
The Simplex Method. Solutions
1. The following are the maximization standard forms of the models:

1.1

max z = 2x1 + 4x2 − 4x�

3
+ 4x��

3
+ 0x4 + 0x5

subject to
3x1 + 2x2 + 4x�

3
− 4x��

3
− x4 = 1

4x1 − 3x2 = 2

2x1 + x2 + 6x�

3
− 6x��

3
+ x5 = 3

x1, x2, x
�

3
, x��

3
, x4, x5 ≥ 0, x3 = x�

3
− x��

3

1.2

max (−z) = −2x1 + 3x2 − x3 + 0x4 + 0x5

subject to
x1 − 5x2 + 6x3 − x4 = 8

−x1 + 4x2 − x5 = 12

2x1 − x2 + 4x3 = 5

x1, x2, x3, x4, x5 ≥ 0

1.3

max (−z) = 2x�

1
− 2x2 + 4x3 + 0x4 + 0x5

subject to
−2x�

1
+ 2x2 + 2x3 = 10

−2x�

1
− 6x2 + x3 − x4 = 10

x�

1
+ 3x2 − x5 = 3

x�

1
, x2, x3, x4, x5 ≥ 0, x�

1
= −x1

1.4

max z = −3x�

1
− 7x2 + 5x�

3
− 5x��

3
+ 0x4 + 0x5

subject to
−x2 + x�

3
− x��

3
− x4 = 9

x�

1
− 2x�

3
+ 2x��

3
− x5 = 5

−4x�

1
− x2 = 6

x�

1
, x2, x

�

3
, x��

3
, x4, x5 ≥ 0

x�

1
= −x1, x3 = x�

3
− x��

3
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2. Basic solutions and their corresponding extreme points in the graphical representation.

x1

x2

A

B

CO

−x1 + x2 = 4 2x1 + 5x2 = 20

2x1 − x2 = 2

There are 10 basic solutions.

• B = (a1 a2 a3),xB =











5

2

3

7

2











≥ 0, x1 =
5

2
, x2 = 3 → B

• B = (a1 a2 a4),xB =











6

10

−42











�≥ 0, x1 = 6, x2 = 10

• B = (a1 a2 a5),xB =











0

4

6











≥ 0, x1 = 0, x2 = 4 → A (degenerate)

• B = (a1 a3 a4),xB =











1

5

18











≥ 0, x1 = 1, x2 = 0 → C

• B = (a1 a3 a5),xB =











10

14

−18











�≥ 0, x1 = 10, x2 = 0
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• B = (a1 a4 a5),xB =











−4

28

10











�≥ 0, x1 = −4, x2 = 0

• B = (a2 a3 a4),xB =











−2

6

30











�≥ 0, x1 = 0, x2 = −2

• B = (a2 a3 a5),xB =











4

0

6











≥ 0, x1 = 0, x2 = 4 → A (degenerate)

• B = (a2 a4 a5),xB =











4

0

6











≥ 0, x1 = 0, x2 = 4 → A (degenerate)

• B = (a3 a4 a5),xB =











4

20

2











≥ 0, x1 = 0, x2 = 0 → O

3. The optimal solution: x∗

1
= 1, x∗

2
= 1, x∗

3
= 0, z∗ = 7.

4. z4 − c4 = 1, z5 − c5 = 2 and z6 − c6 = 1 are positive, and thus, it is proved that the basic
solution that corresponds to the basis B = (a1 a2 a3) is optimal. The optimal solution:
x∗

1
= 1, x∗

2
= 3, x∗

3
= 1, z∗ = 13.

5. Verify the correctness of the two columns and compute the missing values.

5.1 Vector y1 =











2

2

1











is not correct, because y1 = B−1a1 does not hold.

y1 = B−1a1 =











1 −2 0

0 1

2
0

0 −1 1





















3

1

2











=











1

1

2

1











OpenCourseWare, UPV/EHU, Operations Research. Linear Programming 3



5.2 Vector y5 =











−2

1

2

−1











is correct, because y5 = B−1a5 holds.

y5 = B−1a5 =











1 −2 0

0 1

2
0

0 −1 1





















0

1

0











=











−2

1

2

−1











5.3 The missing values:

y3 =











4

1

2

2











, z3 − c3 = −1, xB =











2

2

4











, z = 8.

6. The solution to the linear models and the identification of the extreme points in the graph-
ical representation.

6.1 The optimal solution is unique, x∗

1
= 18

5
, x∗

2
= 4

5
.

• B = (a3 a4), xB =





2

12



 , x1 = 0, x2 = 0 → A

• B = (a1 a4), xB =





2

4



 , x1 = 2, x2 = 0 → B

• B = (a1 a2), xB =





18

5

4

5



 , x∗

1
= 18

5
, x∗

2
= 4

5
→ C

x1

x2

A B

C

x1 − 2x2 = 2

4x1 − 3x2 = 12

max
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6.2 The optimal solution is unique and degenerate, x∗

1
= 6, x∗

2
= 0, z∗ = 6.

• B = (aw1 a4 a5), xB =











6

6

6











• B = (a2 a4 a5), xB =











1

3

4











, x1 = 0, x2 = 1 → A

• B = (a1 a4 a5), xB =











6

18

0











, x1 = 6, x2 = 0 → B

• B = (a1 a4 a3), xB =











6

18

0











, x∗

1
= 6, x∗

2
= 0 → B

x1

x2

A

B

x1 + 6x2 = 6

2x1 − 3x2 = −6
x1 + 2x2 = 6

max
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6.3 There are multiple optimal solutions, z∗ = 12.

• B = (a3 a4 a5), xB =











4

6

2











, x1 = 0, x2 = 0 → A

• B = (a3 a4 a1), xB =











8

2

2











, x1 = 2, x2 = 0 → B

• B = (a3 a2 a1), xB =











10

1

3

10

3











, x∗

1
= 10

3
, x∗

2
= 1

3
→ C

x1

x2

A

B

C

−2x1 + 2x2 = 4

2x1 − 2x2 = 6

−x1 + 4x2 = −2

max
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6.4 There are multiple optimal solutions, z∗ = 5.

• B = (a3 aw1 a5), xB =











5

2

4











• B = (a3 a2 a5), xB =











1

2

6











, x1 = 0, x2 = 2 → A

• B = (a4 a2 a5), xB =











1

2

5

2

13

2











, x∗

1
= 0, x∗

2
= 5

2
→ B

• B = (a4 a2 a1), xB =











8

3

1

3

13

3











, x∗

1
= 13

3
, x∗

2
= 1

3
→ C

x1

x2

A

B

C

x1 + 2x2 = 5

x1 + x2 = 2
x1 − x2 = 4

max
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6.5 There are multiple optimal solutions, z∗ = 6.

• B = (a3 a4 a5), xB =











2

6

5











, x1 = 0, x2 = 0 → A

• B = (a1 a4 a5), xB =











2

2

3











, x1 = 2, x2 = 0 → B

• B = (a1 a2 a5), xB =











5

2

1

2

3

2











, x∗

1
= 5

2
, x∗

2
= 1

2
→ C

• B = (a1 a2 a3), xB =











1

2

3











, x∗

1
= 1, x∗

2
= 2 → D

x1

x2

A B

C

D
x1 − x2 = 2

2x1 + 2x2 = 6

x1 + 2x2 = 5

max
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6.6 The solution is unbounded.

• B = (aw1 aw2), xB =





3

2





• B = (aw1 a1), xB =





1

2





• B = (a2 a1), xB =





1

6

5

2



 , x1 =
5

2
, x2 =

1

6

x1

x2

x1 + 3x2 = 3

x1 − 3x2 = 2

max
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6.7 The solution is unbounded.

• B = (a3 a4 a5), xB =











4

3

2











, x1 = 0, x2 = 0 → A

• B = (a3 a2 a5), xB =











1

3

8











, x1 = 0, x2 = 3 → B

• B = (a1 a2 a5), xB =











1

2

9

2

21

2











, x1 =
1

2
, x2 =

9

2
→ C

x1

x2

x1 − x2 = −4

3x1 − x2 = −3

x1 − 2x2 = 2

A

B

C

max
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6.8 The problem is infeasible.

• B = (a3 aw1 a5), xB =











4

6

2











• B = (a3 aw1 a2), xB =











16

3

16

3

2

3











• B = (a3 aw1 a1), xB =











3

5

1











x1

x2

x1 − 2x2 = 4

x1 + x2 = 6

2x1 + 3x2 = 2
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7. The solution to the linear models.

7.1 A unique optimal solution, x∗

1
= 0, x∗

2
= 8, x∗

3
= 0, z∗ = 16.

7.2 A unique optimal solution, x∗

1
= −1, x∗

2
= 7, x∗

3
= 0, z∗ = −12.

7.3 A unique optimal solution, x∗

1
= 5, x∗

2
= 6, x∗

3
= 0, z∗ = −13.

7.4 Multiple optimal solutions, z∗ = 24.

7.5 Multiple optimal solutions, z∗ = −73.

7.6 The problem is infeasible.

7.7 Unbounded solution.

7.8 The problem is infeasible.
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