♠✐♦❛❀ ❞❡♠❛❣✉♥ ❤❛r❡♥ ❜❛❧✐♦❛

x0 ❜❛❧✐♦r❛❦♦✱ p(x0)✱ ❦❛❧❦✉❧❛t✉ ♥❛❤✐ ❞✉❣✉❧❛✳ ❍♦r✐ ❧♦rt③❡❦♦✱ s❡❣✐❞❛ ❤❛✉ ❞❡✜♥✐t✉❦♦ ❞✉❣✉✿

bn = an
bn−1 = an−1 + bnx0

bn−2 = an−2 + bn−1x0
✳✳✳

b1 = a1 + b2x0

b0 = a0 + b1x0,

♦r❞✉❛♥✱ p(x0)✲r❡♥ ❜❛❧✐♦❛ b0 ❞❛✳

✺✹



✸✳✹✳ ❊rr♦r❡❛r❡♥ ❛♥❛❧✐s✐❛ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✺✺

▼❡t♦❞♦❛ ✉❧❡rt③❡❦♦✱ ♦❤❛rt✉ ♣♦❧✐♥♦♠✐♦❛ ❜✐❞❡r❦❛❞✉r❛ ❛❤♦❦❛t✉ ❤❛✉ ❜❡③❛❧❛ ✐❞❛t③ ❞❡③❛❦❡❣✉❧❛✿

p(x) = a0 + x(a1 + x(a2 + x(a3 + . . .+ x(an−1 + anx) . . .))).

●❡r♦✱ bi ❜❛♥❛♥✲❜❛♥❛♥ ♦r❞❡③❦❛t✉③✱ ③❡r❛ ❞✉❣✉✿

p(x0) = a0 + x0(a1 + x0(a2 + x0(a3 + . . .+ x0(an−1 + bnx0) . . .)))
= a0 + x0(a1 + x0(a2 + x0(a3 + . . .+ x0(bn−1) . . .)))
✳✳✳
= a0 + x0(a1 + x0b2)
= a0 + x0b1
= b0

✸✳✽✳ ❛❞✐❜✐❞❡❛✳ ■③❛♥ ❜✐t❡③ P (x) = −1 + 3x− 3x2 + x3 ❡t❛ Q(x) = −1 + x(3 + x(−3 + x))✳
❍✐r✉ ③✐❢r❛ ❡s❛♥❣❛rr✐t❛r❛❦♦ ❜✐r✐❜✐❧t③❡❛ ❡r❛❜✐❧✐③✱ P (2.19) ❡t❛ Q(2.19) ❦❛❧❦✉❧❛t✉❦♦ ❞✐t✉❣✉ ❡t❛ ❜✐
❤✉r❜✐❧♣❡♥ ❤♦r✐❡❦ ❦♦♥♣❛r❛t✉❦♦ ❞✐t✉❣✉ ❜❡♥❡t❛❦♦ ❜❛❧✐♦❡❦✐♥✱ P (2.19) = Q(2.19) = 1.685159✳

❊❜❛③♣❡♥❛✿
P (2.19) = (2.19)3 − 3(2.19)2 + 3(2.19)− 1

≈ −1 + 6.57− 14.4 + 10.5 = 1.67

❍♦r♥❡r✲❡♥ ♠❡t♦❞♦❛③✱ ❤♦♥❡❧❛ ❦❛❧❦✉❧❛t③❡♥ ❞❛✿

b3 = a3 = 1
b2 = a2 + b3x0 = −3 + 1(2.19) = −0.81
b1 = a1 + b2x0 = 3− 0.81(2.19) ≈ 1.23
b0 = a0 + b1x0 ≈ −1 + 1.23(2.19) ≈ 1.69,

❤♦ts✱ Q(2.19) ≈ 1.69✳

❊rr♦r❡ ❛❜s♦❧✉t✉❛❦ ✵✳✵✶✺✶✺✾ ❡t❛ ✵✳✵✵✹✽✹✶ ❞✐r❛✱ ❤✉rr❡♥❡③ ❤✉rr❡♥✳ ❇❡r❛③✱ Q(2.19) ≈ 1.69
❤✉r❜✐❧♣❡♥❛ ❤♦❜❡❛ ❞❛✳ ✷

✸✳✹✳✺✳ O(hn) ❤✉r❜✐❧t③❡✲♦r❞❡♥❛

❏❛❦✐♥ ❜❛❞❛❦✐❣✉
{
1

n2

}∞

n=1
❡t❛

{
1

n

}∞

n=1
s❡❣✐❞❛❦ ❦♦♥❜❡r❣❡♥t❡❛❦ ❞✐r❡❧❛❀ ❤❛❧❛ ❡r❡✱ ❧❡❤❡♥❡♥❣♦❛❦

❜✐❣❛rr❡♥❛❦ ❜❛✐♥♦ ❛③❦❛rr❛❣♦ ❥♦t③❡♥ ❞✉ ③❡r♦r❛✳ ❏❛rr❛✐❛♥✱ s❡❣✐❞❛ ❜❛t❡♥ ❦♦♥❜❡r❣❡♥t③✐❛r❡♥ ❛③❦❛r✲
t❛s✉♥❛ ❞❡s❦r✐❜❛t③❡❦♦ ❜❡❤❛rr❡③❦♦ t❡r♠✐♥♦❧♦❣✐❛ ❡t❛ ♥♦t❛③✐♦❛ s❛rt✉❦♦ ❞✐t✉❣✉✳

✸✳✸✳ ❉❡✜♥✐③✐♦❛✳ f(h) ❢✉♥t③✐♦❛ h → 0 ❞❡♥❡❛♥ g(h) ♦r❞❡♥❛❦♦❛ ❞❡❧❛ ❡s❛♥❣♦ ❞✉❣✉✱ ❡t❛ f(h) =
O(g(h)) ✐❞❛t③✐❦♦✱ C ❡t❛ c ❦♦♥st❛♥t❡❛❦ ❡①✐st✐t③❡♥ ❞✐r❡♥❡❛♥✱ ♥♦♥ ❤❛✉ ❜❡t❡t③❡♥ ❜❛✐t❛✿

|f(h)| ≤ C|g(h)|, |h| ≤ c bada.

✺✺



✺✻ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

✸✳✾✳ ❛❞✐❜✐❞❡❛✳ ■③❛♥ ❜✐t❡③ f(x) = x3 + 2x2 ❡t❛ g(x) = x2✳ ■③❛♥ ❡r❡✱ |x| ≤ 1✲❡r❛❦♦ x3 ≤ x2

❞❛✱ |x| ≤ 1✲❡r❛❦♦ x3 + 2x2 ≤ 3x2 ❧♦rt③❡♥ ❞✉❣✉✳ ❇❡r❛③✱ f(x) = O(g(x))✳ ✷

▲❛♥❞❛✉✲r❡♥ O(·) ♥♦t❛③✐♦❛ ❞❡r✐t③♦ ❡t❛ ✐♥✜♥✐t✉❡t❛r❛❦♦ ❧✐♠✐t❡❡t❛♥ ❡r❡ ❡r❛❜✐❧t③❡♥ ❞❛✳ ❖s♦
❡r❛❜✐❧❣❛rr✐❛ ❞❛ ❢✉♥t③✐♦ ❜❛t❡♥ ❤❛♥❞✐t③❡❛r❡♥ ❛❜✐❛❞✉r❛ ❞❡s❦r✐❜❛t③❡❦♦✱ ❢✉♥t③✐♦ ❡③❛❣✉♥ ❜❛t❡❦✐♥
❦♦♥♣❛r❛t③❡❛ ✭xn✱ x1/n✱ ax✱ loga x✱ ❡t❛ ❛❜❛r✮✳

❙❡❣✐❞❡♥ ❦♦♥❜❡r❣❡♥t③✐❛r❡♥ ❛❜✐❛❞✉r❛ ❛♥t③❡❦♦ ❡r❛ ❜❛t❡❛♥ ❡r❡ ❞❡s❦r✐❜❛ ❞❡③❛❦❡❣✉✳

✸✳✹✳ ❉❡✜♥✐③✐♦❛✳ ■③❛♥ ❜✐t❡③ {xn}∞n=1 ❡t❛ {yn}∞n=1 s❡❣✐❞❛❦✳ {xn} s❡❣✐❞❛ {yn} ♦r❞❡♥❛❦♦❛ ❞❡❧❛
❡s❛t❡♥ ❞❛ ❡t❛ xn = O(yn) ✐❞❛③t❡♥✱ C ❡t❛ N ❦♦♥st❛♥t❡❛❦ ❡①✐st✐t③❡♥ ❜❛❞✐r❛✱ ♥♦♥ ❤❛✉ ❜❡t❡t③❡♥
❜❛✐t❛✿

|xn| ≤ C|yn|, n ≥ N bada.

✸✳✶✵✳ ❛❞✐❜✐❞❡❛✳
n2 − 1

n3
= O

(
1

n

)
❀ ✐③❛♥ ❡r❡✱

n2 − 1

n3
≤ n2

n3
=

1

n
✱ n ≥ 1 ❜❛❞❛✳ ✷

✸✳✺✳ ❉❡✜♥✐③✐♦❛✳ ❉❡♠❛❣✉♥ p(h) ❢✉♥t③✐♦❛❦ ❜❡st❡ f(h) ❢✉♥t③✐♦ ❜❛t ❤✉r❜✐❧t③❡♥ ❞✉❡❧❛✱ ❡t❛ ❡①✐s✲
t✐t③❡♥ ❞✐r❡❧❛ M > 0 ③❡♥❜❛❦✐ ❡rr❡❛❧ ❜❛t ❡t❛ n ③❡♥❜❛❦✐ ❛rr✉♥t ❜❛t ♥♦♥ ❤❛✉ ❜❡t❡t③❡♥ ❜❛✐t❛✿

|f(h)− p(h)|
|hn| ≤ M, h ♥❛❤✐❦♦ t①✐❦✐ ❜❛t❡r❛❦♦✳

❖r❞✉❛♥✱ p(h) ❢✉♥t③✐♦❛❦ f(h) ❤✉r❜✐❧t③❡♥ ❞✉❡❧❛ ❡s❛t❡♥ ❞❛ O(hn) ❤✉r❜✐❧t③❡✲♦r❞❡♥❛r❡❦✐♥✱ ❡t❛
❤♦♥❡❧❛ ✐❞❛③t❡♥ ❞❛✿

f(h) = p(h) +O(hn).

●♦✐❦♦ ❞❡s❜❡r❞✐♥t③❛ |f(h)− p(h)| ≤ M |hn| ❜❡③❛❧❛ ✐❞❛t③✐③✱ O(hn) ❛❞✐❡r❛③♣❡♥❛❦ M |hn| ❡rr♦r❡✲
❜♦r♥❡❛r❡♥ ❧❡❦✉❛ ❜❡t❡t③❡♥ ❞✉❡❧❛ ❞❛❦✉s❛❣✉✳

✸✳✶✳ ❚❡♦r❡♠❛✳ ❉❡♠❛❣✉♥ f(h) = p(h) + O(hn) ❡t❛ g(h) = q(h) + O(hm)✱ ❡t❛ ✐③❛♥ ❜❡❞✐
r = min{m,n}✳ ❖r❞✉❛♥✿

f(h) + g(h) = p(h) + q(h) +O(hr),
f(h)g(h) = p(h)q(h) +O(hr),
f(h)/g(h) = p(h)/q(h) +O(hr), g(h) 6= 0 ❡t❛ q(h) 6= 0 ❜❛❞✐r❛.

❖s♦ ✐♥t❡r❡s❣❛rr✐❛ ❞❛ ❛✐♥t③❛t ❤❛rt③❡❛ f(x) ❢✉♥t③✐♦❛r❡♥ ❚❛②❧♦r❡♥ ♣♦❧✐♥♦♠✐♦❡♥ ❜✐❞❡③❦♦ n✲
❣❛rr❡♥ ❤✉r❜✐❧♣❡♥❛ p(x) ❞❡♥ ❦❛s✉❛✳ ❖r❞✉❛♥ ❚❛②❧♦r❡♥ ❢♦r♠✉❧❛r❡♥ ❤♦♥❞❛rr❛ O(hn+1)✲r❡♥ ❜✐❞❡③
❛❞✐❡r❛③t❡♥ ❞❛✱ ❡t❛ ✐❞❛t③✐ ❣❛❜❡❦♦ ❣❛✐ ❣✉③t✐❛❦ ♦r❞❡③❦❛t③❡♥ ❞✐t✉✱ ❤❛✉ ❞❛✱ hn+1 ❜❡rr❡❦❡t❛ ❞❛✉❦❛♥❛
❡t❛ ❣♦✐✲♦r❞❡♥❛❦♦❛❦✳ ❚❛②❧♦r❡♥ ❢♦r♠✉❧❛r❡♥ ❤♦♥❞❛rr❛❦ ❥♦t③❡♥ ❞✉ ③❡r♦r❛ h → 0 ❞❡♥❡❛♥✱ hn+1✲❡♥
❛❜✐❛❞✉r❛ ❜❡r❞✐♥❛r❡❦✐♥✱ ❛❞✐❡r❛③♣❡♥ ❤♦♥❡❦ ❡r❛❦✉st❡♥ ❞✉❡♥ ❜❡③❛❧❛✿

O(hn+1) ≈ Mhn+1 ≈ f (n+1)(c)

(n+ 1)!
hn+1,

✺✻



✸✳✹✳ ❊rr♦r❡❛r❡♥ ❛♥❛❧✐s✐❛ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✺✼

③❡✐♥❛ ❜❛❧✐♦③❦♦❛ ❜❛✐t❛ h ♥❛❤✐❦♦ t①✐❦✐❛ ❞❡♥❡❛♥✳ ❇❡st❡ ❤✐t③ ❜❛t③✉❡t❛♥ ❡s❛♥❞❛✱ O(hn+1) ❣❛✐❛❦
Mhn+1 ❦♦♣✉r✉❛ ♦r❞❡③❦❛t③❡♥ ❞✉✱ ♥♦♥ M ❦♦♥st❛♥t❡❛ ❜❛✐t❛✳

✸✳✷✳ ❚❛②❧♦r❡♥ t❡♦r❡♠❛✳ ❉❡♠❛❣✉♥ f ∈ Cn+1[a, b]✳ ❇❛❧❞✐♥ x0 ❡t❛ x = x0+h [a, b] t❛rt❡❛♥
❜❛❞❛✉❞❡✱ ♦r❞✉❛♥✱ ❤❛✉ ❜❡t❡t③❡♥ ❞❛✿

f(x0 + h) =
n∑

i=0

f (i)(x0)

i!
hi +O(hn+1).

❑❛❧❦✉❧✉❡t❛♥ ♣r♦♣✐❡t❛t❡ ❤❛✉❡❦ ❡r❛❜✐❧t③❡♥ ❞✐r❛✿

✭✐✮ O(hp) +O(hp) = O(hp).

✭✐✐✮ O(hp) +O(hq) = O(hr)✱ ♥♦♥ r = min{p, q}✳

✭✐✐✐✮ O(hp)O(hq) = O(hs)✱ ♥♦♥ s = p+ q✳

❍♦♥❛❦♦ ❛❞✐❜✐❞❡ ❤♦♥❡❦ ✸✳✶✳ t❡♦r❡♠❛ ❛r❣✐t③❡♥ ❞✉✳

✸✳✶✶✳ ❛❞✐❜✐❞❡❛✳ ■③❛♥ ❜✐t❡③ ❚❛②❧♦r❡♥ ❣❛r❛♣❡♥ ❤❛✉❡❦✿

eh = 1 + h+
h2

2!
+

h3

3!
+O(h4) ❡t❛ cos(h) = 1− h2

2!
+

h4

4!
+O(h6).

❆✉r❦✐ ✐t③❛③✉ ❜❛t✉r❛r❡♥ ❡t❛ ❜✐❞❡r❦❛❞✉r❛r❡♥ ❤✉r❜✐❧t③❡✲♦r❞❡♥❛❦✳

❊❜❛③♣❡♥❛✿

eh + cos(h) = 1 + h+
h2

2!
+

h3

3!
+O(h4) + 1− h2

2!
+

h4

4!
+O(h6)

= 2 + h+
h3

3!
+O(h4) +

h4

4!
+O(h6).

❊t❛ O(h4) +
h4

4!
= O(h4) ❡t❛ O(h4) +O(h6) = O(h4) ❞✐r❡♥❡③✱ ③❡r❛ ❞✉❣✉✿

eh + cos(h) = 2 + h+
h3

3!
+O(h4),

❡t❛✱ ♦♥❞♦r✐♦③✱ O(h4) ❤✉r❜✐❧t③❡✲♦r❞❡♥❛ ❞❛✳

✺✼



✺✽ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❇✐❞❡r❦❛❞✉r❛♥✱ ❛♥t③❡❦♦ ❡r❛♥ ❡❣✐t❡♥ ❞❛✳

eh cos(h) =

(
1 + h+

h2

2!
+

h3

3!
+O(h4)

)(
1− h2

2!
+

h4

4!
+O(h6)

)

=

(
1 + h+

h2

2!
+

h3

3!

)(
1− h2

2!
+

h4

4!

)

+

(
1 + h+

h2

2!
+

h3

3!

)
O(h6) +

(
1− h2

2!
+

h4

4!

)
O(h4)

+O(h4)O(h6)

= 1 + h− h3

3
− 5h4

24
− h5

24
+

h6

48
+

h7

144
+O(h6) +O(h4) +O(h4)O(h6).

■③❛♥ ❡r❡✱ O(h4)O(h6) = O(h10) ❡t❛ ❤❛✉ ❜❡t❡t③❡♥ ❞❛✿

−5h4

24
− h5

24
+

h6

48
+

h7

144
+O(h6) +O(h4) +O(h10) = O(h4),

❤♦♥❛❦♦ ❡r❧❛③✐♦ ❤❛✉ ❧♦rt③❡♥ ❞❛✿

eh cos(h) = 1 + h− h3

3
+O(h4).

❖♥❞♦r✐♦③✱ ❜✐❞❡r❦❛❞✉r❛ O(h4) ❤✉r❜✐❧t③❡✲♦r❞❡♥❛❦♦❛ ❞❛✳ ✷

✸✳✹✳✻✳ ❙❡❣✐❞❛ ❜❛t❡♥ ❤✉r❜✐❧t③❡✲♦r❞❡♥❛

✸✳✻✳ ❉❡✜♥✐③✐♦❛✳ ❉❡♠❛❣✉♥ limn→∞ xn = x ❞✉❣✉❧❛ ❡t❛ {rn}∞n=1 s❡❣✐❞❛ ❜❛t ❞❡❧❛✱ ♥♦♥ limn→∞

rn = 0✳ ❖r❞✉❛♥✱ ❡s❛♥❣♦ ❞✉❣✉ {xn}∞n=1 s❡❣✐❞❛❦ x✲r❛ ❥♦t③❡♥ ❞✉❡❧❛ O(rn) ❤✉r❜✐❧t③❡✲♦r❞❡♥❛r❡❦✐♥✱
K > 0 ❦♦♥st❛♥t❡ ❜❛t ❡①✐st✐t③❡♥ ❜❛❞❛ ❤❛✉ ❜❡t❡t③❡♥ ❞✉❡♥❛✿

|xn − x|
|rn|

≤ K n ♥❛❤✐❦♦ ❤❛♥❞✐ ❜❛t❡r❛❦♦.

❍♦r✐ xn = x+O(rn) ✐❞❛t③✐③ ❛❞✐❡r❛③✐❦♦ ❞✉❣✉✱ ❡❞♦ xn → x O(rn) ❤✉r❜✐❧t③❡✲♦r❞❡♥❛r❡❦✐♥✳

✸✳✶✷✳ ❛❞✐❜✐❞❡❛✳ ■③❛♥ ❜✐t❡③ xn = cos(n)/n2 ❡t❛ rn = 1/n2✱ ♦r❞✉❛♥✱ limn→∞ xn = 0 =
O(1/n2) ❤✉r❜✐❧t③❡✲♦r❞❡♥❛r❡❦✐♥✳ ❍♦r✐ ❡r❧❛③✐♦ ❤♦♥❡t❛t✐❦ ❛t❡r❛t③❡♥ ❞❛✿

| cos(n)/n2|
|1/n2| = | cos(n)| ≤ 1 n guztietarako. ✷

✺✽



✸✳✹✳ ❊rr♦r❡❛r❡♥ ❛♥❛❧✐s✐❛ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✺✾

✸✳✹✳✼✳ ❊rr♦r❡❛r❡♥ ❤❡❞❛♣❡♥❛

❆t❛❧ ❤♦♥❡t❛♥ ❛③t❡rt✉❦♦ ❞✉❣✉ ♥♦❧❛ ❤❡❞❛ ❞❛✐t❡③❦❡❡♥ ❡rr♦r❡❛❦ s❡❣✐❞❛❦♦ ❡r❛❣✐❦❡t❡♥ ❦❛t❡ ❜❛t❡❛♥✳
❏♦ ❞✐t③❛❣✉♥ p ❡t❛ q ③❡♥❜❛❦✐❡♥ ❜❛t✉r❛ ✭❜❛❧✐♦ ③❡❤❛t③❛❦ ✐③❛♥✐❦✮✱ ❤❛✐❡♥ p̂ ❡t❛ q̂ ❜❛❧✐♦ ❤✉r❜✐❧❞✉❛❦✱
❡t❛ ❛③❦❡♥ ❤♦r✐❡♥ ❡rr♦r❡❛❦✱ εp ❡t❛ εq✱ ❤✉rr❡♥❡③ ❤✉rr❡♥✳ ❍♦ts✱ p = p̂+εp ❡t❛ q = q̂+εq✳ ❇❛t✉r❛
❤♦r✐❡❦ ❣❛✐❡③ ❣❛✐ ❜❛t✉③✱ ❤❛✉ ❞✉❣✉✿

p+ q = (p̂+ εp) + (q̂ + εq) = (p̂+ q̂) + (εp + εq).

❇❡r❛③✱ ❜❛t✉❦❡t❛ ❜❛t❡❛♥✱ ❡rr♦r❡❛ ❞❛ ❜❛t✉❣❛✐❡♥ ❡rr♦r❡❡♥ ❜❛t✉r❛✳

❇✐❞❡r❦❡t❛ ❜❛t❡❛♥✱ ❡rr♦r❡❛r❡♥ ❤❡❞❛♣❡♥❛ ❦♦♥♣❧❡①✉❛❣♦❛ ❞❛✳ ❇✐❞❡r❦❛❞✉r❛ ❤❛✉ ❞❛✿

pq = (p̂+ εp)(q̂ + εq) = p̂q̂ + p̂εq + q̂εp + εpεq.

❇❡r❛③✱ |p̂| ❡t❛ |q̂| ✶ ❜❛✐♥♦ ❤❛♥❞✐❛❣♦❛❦ ❜❛❞✐r❛✱ p̂εq ❡t❛ q̂εp ❣❛✐❡❦ ❤❛♥❞✐t✉ ❞✐t③❛❦❡t❡ ❥❛t♦rr✐③❦♦
εp ❡t❛ εq ❡rr♦r❡❛❦✳ ❇❡rr♦r❞❡♥❛t✉③✱ ❤❛✉ ❧♦rt✉❦♦ ❞✉❣✉✿

pq − p̂q̂ = p̂εq + q̂εp + εpεq.

❉❡♠❛❣✉♥ p 6= 0 ❡t❛ q 6= 0❀ ♦r❞✉❛♥✱ ③❡r❛ ❜❡t❡t③❡♥ ❞❛✿

Rpq =
pq − p̂q̂

pq
=

p̂εq + q̂εp + εpεq
pq

=
p̂εq
pq

+
q̂εp
pq

+
εpεq
pq

. ✭✸✳✸✮

●❛✐♥❡r❛✱ s✉♣♦s❛t③❡♥ ❜❛❞✉❣✉ p̂ ❡t❛ q̂ p✲r❡♥ ❡t❛ q✲r❡♥ ❤✉r❜✐❧♣❡♥ ♦♥❛❦ ❞✐r❡❧❛✱ ♦r❞✉❛♥✱ p̂/p ≈ 1✱
q̂/q ≈ 1 ❡t❛ RpRq = (εp/p)(εq/q) ≈ 0 ✭Rp ❡t❛ Rq p̂✲r❡♥ ❡t❛ q̂✲r❡♥ ❡rr♦r❡ ❡r❧❛t✐❜♦❛❦ ❞✐r❛✮✳
❍✉r❜✐❧♣❡♥ ❤♦r✐❡❦ ✭✸✳✸✮ ❛❞✐❡r❛③♣❡♥❡❛♥ ♦r❞❡③❦❛t✉③✱ ❤❛✉ ❞✉❣✉✿

Rpq =
pq − p̂q̂

pq
≈ εq

q
+

εp
p

= Rq +Rp.

❇❡r❛③✱ p̂q̂ ❜✐❞❡r❦❛❞✉r❛r✐ ❞❛❣♦❦✐♦♥ ❡rr♦r❡ ❡r❧❛t✐❜♦❛✱ ❣✉t①✐ ❣♦r❛ ❜❡❤❡r❛✱ p̂ ❡t❛ q̂ ❢❛❦t♦r❡❡✐
❞❛❣♦③❦✐❡♥ ❡rr♦r❡ ❡r❧❛t✐❜♦❡♥ ❜❛t✉r❛ ❞❛✳

◆♦r♠❛❧❡❛♥✱ ❞❛t✉❡♥ ❤❛s✐❡r❛❦♦ ❡rr♦r❡❛❦ ❤❡❞❛t③❡♥ ❞✐r❛ ❡r❛❣✐❦❡t❡♥ ❦❛t❡ ❜❛t❡❛♥ ③❡❤❛r✳ ❊❞♦✲
③❡✐♥ ③❡♥❜❛❦✐③❦♦ ♣r♦③❡s✉t❛♥✱ ❦✉❛❧✐t❛t❡ ❞❡s✐r❛❣❛rr✐❛ ❞❛ ❤❛s✐❡r❛❦♦ ❜❛❧❞✐♥t③❡t❛❦♦ ❡rr♦r❡ t①✐❦✐
❜❛t❡❦ ❛③❦❡♥ ❡♠❛✐t③❛♥ ❡rr♦r❡ t①✐❦✐❛❦ ❡r❛❣✐t❡❛✳ ❆❧❣♦r✐t♠♦ ❜❛t❡❦ ♣r♦♣✐❡t❛t❡ ❤♦r✐ ❜❛❞❛✉❦❛✱
❡❣♦♥❦♦rr❛ ❞❡❧❛ ❡s❛♥❣♦ ❞✉❣✉❀ ❜❡st❡❧❛✱ ❡③❡❣♦♥❦♦rr❛ ❞❡r✐t③♦✳ ❆❤❛❧ ❞❡♥ ♥❡✉rr✐❛♥✱ ♠❡t♦❞♦ ❡❣♦♥❦♦✲
rr❛❦ ❛✉❦❡r❛t✉❦♦ ❞✐t✉❣✉✳

✸✳✼✳ ❉❡✜♥✐③✐♦❛✳ ❉❡♠❛❣✉♥ ε ❤❛s✐❡r❛❦♦ ❡rr♦r❡ ❜❛t ❞❡❧❛✱ ❡t❛ ε(n) ❛❞✐❡r❛③♣❡♥❛❦ n ❡r❛❣✐❦❡t❛
♦♥❞♦r❡♥ ❡rr♦r❡ ❤♦rr❡♥ ❤❛③❦✉♥t③❛ ❛❞✐❡r❛③t❡♥ ❞✉❡❧❛✳ ❇❛❧❞✐♥ |ε(n)| ≈ nε ❜❛❞❛✱ ❤❛③❦✉♥t③❛ ❧✐♥❡❛❧❛
❞❡❧❛ ❡s❛t❡♥ ❞❛✳ ❇❛❧❞✐♥ |ε(n)| ≈ Knε ❜❛❞❛✱ ❤❛③❦✉♥t③❛ ❡s♣♦♥❡♥t③✐❛❧❛ ❞❡❧❛ ❡s❛t❡♥ ❞❛✳ ❇❛❧❞✐♥
K > 1 ❜❛❞❛✱ ♦r❞✉❛♥✱ n → ∞ ❞❡♥❡❛♥✱ ❡rr♦r❡ ❡s♣♦♥❡♥t③✐❛❧❛ ❜♦r♥❡r✐❦ ❣❛❜❡ ❤❛③t❡♥ ❞❛❀ ❜❛✐♥❛✱
0 < K < 1 ❜❛❞❛✱ ♦r❞✉❛♥✱ n → ∞ ❞❡♥❡❛♥✱ ❡rr♦r❡ ❡s♣♦♥❡♥t③✐❛❧❛❦ ③❡r♦r❛ ❥♦t③❡♥ ❞✉✳

✺✾



✻✵ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❖♥❞♦r❡♥❣♦ ❜✐ ❛❞✐❜✐❞❡❡♥ ❜✐t❛rt❡③ ✐❦✉st❡♥ ❞❛ ❤❛s✐❡r❛❦♦ ❡rr♦r❡ ❜❛t ♠♦❞✉ ❡❣♦♥❦♦rr❡❛♥ ❡❞♦
❡③❡❣♦♥❦♦rr❡❛♥ ❤❡❞❛ ❞❛✐t❡❦❡❡❧❛✳ ▲❡❤❡♥❡♥❣♦❛♥ ❤✐r✉ ❛❧❣♦r✐t♠♦ ❛✉r❦❡③t❡♥ ❞✐r❛✱ ❡t❛ ✐❦✉s✐❦♦ ❞✉❣✉
❤✐r✉ ❤♦r✐❡♥ ❜✐❞❡③ s❡❣✐❞❛ ❜❡r❞✐♥❛ ❧♦rt✉❦♦ ❣❡♥✉❦❡❡❧❛✱ ❡r❛❣✐❦❡t❛❦ ❡r❛ ③❡❤❛t③❡❛♥ ❡❣✐♥❣♦ ❜❛❣❡♥✐t✉✳
❇✐❣❛rr❡♥❡❛♥✱ ❤❛st❛♣❡♥✲❜❛❧❞✐♥t③❡t❛❦♦ ❡rr♦r❡ t①✐❦✐❡♥ ❤❡❞❛♣❡♥❛ ❛③t❡rt✉❦♦ ❞✉❣✉✳

✸✳✶✸✳ ❛❞✐❜✐❞❡❛✳ ❊r❛❦✉ts✐❦♦ ❞✉❣✉ {1/3n}∞n=0 s❡❣✐❞❛r❡♥ ❣❛✐❛❦ ❤✐r✉ ❡s❦❡♠❛ ❞❡s❜❡r❞✐♥ ❡r❛❜✐❧✐③
❣❛r❛ ❞✐t③❛❦❡❣✉❧❛✳

❊❜❛③♣❡♥❛✳ ■③❛♥ ❜✐t❡③ ❤✐r✉ ❛❞✐❡r❛③♣❡♥ ❤❛✉❡❦✿

r0 = 1 rn =
1

3
rn−1 n = 1, 2, . . .

p0 = 1, p1 =
1

3
pn =

4

3
pn−1 −

1

3
pn−2 n = 2, 3, . . .

q0 = 1, q1 =
1

3
qn =

10

3
qn−1 − qn−2 n = 2, 3 . . . ,

{rn}✲r❡♥❛ ❜✐st❛♥ ❞❛❣♦✳ ❏❛rr❛✐❛♥ ❡❣✐❛③t❛t✉❦♦ ❞✉❣✉ {pn} s❡❣✐❞❛♥ ❞✐❢❡r❡♥t③✐❡♥ ❦❡♥❞✉r❛❦ pn =
A(1/3n) + B s♦❧✉③✐♦ ♦r♦❦♦rr❛ ❞❛✉❦❛❧❛✳

4

3
pn−1 −

1

3
pn−2 =

4

3

(
A

3n−1
+B

)
− 1

3

(
A

3n−2
+B

)

=
(
4

3n
− 3

3n

)
A+

(
4

3
− 3

3

)
B = A

1

3n
+B = pn.

A = 1 ❡t❛ B = 0 ❤❛rt③❡♥ ❜❛❞✐t✉❣✉✱ p0 = 1 ❡t❛ p1 = 1/3 ❞✐t✉❣✉✱ ❡t❛ ❤♦r✐ ❞❛ ❣✉r❡ s❡❣✐❞❛✳

❏❛rr❛✐❛♥ ❡❣✐❛③t❛t✉❦♦ ❞✉❣✉ {qn} s❡❣✐❞❛♥ ❞✐❢❡r❡♥t③✐❡♥ ❦❡♥❞✉r❛❦ qn = A(1/3n)+B3n s♦❧✉③✐♦
♦r♦❦♦rr❛ ❞❛✉❦❛❧❛✳

10

3
qn−1 − qn−2 =

10

3

(
A

3n−1
+B3n−1

)
−
(

A

3n−2
+B3n−2

)

=
(
10

3n
− 9

3n

)
A+ (10− 1)3n−2B

= A
1

3n
+B3n = qn.

A = 1 ❡t❛ B = 0 ❤❛rt③❡♥ ❜❛❞✐t✉❣✉✱ q0 = 1 ❡t❛ q1 = 1/3 ❞✐t✉❣✉✱ ❡t❛ ❤♦rr❡❦ ❣✉r❡ s❡❣✐❞❛
❣❛r❛t③❡♥ ❞✉✳ ✷

✸✳✶✹✳ ❛❞✐❜✐❞❡❛✳ {xn} = {1/3n} s❡❣✐❞❛r❡♥ ❤✉r❜✐❧♣❡♥❛❦ ❣❛r❛t✉❦♦ ❞✐t✉❣✉ ❛❞✐❡r❛③♣❡♥ ❤❛✉❡❦

✻✵



✸✳✹✳ ❊rr♦r❡❛r❡♥ ❛♥❛❧✐s✐❛ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✻✶

❡r❛❜✐❧✐③✿

r0 = 0.99996 rn =
1

3
rn−1 n = 1, 2, . . .

p0 = 1, p1 = 0.33332 pn =
4

3
pn−1 −

1

3
pn−2 n = 2, 3, . . .

q0 = 1, q1 = 0.33332 qn =
10

3
qn−1 − qn−2 n = 2, 3 . . . ,

{rn} ❦❛s✉❛♥ r0✲r❡♥ ❡rr♦r❡❛ ✵✳✵✵✵✵✹ ❞❛✳ {pn} ❡t❛ {qn} ❦❛s✉❡t❛♥ p1✲❡♥ ❡t❛ q1✲❡♥ ❡rr♦r❡❛
0.000013 ❞❛✳ ❍❛st❛♣❡♥ ❜❛❧❞✐♥t③❡t❛❦♦ ❡rr♦r❡ t①✐❦✐ ❤♦r✐❡♥ ❤❡❞❛♣❡♥❛ ❛③t❡rt✉❦♦ ❞✉❣✉✳

✸✳✶✳ t❛✉❧❛✳ {xn} = {1/3n} s❡❣✐❞❛ ❡t❛ ❜❡r❡ ❤✉r❜✐❧♣❡♥❛❦✳

n xn rn pn qn
✵ ✶✳✵✵✵✵✵✵✵✵✵✵ ✵✳✾✾✾✾✻✵✵✵✵✵ ✶✳✵✵✵✵✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵✵✵✵✵
✶ ✵✳✸✸✸✸✸✸✸✸✸✸ ✵✳✸✸✸✸✷✵✵✵✵✵ ✵✳✸✸✸✸✷✵✵✵✵✵ ✵✳✸✸✸✸✷✵✵✵✵✵
✷ ✵✳✶✶✶✶✶✶✶✶✶✶ ✵✳✶✶✶✶✵✻✻✻✻✼ ✵✳✶✶✶✵✾✸✸✸✸✵ ✵✳✶✶✶✵✻✻✻✻✻✼
✸ ✵✳✵✸✼✵✸✼✵✸✼✵ ✵✳✵✸✼✵✸✺✺✺✺✻ ✵✳✵✸✼✵✶✼✼✼✼✽ ✵✳✵✸✻✾✵✷✷✷✷✷
✹ ✵✳✵✶✷✸✹✺✻✼✾✵ ✵✳✵✶✷✸✹✺✶✽✺✷ ✵✳✵✶✷✸✷✺✾✷✺✾ ✵✳✵✶✶✾✹✵✼✹✵✼
✺ ✵✳✵✵✹✶✶✺✷✷✻✸ ✵✳✵✵✹✶✶✺✵✻✶✼ ✵✳✵✵✹✵✾✺✸✵✽✻ ✵✳✵✵✷✾✵✵✷✹✻✾
✻ ✵✳✵✵✶✸✼✶✼✹✷✶ ✵✳✵✵✶✸✼✶✻✽✼✷ ✵✳✵✵✶✸✺✶✼✻✾✺ ✲✵✳✵✵✷✷✼✸✷✺✶✵
✼ ✵✳✵✵✵✹✺✼✷✹✼✹ ✵✳✵✵✵✹✺✼✷✷✾✶ ✵✳✵✵✵✹✸✼✷✺✻✺ ✲✵✳✵✶✵✹✼✼✼✺✵✸
✽ ✵✳✵✵✵✶✺✷✹✶✺✽ ✵✳✵✵✵✶✺✷✹✵✾✼ ✵✳✵✵✵✶✸✷✹✶✽✽ ✲✵✳✵✸✷✻✺✷✺✽✸✹
✾ ✵✳✵✵✵✵✺✵✽✵✺✸ ✵✳✵✵✵✵✺✵✽✵✸✷ ✵✳✵✵✵✵✸✵✽✵✻✸ ✲✵✳✵✾✽✸✻✹✶✾✹✺
✶✵ ✵✳✵✵✵✵✶✻✾✸✺✶ ✵✳✵✵✵✵✶✻✾✸✹✹ ✲✵✳✵✵✵✵✵✸✵✻✹✻ ✲✵✳✷✾✺✷✷✽✵✻✹✽

{rn}✲r❡♥ ❡rr♦r❡❛ ❡❣♦♥❦♦rr❛ ❞❛ ❡t❛ ❡r❛ ❡s♣♦♥❡♥t③✐❛❧❡❛♥ t①✐❦✐t③❡♥ ❞❛✳ {pn}✲r❡♥ ❡rr♦r❡❛
❡❣♦♥❦♦rr❛ ❞❛✳ {qn}✲r❡♥ ❡rr♦r❡❛ ❡③❡❣♦♥❦♦rr❛ ❞❛ ❡t❛ ❛❜✐❛❞✉r❛ ❡s♣♦♥❡♥t③✐❛❧❛r❡❦✐♥ ❤❛♥❞✐t③❡♥
❞❛✳ ◆❛❤✐③ ❡t❛ {pn}✲r❡♥ ❡rr♦r❡❛ ❡❣♦♥❦♦rr❛ ✐③❛♥✱ ❤❛r❡♥ ❣❛✐❡❦ n → ∞ ❞❡♥❡❛♥ pn → 0 ❜❡t❡t③❡♥
❞✉t❡♥❡③✱ ❡♣❡ ❧✉③❡❛♥ ❡rr♦r❡❛ ♠❡♥♣❡r❛t✉ ❡❣✐t❡♥ ❞❛✱ ❡t❛ p8✲t✐❦ ❛✉rr❡r❛❦♦ ③✐❢r❛ ❡s❛♥❣❛rr✐❛❦ ❡③
❞❛✉❞❡ ❛❞♦s xn✲r✐ ❞❛❣♦③❦✐❡♥❡❦✐♥✳ ■❦✉s ✸✳✶✳ ❡t❛ ✸✳✷✳ t❛✉❧❛❦✳

✸✳✹✳✽✳ ❉❛t✉❡♥ ③✐✉r❣❛❜❡t❛s✉♥❛

❊rr❡❛❧✐t❛t❡❛♥ ❛❣❡rt③❡♥ ❞✐r❡♥ ♣r♦❜❧❡♠❡♥ ❞❛t✉❡❦ ③✐✉r❣❛❜❡t❛s✉♥❛❦ ❡❞♦ ❡rr♦r❡❛❦ ❞❛✉③❦❛t❡✳ ❊rr♦✲
r❡ ♠♦t❛ ❤♦r✐ ③❛r❛t❛ ✐③❡♥❛r❡❦✐♥ ❡③❛❣✉t③❡♥ ❞❛✱ ❡t❛ ❞❛t✉ ❤♦r✐❡t❛♥ ♦✐♥❛rr✐t③❡♥ ❞❡♥ ❡❞♦③❡✐♥
③❡♥❜❛❦✐③❦♦ ❦❛❧❦✉❧✉r❡♥ ③❡❤❛③t❛s✉♥❛r✐ ❡r❛❣✐t❡♥ ❞✐♦✳ ❊③✐♥ ❞✉❣✉ ❤♦❜❡t✉ ❦❛❧❦✉❧✉❡♥ ③❡❤❛③t❛✲
s✉♥❛✱ ③❛r❛t❛❦ ❡r❛s❛♥❞❛❦♦ ❞❛t✉❡❦✐♥ ❡r❛❣✐❦❡t❛❦ ❣❛✉③❛t③❡♥ ❜❛❞✐t✉❣✉✳ ❇❡r❛③✱ d ③✐❢r❛ ❡s❛♥❣❛rr✐
❞❛✉③❦❛t❡♥ ❞❛t✉❡❦✐♥ ❤❛st❡♥ ❜❛❣❛r❛✱ ♦r❞✉❛♥✱ ❞❛t✉ ❤♦r✐❡♥ ❜✐❞❡③ ❧♦rt✉t❛❦♦ ❡♠❛✐t③❛❦ d ③✐❢r❛

✻✶



✻✷ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

✸✳✷✳ t❛✉❧❛✳ ❊rr♦r❡❡♥ s❡❣✐❞❛❦✳

n xn − rn xn − pn xn − qn
✵ ✵✳✵✵✵✵✹✵✵✵✵✵ ✵✳✵✵✵✵✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵✵✵✵✵
✶ ✵✳✵✵✵✵✶✸✸✸✸✸ ✵✳✵✵✵✵✶✸✸✸✸✸ ✵✳✵✵✵✵✶✸✸✸✸✸
✷ ✵✳✵✵✵✵✵✹✹✹✹✹ ✵✳✵✵✵✵✶✼✼✼✼✽ ✵✳✵✵✵✵✹✹✹✹✹✹
✸ ✵✳✵✵✵✵✵✶✹✽✶✺ ✵✳✵✵✵✵✶✾✷✺✾✸ ✵✳✵✵✵✶✸✹✽✶✹✽
✹ ✵✳✵✵✵✵✵✵✹✾✸✽ ✵✳✵✵✵✵✶✾✼✺✸✶ ✵✳✵✵✵✹✵✹✾✸✽✸
✺ ✵✳✵✵✵✵✵✵✶✻✹✻ ✵✳✵✵✵✵✶✾✾✶✼✼ ✵✳✵✵✶✷✶✹✾✼✾✹
✻ ✵✳✵✵✵✵✵✵✵✺✹✾ ✵✳✵✵✵✵✶✾✾✼✷✻ ✵✳✵✵✸✻✹✹✾✾✸✶
✼ ✵✳✵✵✵✵✵✵✵✶✽✸ ✵✳✵✵✵✵✶✾✾✾✵✾ ✵✳✵✶✵✾✸✹✾✾✼✼
✽ ✵✳✵✵✵✵✵✵✵✵✻✶ ✵✳✵✵✵✵✶✾✾✾✼✵ ✵✳✵✸✷✽✵✹✾✾✾✷
✾ ✵✳✵✵✵✵✵✵✵✵✷✵ ✵✳✵✵✵✵✶✾✾✾✾✵ ✵✳✵✾✽✹✶✹✾✾✾✽
✶✵ ✵✳✵✵✵✵✵✵✵✵✵✼ ✵✳✵✵✵✵✶✾✾✾✾✼ ✵✳✷✾✺✷✹✹✾✾✾✾

❡s❛♥❣❛rr✐❡❦✐♥ ❡r❛❦✉ts✐ ❜❡❤❛r❦♦ ❧✐r❛t❡❦❡✳ ❆❞✐❜✐❞❡③✱ ❞❡♠❛❣✉♥ p1 = 4.152 ❡t❛ p2 = 0.07931
❞❛t✉❡❦ ❧❛✉ ③✐❢r❛❦♦ ③❡❤❛③t❛s✉♥❛ ❞❛✉❦❛t❡❧❛❀ ♦r❞✉❛♥✱ t❡♥t❛❣❛rr✐❛ ✐③❛♥❣♦ ❧✐t③❛t❡❦❡ ❦❛❧❦✉❧❛❣❛✐❧✉
❜❛t❡♥ ♣❛♥t❛✐❧❛♥ ❛❣❡rt③❡♥ ❞✐r❡♥ ③✐❢r❛ ❣✉③t✐❛❦ ❡♠❛t❡❛✱ ❡s❛t❡ ❜❛t❡r❛❦♦✱ ❤❛✐❡♥ ❜❛t✉❦❡t❛ ❡❣✐t❡❛♥✿
p1+p2 = 4.23131✳ ❇❛✐♥❛ ❤♦r✐ ❡③ ❞❛ ③✉③❡♥❛✱ ❡③ ❣❡♥✐t✉③❦❡ ❡♠❛✐t③❛❦ ❡r❛❜✐❧✐ ❜❡❤❛r❦♦✱ ❤♦r✐❡❦ ❥❛✲
t♦rr✐③❦♦ ❞❛t✉❡❦ ❜❛✐♥♦ ③✐❢r❛ ❡s❛♥❣❛rr✐ ❣❡❤✐❛❣♦ ❜❛❧❞✐♥ ❜❛❞✐t✉③t❡✳ ❍❛✉ ✐③❛♥❣♦ ❧✐t③❛t❡❦❡ ❡♠❛✐t③❛
❡❣♦❦✐❛ ❡❣♦❡r❛ ❤♦rr❡t❛♥✿ p1 + p2 = 4.231✳
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