Duality. Solutions

1. The dual models to the given linear problems.

1.1. max G =y + Tys + 10y3
subject to

Y1+ 2y2 +yz > 2

2y1 —2y2 +2y3 <3

oy +4ys +ys = —4

y1,y3 > 0, 1ys : unrestricted

1.3. min G = 12y; — 8ys + 10y3
subject to

2y1 — Yo+ 3y3 < 2

Y1+ 5y2 +4ys > 2

2y1 — 2y, — 6y > 5

yy - unrestricted, yo < 0,93 >0

1.5. max G = —6y; + 6y2 + 10y3
subject to

4y1 + yo + Sy > 4

—2y1+y2+2y; > 1

31+ Y2 —ys < —1

Y1+Y2—ys <2

y1 < 0,ys @ unrestricted, y3 > 0

1.2, max G = —Ty; + 12y, + 5y3

subject to
Ay +2y2 + 2y < 1
=1 —4y2 +8yz < 3
2y1 +4y; <1
Y1 < 0,2,43 20

1.4. min G = —4y; + 2ys + 6ys
subject to

Y1 — Y2 +4ys > 1

Y1+ 6y —ys > 1

21 + 2y +ys =5

y1 > 0,92 <0,ys : unrestricted

1.6. min G = 14y, — 6ys + 10y3 + 3y,
subject to

2 —yp +Ays +ys > 1

—4y1 4 8yz 4 6ys + 9y < 4

y1,y3 > 0,2 < 0,5, : unrestricted

OpenCourseWare, UPV/EHU, Operations Research. Linear Programming



2. Graphical solutions for the given models and the associated dual models.

12« _ 104
-

2.1 Unique optimal solution, x} = %, xy ==, 2=

T
2$1+J}2:4 LL‘1+4IL'2:8
max G = 4y, + 8ys
subject to
21ty <4
y1+4y2 <6
Y1,92 =2 0
The dual model has a unique optimal solution, y; = %, Y5
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2.2 Unique optimal solution, z7 =1, x5 =1, z* = 10.

T2

%_ 10z + 1235 = 22

max4>\ | IT

min G = 22y; + 8y»
subject to

10y; + 2y, > 4

12y + 6y, > 6

Y1,92 > 0

The dual model has a unique optimal solution, y; = %, Y

12@/1 + 6y2 =6
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2.3 Multiple optimal solutions; the two extreme points

9 15

* * * *
r7=0, z5=3 and 2]=- T2 =

4’

and the infinite points lying on the segment line. z* = 18 for all of them.

X2

>\ —x1 +319=9

l'1+$2:6

" omax

\l = x}\ -

min G = 9y1 -+ 6y2

subject to
—Y1+ Y2 > —2
3y1+y2 > 6
Y1,y2 2 0

The dual model has a unique optimal solution, y; =2, y; =0, G* = 18.

"\
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2.4 The problem is unbounded.

—4$1 + 2.]72 =2/

min G = 2y, — 4y
subject to

—dy1 +y2 = 3

2y — 2y2 > 2

y1 < 0,52 20

The dual problem is infeasible.

Y2

201 — 2y = 2

AN

—dyp +y2 =3

n
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3. The solution to the linear models applying the dual simplex algorithm.

3.1 A unique optimal solution.

3.3 Multiple optimal solutions, z* = —30.

3.4 The problem is infeasible.

3.5 The problem is infeasible.

3.6 A unique optimal solution.

3.8 The problem is unbounded.

3.9 The problem is unbounded.
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4 41 The dual model:

min G = 2y; + 3y + 3y3 + 2y4

subject to
Y1+ 2y2 + 2ys + 4y, > 10
21+ Y2 +2ys +ys > 6
Y1,Y2,Y3,Ys = 0

4.2 The optimal solution to the dual model obtained applying the dual simplex
algorithm:
yi=2, =0, y3=0, y; =2, G =8

4.3 The optimal solution to the primal problem extracted directly from the optimal
tableau computed for the dual problem:

6
r] == .CESZ?, 2 =8.

5. 5.1 The dual model:

max G = 20y; + 16ys + 18y5 + 21y,
subject to

4y + 6y9 + 4ys + 4y, < 30

21 + 4yo + 2y3 + 4y, < 28

Y1,Y2, Y3, ya = 0

5.2 The optimal solution to the dual model obtained applying the simplex algo-

rithm: 13 313
=1, y5=0, y3=0, yy=—, G'=—.
Y1 Yo Y3 » Yy 9 9
5.3 The optimal solution to the primal problem extracted directly from the optimal
tableau computed for the dual problem:

19
.lez,
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6. 6.1 (a) The optimal solution to the model:

$1:§» x2:§, r3=0, 2"=—.

(b) The optimal solution to the dual model is yj = 55, v5 = i, G* = %
The dual model:

min G = 90y; + 60y-
subject to

15y; + 15y, > 6

25y1 + OY2 > 5

30y + 16y, > 4

Y1,y2 > 0

(c) The interpretation of the shadow price associated with the resource b;.

A 91 A 31
b= ., xp=Bl'p= Zig >0
60 29

y; is the shadow price associated with the resource b;. If the resource b,

increases from 90 units to 91 units, b= +yi = % + % = % holds, and
the new optimal solution:

The interpretation of the shadow price associated with the resource bs.

A 90 A 29
b= ., Xxg=Bl'p= 2"1’2 > 0.
61 =

y5 is the shadow price associated with the resource by. If the resource by

increases from 60 units to 61 units, b=, +y5 = % + }L = % holds, and
the new optimal solution:
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6.2 (a) The optimal solution to the model:
] =12, a5=0, 25=0, 2"=24

(b) The optimal solution to the dual model is yi = 2, y5 =0, G*=24. The
dual model:

min G = 12y; + 8ys
subject to

y1+4ys > 2

2y1 +2y2 > 1

dy; > —1

120,52 <0

(c¢) The interpretation of the shadow price associated with the resource b;.

13 LA 44
y XB = B™ b= > 0.
8 13

A
b:

y; is the shadow price associated with the resource b;. If the resource b,

increases from 12 units to 13 units, o + y; = 24 4+ 2 = 26 holds, and
the new optimal solution:

x; =13, x5=0, a5;=0.

The interpretation of the shadow price associated with the resource bs.

12 o [
y XB = B b= > 0.
7 12

A
b:

y5 is the shadow price associated with the resource by. If the resource by

decreases from 8 units to 7 units, E— Y5 = 24 — 0 = 24 holds, and the
new optimal solution:
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