4. SENSITIVITY ANALYSIS
1. The original problem and the optimal tableau
2. Example
3. Change in vector b
4. Change in vector c
5. Change in a nonbasic vector a;
6. The addition of a new variable

7. The addition of a new constraint
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1. The original problem and the optimal

tableau

e T he problem with slack variables

max z = c'x 4+ 07x,

subject to
Ax+ Ix;,=Db
X,Xg > 0

e T he optimal tableau

Original variables Slack variables

r1 ... In I+l -+ Tn4+m
cEB71A — ¢! ctB™1 z = ckxp
B B 1A B! xp =B 1b

The optimal tableau is primal feasible, because xp > 0.
It is also dual feasible, because z; — c¢; > 0 for any j.

The sensitivity analysis is based on the use of the op-

timal tableau.
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2. Example

A production problem.

Products Resource
Resources | A B (' | availability

1 4 2 3 40
2 2 2 1 30
Benefit 3 2 1

Let 1, o and z3 be the number of units of product
A, B and C to be produced.

maX z = 3x1 + 22> + 3 + Oxa + Oxs

subject to
dx1 + 22> + 323 x4 = 40
2:231 —|— 2562 —I— r3 —|—£IZ5 = 30
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3. Change in vector b

Model 1
max z = c'x
subject to

Ax <b

x>0

Model 2
max z = c’'x
subject to

Ax < b

x>0

2

Optimal tableau for Model 1

j—CBB a; — CjZ:CEXB Zj —
(AN |
\ |

e

B| B 1A B!
|
!
XB = B-1b

Initial tableau for Model 2

¢; =cEB la; — ¢jz= ch X5
\ i
\ |
B| B 1A B!
|
A ¢ A
Xp= B-1 b

Two cases:

* Case 1. If >A<Bz 0, B remains optimal and the

initial tableau for Model 2 is optimal.

The optimal

solution: >A<B. The optimal objective value: Q.

* Case 2. If QBE 0, the tableau is not primal fea-
sible. The dual simplex algorithm will be applied
to restore feasibility, starting at the initial tableau

for Model 2.
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4. Change in vector c

Model 1

max z = clx

subject to
Ax <b
x>0

Model 2

AT
MaX z = C X

subject to
Ax <b
x>0

Optimal tableau for Model 1

Initial tableau for Model 2

T T
i — Cj = ch_laj — CR — CEXB ,/Z\j — /(\:j:éB B_laj— /C\j ,/Z\ZéB XB
(N i N N
\ | ) -l
 ——
B| B1A] B! B | B 'A| B!
| |
¢ ¢ ; |
CB Xp = B~ 1b Cp xp = B~ b
Two cases:

* Case 1. If ,@j — éjz O for any j, B remains opti-
mal. The initial tableau for Model 2 is optimal; xp
remains optimal and the optimal objective value

oA AT

Case 2. If there exists any ; — ¢;< 0, the tableau
is not dual feasible. The simplex algorithm will be
applied to restore feasibility, starting at the initial

tableau for Model 2.
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5. Change in a nonbasic vector a;

Model 1 Model 2
max z = cI'x max z = cI'x
subject to subject to
A
aiz1+ -+ axj+ -+ aw, <b aiz1+ -+ ax;+ -+ ax, <b
xla”'amnzo xl?"'axnzo
Optimal tableau for Model 1 Initial tableau for Model 2
A A
7 — ¢ =cpBla; —¢; zj —cj = cpB™h a; —¢
T zZ = CEXB T zZ = CEXB
| | \ |
B B! - B B!
¢ ¢ N |
. — R-1,. — Rp-1 — B—l . — Pp-1
y; = B ta; xg =B 'b Y= a;, xgp = b

Two cases:

* Case 1. If ,@j —c; > 0, the tableau remains dual
feasible, and the solution xg and the objective
value z remain optimal.

* Case 2. If Qj —c; < 0, the tableau is no longer
optimal since it is not dual feasible. The sim-
plex algorithm will be applied to restore feasibility,
starting at the initial tableau for Model 2.
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6. The addition of a new variable

Model 1 Model 2
max z =cix1 + -+ + chxn max z =ci1z1 + -+ + ch®Tn + Cpt1Tn41
subject to subject to
airy1+---+ax, <b airy + -+ anTn + ap41Tpr1 < b
1, -, xn >0 T1, ", Tn, Tpt1 > 0
The optimal tableau for Model 1 The initial tableau for Model 2

o — AP -1, .
Zj cj—cBB a; —cj

_ Tp-1
Znt+1 — Cnt1 = cgB a1 — ¢y

T z = ckxp T z = ckxp
i )
| |
B B! —= | B B!

| | o

- —1 J— —
xp=B"b Yn+1 = B la,7f — B~

Two cases:

* Case 1. If the new z,41 — c,+1 > 0, the intro-
duction of a new variable z,+; to the model does
not affect the optimal solution, since the initial
tableau for the augmented model is dual feasible.
The solution xp and the objective value z remain

optimal.

* Case 2. If the new z,4+1 — ¢,41 < 0, the initial
tableau for the augmented model is not optimal
since it is not dual feasible. The simplex algorithm
will be applied to find the new optimal solution.
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7. The addition of a new constraint

Model 1 Model 2
max z =ci1x1 + --- + chxn max z =ci1x1 + -+ + chxn
subject to subject to
aiixy + -+ aipzy, < b1 a11x1 + -+ apxn < b1
Am1T1 + s + AmnTn S bm aAm1T1 + s + AmnLn S bm
1, -, 2n >0 Am41,1T1 + * + Q1 0Tn < by
x1, - ,xn >0
Optimal tableau for Model 1 Initial tableau for Model 2
Basic variables Identity matrix ,
\ s
Basic **10 T — **1\ 9.*’*8
vectors ;k-:
k0 -4-1 % = ® k0 |1 %0
/aj***--*O-OI *
New /
constraint Slack variable
of the new constraint
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* 0k k] 0 * 0 * | 0*0

% % % 0 ..1. : *® K 0.1 .1 .

U B B P Ajlx x 0. /.0« 1| *
TwoO cases:

* Case 1. If the initial tableau for the augmented
model is primal feasible, then the tableau is op-
timal. The current optimal solution satisfies the
new constraint.

* Case 2. If the initial tableau for the augmented
model is not primal feasible, then the dual sim-
plex algorithm will be applied to find the optimal
solution to Model 2.
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