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❥❛✉③✐❧❛r✐❛r❡♥ ❡r♦rt③❡❦♦ ❛❜✐❛❞✉r❛✱ ❞❡♥❜♦r❛r❡♥ ❢✉♥t③✐♦❛♥ ✭❡r♦r❦❡t❛ ❧✐❜r❡❛♥✮✱ ❛✉rr❡t✐❦ ❥❛❦✐t❡❛✳
■♥❢♦r♠❛③✐♦ ❤♦r✐ ❡r❛❜✐❧✐❦♦ ❞❛ ③❡❤❛③t❡❦♦ ✭❜❡st❡ ❛♥❛❧✐s✐ ❤❛♥❞✐❛❣♦ ❜❛t❡❛♥✮ ♠❛s❛ ❞❡s❜❡r❞✐♥❡❦♦
❥❛✉③✐❧❛r✐❡♥t③❛❦♦ ❦♦r❞❛r❡♥ ❧✉③❡r❛ ❡t❛ ❡rr❡s✐st❡♥t③✐❛✳

❩✉❦ ❜❛❞❛❦✐③✉✱ ❋✐s✐❦❛ ✐❦❛s❦❡t❡✐ ❡s❦❡r✱ ◆❡✇t♦♥❡♥ ❜✐❣❛rr❡♥ ❧❡❣❡❛r❡♥ ❛r❛❜❡r❛ a = F/m
❡r❧❛③✐♦❛ ❜❡t❡ ❜❡❤❛r ③✉❡❧❛✳ ❇❛✐♥❛✱ ❋❧✉✐❞♦❡♥ ▼❡❦❛♥✐❦❛r✐ ❜✉r✉③❦♦ ❡③❛❣✉♣❡♥❡♥ ❛r❛❜❡r❛✱ ❡r❡❞✉
♠❛t❡♠❛t✐❦♦ ❤❛✉ ❣❛r❛t③❡♥ ❞✉③✉✿

dv

dt
= g −

cd
m
v2, ✭✶✳✶✮

♥♦♥ v = ❛❜✐❛❞✉r❛ ❜❡rt✐❦❛❧❛ ❜❛✐t❛✱ t = ❞❡♥❜♦r❛ ✭s✮✱ g = ❣r❛❜✐t❛t❡✲❛③❡❧❡r❛③✐♦❛ ✭≈ 9.81 ♠✴s2✮✱
cd = ❛✐r❡❛r❡♥ ❡rr❡s✐st❡♥t③✐❛✲❦♦❡✜③✐❡♥t❡❛ ✭❦❣✴♠✮ ❡t❛ m = ❥❛✉③✐❧❛r✐❛r❡♥ ♠❛s❛ ✭❦❣✮✳

❊❦✉❛③✐♦ ❞✐❢❡r❡♥t③✐❛❧ ❤♦rr❡♥ v = v(t) s♦❧✉③✐♦ ❛♥❛❧✐t✐❦♦ ❡❞♦ ③❡❤❛t③ ❜❛t ❦❛❧❦✉❧❛ ❞❡③❛❦❡❣✉
❡t❛✱ t = 0 ❞❡♥❡❛♥ v = 0 ❞❡❧❛ ❤❛rt③❡♥ ❜❛❞✉❣✉✱ ❤❛✉ ❞❛ s♦❧✉③✐♦ ❛♥❛❧✐t✐❦♦❛✿

v(t) =

√

gm

cd
tanh

(
√

gcd
m

t
)

, ✭✶✳✷✮

♥♦♥ t❛♥❣❡♥t❡ ❤✐♣❡r❜♦❧✐❦♦❛ ✭tanh✮ ③✉③❡♥ ❦❛❧❦✉❧❛ ❜❛✐t❡③❛❦❡❣✉✱ ❡❞♦ ❢✉♥t③✐♦ ❡s♣♦♥❡♥t③✐❛❧❛❦ ❡r❛✲
❜✐❧✐③✱ ❛❞✐❡r❛③♣❡♥ ❤♦♥❡t❛♥✿

tanh x =
ex − e−x

ex + e−x

✶✳✶✳ ❛❞✐❜✐❞❡❛✳ ✻✽✳✶ ❦❣✲❦♦ ♣✉❡♥t✐♥❣ ❥❛✉③✐❧❛r✐ ❜❛t❡❦ ③✉❜✐ ❜❛t❡t✐❦ s❛❧t♦ ❡❣✐t❡♥ ❜❛❞✉ ❡r❛❜✐❧✐

✶
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t ✭s✮ v ✭♠✴s✮
✵ ✵
✷ ✶✽✳✼✷✾✷
✹ ✸✸✳✶✶✶✽
✻ ✹✷✳✵✼✻✷
✽ ✹✻✳✾✺✼✺
✶✵ ✹✾✳✹✷✶✹
✶✷ ✺✵✳✻✶✼✺
∞ ✺✶✳✻✾✸✽

✶✳✶✳ ✐r✉❞✐❛✳ ❆❜✐❛❞✉r❛✲❞❡♥❜♦r❛ ❣r❛✜❦♦❛✳

✭✶✳✷✮ ❛❞✐❡r❛③♣❡♥❛✱ ❜❡r❡ ❛❜✐❛❞✉r❛ ❡r♦r❦❡t❛ ❧✐❜r❡❛♥ ✶✷ s✲❦♦ ✉♥❡❛♥ ❦❛❧❦✉❧❛t③❡❦♦✳ ❩❡✐♥ ✐③❛♥❣♦ ❞❛
❛③❦❡♥ ❛❜✐❛❞✉r❛✱ ❦♦r❞❛r❡♥ ❧✉③❡r❛ ✐♥✜♥✐t✉❛ ❜❛❞❛❄ ❊r❛❜✐❧✐ cd = 0.25 ❦❣✴♠✳

❊❜❛③♣❡♥❛✳ P❛r❛♠❡tr♦❡♥ ❜❛❧✐♦❛❦ ✭✶✳✷✮ ❛❞✐❡r❛③♣❡♥❡❛♥ ♦r❞❡③❦❛t③❡♥ ❜❛❞✐t✉❣✉ ❤❛✉ ❡♠❛t❡♥
❞✉✿

v(t) =

√

9.81 · 68.1

0.25
tanh





√

9.81 · 0.25

68.1
t



 = 51.6938 tanh(0.18977t),

❡t❛ ❤♦r✐ ❡r❛❜✐❧ ❞❡③❛❦❡❣✉ t❛✉❧❛ ❤❛✉ ❦❛❧❦✉❧❛t③❡❦♦✿

❊r❡❞✉ ❤♦♥❡♥ ❛r❛❜❡r❛✱ ❥❛✉③✐❧❛r✐❛❦ ❛③❦❛r ❛③❡❧❡r❛t③❡♥ ❞✉✱ ✹✾✳✹✷✶✹ ♠✴s✲❦♦ ❛❜✐❛❞✉r❛ ❤❛rt③❡♥
❞✉ ✶✵✳ s❡❣✉♥❞♦❛♥✳ ❖❤❛rt✉✱ ❜❛✐t❛ ❡r❡✱ ❞❡♥❜♦r❛ ♥❛❤✐❦♦ ❤❛♥❞✐❛ ❞❡♥❡❛♥ ✺✶✳✻✾✽✸ ♠✴s✲❦♦ ❛③❦❡♥
❛❜✐❛❞✉r❛ ❤❛rt③❡r❛ ❥♦t③❡♥ ❞✉❡❧❛✳ ❆❜✐❛❞✉r❛❦ ❦♦♥st❛♥t❡❛ ✐③❛t❡r❛ ❥♦t③❡♥ ❞✉✱ ③❡r❡♥ ❣r❛❜✐t❛t❡❛r❡♥
✐♥❞❛rr❛ ♦r❡❦❛t✉ ❡❣✐♥❣♦ ❜❛✐t❛ ❛✐r❡❛r❡♥ ❡rr❡s✐st❡♥t③✐❛r❡❦✐♥✳ ❇❡r❛③✱ ✐♥❞❛r ❣❛r❜✐❛ ③❡r♦ ✐③❛♥❣♦ ❞❛
❡t❛ ❛③❡❧❡r❛③✐♦❛ ❣❡❧❞✐t✉ ❡❣✐♥❣♦ ❞❛✳ ✷

✭✶✳✷✮ ❡❦✉❛③✐♦❛r✐ s♦❧✉③✐♦ ❛♥❛❧✐t✐❦♦❛ ✭❡❞♦ ③❡❤❛t③❛✮ ❞❡r✐t③♦❣✉✱ ③❡❤❛③❦✐ ❜❡t❡t③❡♥ ❞✉❡❧❛❦♦ ❥❛✲
t♦rr✐③❦♦ ❡❦✉❛③✐♦ ❞✐❢❡r❡♥t③✐❛❧❛✳ ❩♦r✐t①❛rr❡③✱ ❜❛❞❛✉❞❡ ③❡❤❛③❦✐ ❡❜❛t③✐ ❡③✐♥ ❞✐r❡♥ ❡r❡❞✉ ♠❛t❡♠❛✲
t✐❦♦❛❦✳ ❑❛s✉ ❛s❦♦t❛♥✱ ❞❛❣♦❡♥ ❛✉❦❡r❛ ❜❛❦❛rr❛ ③❡♥❜❛❦✐③❦♦ s♦❧✉③✐♦ ❜❛t ❣❛r❛t③❡❛ ❞❛✱ ❡t❛ ❤♦rr❡❦
s♦❧✉③✐♦ ③❡❤❛t③❛ ❤✉r❜✐❧t③❡♥ ❞✉✳

❩❡♥❜❛❦✐③❦♦ ♠❡t♦❞♦❡t❛♥ ♣r♦❜❧❡♠❛ ♠❛t❡♠❛t✐❦♦ ❜❛t ❜✐r❢♦r♠✉❧❛t③❡♥ ❞❛ ❡r❛❣✐❦❡t❛ ❛r✐t♠❡t✐❦♦❡♥
❜✐❞❡③ ❡❜❛③t❡❦♦ ♠♦❞✉❛♥✳ ❍♦r✐ ❛r❣✐t✉ ❞❛✐t❡❦❡✱ ✭✶✳✶✮ ❡❦✉❛③✐♦r❛❦♦ ❤♦♥❛❦♦ ❤❛✉ ❦♦♥t✉❛♥ ❤❛rt✉③✿

dv

dt
≈

∆v

∆t
=

v(ti+1)− v(ti)

ti+1 − ti
, ✭✶✳✸✮

❖❤❛rt✉ dv/dt ≈ ∆v/∆t ❤✉r❜✐❧♣❡♥❛ ❞✉❣✉❧❛ ∆t ✜♥✐t✉❛ ❞❡❧❛❦♦✳ ●♦❣♦r❛t✉ ❑❛❧❦✉❧✉ ■♥✜♥✐t❡s✐✲
♠❛❧❡❛♥ ❤❛✉ ❜❡t❡t③❡♥ ❞❡❧❛✿

dv

dt
= lim

∆t→0

∆v

∆t

✷



✶✳✶✳ Pr♦❜❧❡♠❛ ❜❛t ❞✉③✉ ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮ ✸

✭✶✳✸✮ ❡❦✉❛③✐♦❛r✐ t✲✉♥❡❦♦ ❞❡r✐❜❛t✉❛r❡♥ ❞✐❢❡r❡♥t③✐❛ ✜♥✐t✉❡♥ ❤✉r❜✐❧♣❡♥❛ ❞❡r✐t③♦✳ ❍✉r❛ ♦r❞❡③❦❛
❞❡③❛❦❡❣✉✱ ✭✶✳✶✮ ❡❦✉❛③✐♦❛♥ ❤❛✉ ❡♠❛t❡❦♦✿

v(ti+1)− v(ti)

ti+1 − ti
= g −

cd
m
v(ti)

2

❊❦✉❛③✐♦ ❤♦r✐ ❤♦♥❡❧❛ ♦r❞❡♥❛ ❞❡③❛❦❡❣✉✿

v(ti+1) = v(ti) +
[

g −
cd
m
v(ti)

2

]

(ti+1 − ti) ✭✶✳✹✮

❖❤❛rt✉ ♠❛❦♦❡♥ ❛rt❡❦♦ ❣❛✐❛ ✭✶✳✶✮ ❡❦✉❛③✐♦ ❞✐❢❡r❡♥t③✐❛❧❛r❡♥ ❡s❦✉✐♥❡❦♦ ❣❛✐❛ ❞❡❧❛✳ ❍❛✉ ❞❛✱
❡❦✉❛③✐♦ ❤♦rr❡❦ ❡♠❛t❡♥ ❞✐❣✉ ❜✐❞❡ ❜❛t v✲r❡♥ ♠❛❧❞❛ ❦❛❧❦✉❧❛t③❡❦♦✳ ❖♥❞♦r✐♦③✱ ❡❦✉❛③✐♦❛ ❤♦♥❡❧❛
❜❡rr✐❞❛t③ ❞❡③❛❦❡❣✉✿

v(ti+1) = v(ti) +
dv

dt
(ti) ·∆t ✭✶✳✺✮

❖r❛✐♥✱ ❡❦✉❛③✐♦ ❞✐❢❡r❡♥t③✐❛❧❛r❡♥ ❜✐❞❡③ ❜❡st❡ ❡❦✉❛③✐♦ ❜❛t ❧♦rt✉ ❞✉❣✉✱ ③❡✐♥❛ ti+1 ✉♥❡❦♦
❛❜✐❛❞✉r❛ ❦❛❧❦✉❧❛t③❡❦♦ ❡r❛❜✐❧ ❜❛✐t❡③❛❦❡❣✉ ❛✉rr❡❦♦ t ❡t❛ v✲r❡♥ ❜❛❧✐♦❛❦ ❡r❛❜✐❧✐③✳ ❊t❛ ❧♦rt✉t❛❦♦
❜❛❧✐♦❛❦✱ ti+1 ❡t❛ vi+1✱ ❡r❛❜✐❧ ❞✐t③❛❦❡❣✉ vi+2 ❦❛❧❦✉❧❛t③❡❦♦✱ ❡❧❦❛rr❡♥ s❡❣✐❞❛♥✳ ❍❛✉ ❞❛✿

❇❛❧✐♦ ❜❡rr✐❛ = ❜❛❧✐♦ ③❛❤❛rr❛ + ♠❛❧❞❛ × ✉rr❛ts❛r❡♥ ❧✉③❡r❛

▼❡t♦❞♦ ❤♦rr✐ ❊✉❧❡r❡♥ ♠❡t♦❞♦❛ ❞❡r✐t③♦❣✉✳

✶✳✷✳ ❛❞✐❜✐❞❡❛✳ ❆✉rr❡❦♦ ❛❞✐❜✐❞❡❛♥ ♦r❛✐♥ ✭✶✳✺✮ ❡❦✉❛③✐♦❛ ❡r❛❜✐❧✐❦♦ ❞✉❣✉ ❛❜✐❛❞✉r❛ ❦❛❧❦✉✲
❧❛t③❡❦♦✳ ❯rr❛ts❛r❡♥ ❧✉③❡r❛ ✷ s ✐③❛♥❣♦ ❞❛✳

❊❜❛③♣❡♥❛✳ ❍❛s✐❡r❛♥ t0 = 0 ❤❛rt✉❦♦ ❞✉❣✉❀ ♦r❞✉❛♥✱ ❥❛✉③✐❧❛r✐❛r❡♥ ❛❜✐❛❞✉r❛ ✵ ❞❛✳ ❆✉rr❡❦♦
❛❞✐❜✐❞❡❦♦ ♣❛r❛♠❡tr♦❡♥ ❜❛❧✐♦❛❦ ❡r❛❜✐❧✐③✱ t1 = 2 s ✉♥❡❛♥ ❛❜✐❛❞✉r❛ ❦❛❧❦✉❧❛t✉❦♦ ❞✉❣✉✿

v = 0 +
[

9.81−
0.25

68.1
02

]

× 2 = 19.62 ♠✴s

❍✉rr❡♥❣♦ t❛rt❡r❛❦♦ ✭t = 2✲t✐❦ t = 4✲r❛✮✱ ❦❛❧❦✉❧✉❛❦ ❡rr❡♣✐❦❛t✉ ❡t❛ ❤❛✉ ❧♦rt✉❦♦ ❞✉❣✉✿

v = 19.62 +
[

9.81−
0.25

68.1
19.622

]

× 2 = 36.4137 ♠✴s

✸



✹ ❊✳ ▼✐❥❛♥❣♦s ✭❖❈❲✲✷✵✶✹ ♣r♦✐❡❦t✉❛✮

❑❛❧❦✉❧✉❛③ ❤♦rr❡❧❛ ❥❛rr❛✐t✉③✱ t❛✉❧❛ ❤❛✉ ❧♦rt✉❦♦ ❞✉❣✉✿

t ✭s✮ v ✭♠✴s✮
✵ ✵
✷ ✶✾✳✻✷✵✵
✹ ✸✻✳✹✶✸✼
✻ ✹✻✳✷✾✽✸
✽ ✺✵✳✶✽✵✷
✶✵ ✺✶✳✸✶✷✸
✶✷ ✺✵✳✻✵✵✽
∞ ✺✶✳✻✾✸✽

✶✳✷✳ ✐r✉❞✐❛✳ ❩❡♥❜❛❦✐③❦♦ s♦❧✉③✐♦❛ ❡t❛ s♦❧✉③✐♦ ❛♥❛❧✐t✐❦♦❛✳

✹


