Duality. Exercises

1. Write the dual models of the following linear problems:

1.1. min z = 2r1 + 3x9 — 43
subject to

T1+ 225+ 523> 1

201 — 2x9 + 43 =7

r1 4+ 229 + 23 > 10

r1 < 0,29 > 0, x5 : unrestricted

1.3. max z =2x1 + 229 + dx3 1.4.

subject to
201 + 19 + 223 = 12
—21 + 51y — 223 > —8
3x1 + 4x9 — 623 < 10

1 < 0,729,723 >0

1.5, min z =4z, + 29 — 23+ 224
subject to

dxy — 229 4+ 323+ 14 < —6

r1 +x9 +23 +24 = 6

5r1 + 219 — x3 — x4 > 10

T1,To S 0,1'37374 Z 0

1.2, min z =21 4+ 3z + 73
subject to

41 — 29 + 2005 < =T

211 — 4wy > 12

201 + 8xy +4x3 > 5

x1, 29,13 > 0

max z = x1 + r9 + dxs

subject to
1+ 1o+ 223 < —4
—21 + 629 4+ 2253 > 2
dry — 19+ 23 =0

1,9 > 0,3 : unrestricted

1.6. max z = z; + 4x,
subject to

201 — 4wy < 14

—x1 4+ 89 > —6

4y + 629 < 10

Ty + 929 =3

21 20,20 <0

OpenCourseWare, UPV/EHU, Operations Research. Linear Programming



2. Consider the following linear models. Write the corresponding dual models, and
solve both of them using the graphical solution. What type of solution do they
have? A unique solution, multiple solutions, the problem is unbounded or the
problem is infeasible.

2.1. min z = 4x; + 625 2.2. max z =4z + 629
subject to subject to
201+ 22 > 4 1027 + 1229 < 22
1 +4x9 > 8 2r1 + 69 <8
T1,29 >0 T1,29 > 0
2.3. max z = —2x1 + 6x, 2.4. max z = —3x1 + 229
subject to subject to
—r1+3192 <9 —4x1 4 229 > 2
1+ 22 <6 T — 209 < —4
T, >0 T1,r9 >0

3. Solve the following linear models applying the dual simplex algorithm.

3.1.max z = —2x7 — 4x9 — 313 3.2.min z = 221 + 29 + 323 + 224
subject to subject to
201 + x0 4+ 223 > 8 201 + 2x9 + 223 + 2204 > 22
4r1 + 229 + 2253 > 10 dx1 + dxo + 23 + 4y < 20
6x1 + x9 + 43 > 12 21 +8x9 + 223+ x4 > 15
1, T, T3 > 0 1, %2, T3, T4 > 0
3.3.max z = —2x7 — 3Ty — T3 — T4 3.4. max z = —6x7 — 4xy — dx3 — 41y
subject to subject to
T1+ To + 323+ x4 < 40 2x1 + 4xy + 225 + Sy < 10
211 + 319 + 23+ 24 > 30 1+ 229 + x4 > 25
211 + x3 <25 T1,To, 23,24 > 0

X1,T2,T3,T4 Z 0
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3.9.max z = —2x1] — Ty — 2T3 — T4
subject to

6x1 + 229 + 623 + 314 < 12

201 + 9 + 223+ 224 > 12

Ty + 229 + 623 + 44 > 14

X1,T2,T3,T4 2 0

3.7. max z = 3x1 — 2x9 + 223 + x4
subject to

3x1 + 629 4+ 33 + 224 < 36

1+ 229+ 323+ 24 > 14

T, + o + x3 + 224 > 10

L1, T2,T3, T4 Z 0

3.9.max z =4x; — 229 + 3x3 — 324
subject to

6x1 — 622 + 923 + 314 > 28

3T + Ty + x3 — 314 > 22

X1,T2,T3,T4 Z 0

3.6. max z = —3xy + 4xo + 2x3 + H1y
subject to

41 + 229 + 43 + 3wy < 48

—x1 + 2w — 13 + 274 > 8

200 — o+ 13+ 24 > 6

X1,T2,T3,T4 Z 0

3.8. max z = 6x1 + dxy + dx3
subject to

—T1 + 19 + 223 > 40

2rx1 — 219 — 13 > 30

T1,22,T3 2 0

4. Consider the following linear model:

max z = 10z + 625
subject to

T+ 219 < 2

201+ 19 < 3

201 + 229 < 3

Aoy + a9 < 2

x1,22 >0

4.1 Write the corresponding dual model.

4.2 Solve the dual model applying the most appropriate algorithm: the simplex
algorithm or the dual simplex algorithm.

4.3 Extract the optimal solution to the primal problem directly from the optimal
tableau computed for the dual problem.
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5. Consider the following linear model:

min z = 30x; + 28z,
subject to

4r1 + 225 > 20

6x1 + 4z9 > 16

4y + 219 > 18

dri + 4xy > 21

1,22 >0

5.1 Write the corresponding dual model.

5.2 Solve the dual model applying the most appropriate algorithm: the simplex
algorithm or the dual simplex algorithm.

5.3 Extract the optimal solution to the primal problem directly from the optimal
tableau computed for the dual problem.

6. Consider the following linear models and their corresponding optimal tableau:

6.1 The model that follows has been solved using the simplex algorithm.

max z = 6x1 + dxy + 4x3 T1 Ty T3 T4 Ts
subject to 0 0 % % i %
1521 + 2529 + 3023 < 90 as| 0 1 % % _2% %
1521 + 5x9 + 1523 < 60 a;| 1 0 % —% é %

x1, 22,3 > 0

6.2 The model that follows has been solved using the simplex algorithm, after adding to
the model an artificial variable and penalizing the objective function.

max z = 2x1 + T2 — 3 Ty Ty T3 Ty Ty Wi
subject to 0 3 92 0 M|24
1 4 229 + 4wy < 12 as| 0 6 16| 4 1 —1140
4xy 4 214 > 8 a| 1 2 41 0 0]12

T1,22,T3 2 0

For each of them, answer the following questions:

(a) Extract the optimal solution to the problem from the optimal tableau.

(b) Write the corresponding dual problem, and extract the optimal solution to the dual
problem from the optimal tableau computed for the primal problem.

(c) Interpret the shadow prices.
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