
Chapter 4

Sensitivity analysis

The sensitivity analysis is performed after a given linear problem has been solved,
with the aim of studying how changes to the problem affect the optimal solution.
In particular, the following discrete changes to the problem are considered: a
change in the cost coefficients vector c, a change in the right-hand-side vector b
and a change in the constraint matrix A. The addition of a new variable to the
model, and the addition of a new constraint are also analyzed.

The sensitivity analysis takes advantage of the calculations performed in solv-
ing the original problem, because the analysis starts at the current optimal tableau.

The analysis of discrete changes can be extended to study the effect that con-
tinuous changes have on the optimal solution. This kind of analysis is called
parametric analysis.

4.1 The original problem and the optimal tableau

In this chapter we examine the sensitivity analysis for each one of the discrete
changes mentioned in the introduction; the effect of two or more simultaneous
changes can also be analyzed with the method discussed here.

Let us consider the following linear model:

max z = cTx

subject to
Ax ≤ b

x ≥ 0
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130 Chapter 4. Sensitivity analysis

Assuming that all components of vector b are greater than or equal to zero,
the standard form of the model is obtained by adding a slack variable to each of
the constraints.

max z = cTx+ 0Txs

subject to
Ax+ Ixs = b

x,xs ≥ 0

As we have seen in previous chapters, if the canonical basis is chosen to be
the initial basis, then all the computations needed to construct the initial tableau
are directly obtained from the linear model. In the linear model stated above, the
initial canonical basis consists of slack variables.

The inverse basis matrix B−1 can be extracted from the simplex tableau as fol-
lows: it is the submatrix in rows 1 through m under the original identity columns.
This fact is specially important in the application of the sensitivity analysis, be-
cause there is no need to compute B−1, which is always in the optimal tableau.

• The initial tableau.

Original variables Slack variables

x1 . . . xn xn+1 . . . xn+m

−c
T

0 0

B A I b

• The optimal tableau.
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4.2. Example 131

Original variables Slack variables

x1 . . . xn xn+1 . . . xn+m

cTBB
−1A− cT cTBB

−1 z = cTBxB

B B−1A B−1 xB = B−1b

The optimal tableau for a linear model is primal feasible, because xB ≥ 0. It
is also dual feasible, because zj − cj ≥ 0 for any j. As we have just said, the
sensitivity analysis is based on the use of the optimal tableau. If we look at it, we
can see that the effect of each of the discrete changes analyzed by the sensitivity
analysis will occur in a specific part of the tableau. For instance, a change in the
right-hand-side vector b affects the xB , which will have to be updated with the
consequence that the primal feasibility may be violated. Similarly, the effect of
a change in the cost coefficients vector c will occur on row zero of the tableau,
and consequently the dual feasibility may be violated. In the case that either
the primal or the dual feasibility are violated, the dual simplex algorithm or the
simplex algorithm will be used to find the new optimal solution.

4.2 Example

We introduce a production problem and refer back to it along the chapter, to inter-
pret the effect of each one of the discrete changes analyzed.

An enterprise uses resources 1 and 2 in the production of products A, B and
C. The necessary amount of resource 1 and 2 in the production of a unit of each
type of product, the amount of resource available and the benefit obtained from
the production of a unit of each type of product are given in Table 4.1.

The following linear model is formulated to maximize the benefit obtained
from the production. The necessary slack variables have been introduced to obtain
the maximization standard form of the model.

max z = 3x1 + 2x2 + x3 + 0x4 + 0x5

subject to
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132 Chapter 4. Sensitivity analysis

Products Resource

Resources A B C availability

1 4 2 3 40

2 2 2 1 30

Benefit 3 2 1

Table 4.1: Resources and benefit

4x1 + 2x2 + 3x3 +x4 = 40

2x1 + 2x2 + x3 +x5 = 30

x1, . . . , x5 ≥ 0

Let x1, x2 and x3 be the number of units of product A, B and C to be produced.
The associated optimal tableau is:

x1 x2 x3 x4 x5

0 0 1 1

2

1

2
35

a1 1 0 1 1

2
−1

2
5

a2 0 1 −1

2
−1

2
1 10

The optimal solution is x∗

1 = 5, x∗

2 = 10 and x∗

3 = 0, and the maximum
benefit z∗ = 35. This maximum benefit is obtained by producing 5 units of prod-
uct A and 10 units of product B, thus, using up all the available resource units in
the production of A and B. �

4.3 Change in vector b
Given a linear model and its optimal tableau, let us suppose that the right-hand-

side vector changes from b to
∧

b. Therefore, we have the original model (Model
1) and a perturbation of it (Model 2).
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4.3. Change in vector b 133

Model 1 Model 2

max z = cTx max z = cTx

subject to subject to

Ax ≤ b Ax ≤
∧

b

x ≥ 0 x ≥ 0

Given that b is not used to calculate the reduced cost coefficients of row zero,
changes in b leave row zero unaffected. However, the last column of the tableau
changes (see the shaded column in Figure 4.1), and after updating it, the new
tableau may become primal infeasible.

BB B−1AB−1A B−1B−1

zj − cj = c
T
BB

−1
aj − cj z = c

T
BxB

xB = B
−1

b

∧

z= c
T
B

∧

xBzj − cj = c
T
BB

−1
aj − cj

∧

xB= B
−1

∧

b

Optimal tableau for Model 1 Initial tableau for Model 2

Figure 4.1: Changing vector b

The change in vector b affects the primal solution and the objective value,
which will have to be updated.

∧

xB= B−1
∧

b

∧

z= cTB
∧

xB

Once the last column of the tableau has been updated, we have the initial tableau
for Model 2. The following two cases can arise:

• Case 1. If
∧

xB≥ 0, the tableau is primal feasible, and thus, the current basis
B remains optimal. Therefore, the initial tableau for Model 2 is optimal,
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134 Chapter 4. Sensitivity analysis

and the optimal solution and the optimal objective value are
∧

xB and
∧

z, re-
spectively.

• Case 2. If
∧

xB≥/ 0, the tableau is not primal feasible. The dual simplex
algorithm will be applied to restore feasibility, starting at the initial tableau
for Model 2.

Example. Consider the production problem of Section 4.2 and its correspond-
ing optimal tableau. Let us analyze the following two changes in the right-hand-
side vector b.

First change. Let us suppose that vector bT = (40, 30) is replaced by
∧

b
T

=
(38, 36). Let us update the last column of the tableau.

∧

xB= B−1
∧

b=





1

2
−1

2

−1

2
1









38

36



 =





1

17



 ≥ 0.

∧

z= cTB
∧

xB= (3 , 2)





1

17



 = 37.

We find the following initial tableau for Model 2:

x1 x2 x3 x4 x5

0 0 1 1

2

1

2
37

a1 1 0 1 1

2
−1

2
1

a2 0 1 −1

2
−1

2
1 17

The primal feasibility is kept, and thus the basis B remains optimal. However,
the optimal solution and the optimal value have been updated: x∗

1 = 1, x∗

2 =
17, x∗

3 = 0, z∗ = 37. The fact that the optimal basis remains unchanged can be
interpreted in the following way: the production of A and B should continue, even
though they will be produced in different quantities.

Second change. Let us suppose that vector bT = (40, 30) is replaced by
∧

b
T

= (20, 60). Let us update the last column of the tableau.

∧

xB= B−1
∧

b=





1

2
−1

2

−1

2
1









20

60



 =





−20

50



 �≥ 0.
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4.4. Change in vector c 135

∧

z= cTB
∧

xB= (3 , 2)





−20

50



 = 40.

The tableau is not primal feasible, and thus, the initial tableau for Model 2 is not
optimal. We replace

∧

xB and
∧

z and apply the dual simplex algorithm to restore
feasibility.

x1 x2 x3 x4 x5

0 0 1 1

2

1

2
40

3 a1 1 0 1 1

2
−1

2
−20

2 a2 0 1 −1

2
−1

2
1 50 −2

1 0 2 1 0 20

0 a5 −2 0 −2 −1 1 40

2 a2 2 1 3

2

1

2
0 10

The optimal solution to Model 2 is x∗

1 = 0 , x∗

2 = 10, x∗

3 = 0, and the
optimal value z∗ = 20. Note that the primal feasibility loss has made the optimal
basis change. Now, the optimal solution indicates that the production of B should
continue (vector a2 remains in the optimal basis), but the change in vector b has
made product A unprofitable (vector a1 is no longer in the optimal basis). �

4.4 Change in vector c
Given a linear model and its optimal tableau, let us suppose the cost coefficients
vector c changes to

∧

c. Therefore, we have the original model (Model 1) and a
perturbation of it (Model 2).

Model 1 Model 2

max z = cTx max z =
∧

c
T

x

subject to subject to

Ax ≤ b Ax ≤ b

x ≥ 0 x ≥ 0
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136 Chapter 4. Sensitivity analysis

The change in vector c affects the reduced cost coefficients zj − cj of row zero
and the objective value z (see the shaded row in Figure 4.2). Therefore, we need
to update row zero in the optimal tableau for Model 1 to study the change. The
updating of row zero may result in a nonoptimal tableau (dual infeasible).

BB B
−1

A B
−1

A B
−1

B
−1

zj − cj = c
T
BB

−1
aj − cj z = c

T
BxB

cB
∧

cBxB = B
−1

b

∧

zj −
∧

cj=
∧

c
T

B B
−1

aj−
∧

cj

∧

z=
∧

c
T

B xB

xB = B
−1

b

Optimal tableau for Model 1 Initial tableau for Model 2

Figure 4.2: Change in vector c.

As a consequence of the change in vector c, we need to update the following:

∧

zj −
∧

cj=
∧

c
T

B B−1aj−
∧

cj=
∧

c
T

B yj−
∧

cj .

∧

z=
∧

c
T

B xB.

Once
∧

zj −
∧

cj and
∧

z are computed, they are replaced in the tableau and we find the
initial tableau for Model 2. The following two cases can arise:

• Case 1. If
∧

zj −
∧

cj≥ 0 for any j, the tableau is dual feasible, and thus, the
current basis B remains optimal. Therefore, the initial tableau for Model

2 is optimal; xB remains optimal, and the optimal objective value is
∧

z=
∧

c
T

B

xB.

• Case 2. If there exists any
∧

zj −
∧

cj< 0, the current basis B is no longer
optimal since the tableau is not dual feasible. The simplex algorithm will
be applied to restore feasibility, starting at the initial tableau for Model 2.
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4.4. Change in vector c 137

Example. To illustrate the preceding ideas, consider the production problem
of Section 4.2 and its corresponding optimal tableau. Let us analyze the following
two changes in the cost vector c.

First change. Let us suppose that cost vector cT = (3, 2, 1) is replaced by
∧

c
T

= (4, 3, 1). We compute the new reduced cost coefficients
∧

zj −
∧

cj proceeding
like this:

∧

z1 −
∧

c1= (4, 3)





1

0



− 4 = 0.

∧

z2 −
∧

c2= (4, 3)





0

1



− 3 = 0.

∧

z3 −
∧

c3= (4, 3)





1

−1

2



− 1 =
3

2
.

∧

z4 −
∧

c4= (4, 3)





1

2

−1

2



− 0 =
1

2
.

∧

z5 −
∧

c5= (4, 3)





−1

2

1



− 0 = 1.

Let us update row zero in the tableau to obtain the initial tableau for Model 2.

x1 x2 x3 x4 x5

0 0 3

2

1

2
1 50

4 a1 1 0 1 1

2
−1

2
5

3 a2 0 1 −1

2
−1

2
1 10

Since
∧

zj −
∧

cj≥ 0 holds for any j, the tableau is dual feasible, and thus, the
basis B remains optimal. Therefore, the optimal solution remains unchanged:
x∗

1 = 5, x∗

2 = 10, x∗

3 = 0. The optimal objective value, however, does change:
z∗ = 50. Thus, the sensitivity analysis shows that the firm should still manufacture
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138 Chapter 4. Sensitivity analysis

5 units of product A and 10 units of B. This is the case because the optimal basis
remains unchanged.

Second change. Let us suppose that cost vector cT = (3, 2, 1) is replaced

by
∧

c
T

= (1, 1, 1). We compute the new reduced cost coefficients
∧

zj −
∧

cj , and
update row zero in the tableau to find the initial tableau for Model 2.

x1 x2 x3 x4 x5

0 0 −1

2
0 1

2
15

1 a1 1 0 1 1

2
−1

2
5

1 a2 0 1 −1

2
−1

2
1 10

z3 − c3 is negative; the tableau is not dual feasible, and we have to apply the
simplex algorithm to restore feasibility.

x1 x2 x3 x4 x5

0 0 −1

2
0 1

2
15

1 a1 1 0 1 1

2
−1

2
5

1 a2 0 1 −1

2
−1

2
1 10 −1

2

1

2
0 0 1

4

1

4

35

2

1 a3 1 0 1 1

2
−1

2
5

1 a2
1

2
1 0 −1

4

3

4

25

2

The optimal solution is x∗

1 = 0 , x∗

2 =
25

2
, x∗

3 = 5, and the optimal objective
value z∗ = 35

2
. In this case, as the benefit obtained from the production of A

decreased substantially (from 3 to 1), A has become unprofitable and the firm
will stop producing it. Note that product C has become profitable, and thus the
resources that were previously used to produce A are now used to produce C. The
production level of B is similar before and after the change in the cost vector. �

4.5 Change in a nonbasic vector aj
We focus our sensitivity analysis on the change of a nonbasic vector aj . If the
column for a basic vector aj is changed, B and B−1 would also change, and
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4.5. Change in a nonbasic vector aj 139

hence, the entire tableau. If this is the case, it is usually recommended to solve the
problem from scratch, without performing the sensitivity analysis.

Given a linear model and its optimal tableau, let us suppose that the nonbasic
vector aj changes to

∧

aj . Therefore, we have the original model (Model 1) and a
perturbation of it (Model 2).

Model 1 Model 2

max z = cTx max z = cTx

subject to subject to

a1x1 + · · ·+ ajxj + · · ·+ anxn ≤ b a1x1 + · · ·+
∧

aj xj + · · ·+ anxn ≤ b

x1, · · · , xn ≥ 0 x1, · · · , xn ≥ 0

The change in the jth column of matrix A changes column yj and the jth re-
duced cost coefficient zj − cj in the tableau (see the shaded column in Figure 4.3).
Therefore, we need to update them in the optimal tableau for Model 1 to study the
change. The updating may result in a nonoptimal tableau (dual infeasible).

    

BB B−1B−1

zj − cj = cTBB
−1aj − cj
z = cTBxB

yj = B−1aj

∧

yj= B−1
∧

aj xB = B−1bxB = B−1b

∧

zj −cj = cTBB
−1

∧

aj −cj
z = cTBxB

Optimal tableau for Model 1 Initial tableau for Model 2

Figure 4.3: Change in vector aj �∈ B.

As a consequence of the change in vector aj , we need to update the following:

∧

yj= B−1
∧

aj .
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∧

zj −cj = cTBB
−1

∧

aj −cj = cTB
∧

yj −cj .

Once
∧

yj and
∧

zj −cj are calculated, they are replaced in the tableau and we find
the initial tableau for Model 2. The following two cases can arise:

• Case 1. If
∧

zj −cj ≥ 0, the tableau remains dual feasible, and the solution
xB and the objective value z remain optimal.

• Case 2. If
∧

zj −cj < 0, the tableau is no longer optimal since it is not
dual feasible. The simplex algorithm will be applied to restore feasibility,
starting at the initial tableau for Model 2.

Example. Consider the production problem of Section 4.2 and its correspond-
ing optimal tableau. Let us analyze the following two changes:

First change. The nonbasic vector a3 changes like this:

a3 =





3

1



 changes to:
∧

a3=





4

2





Therefore,

∧

y
3= B−1

∧

a3=





1

2
−1

2

−1

2
1









4

2



 =





1

0





∧

z3 −c3 = (3 , 2)





1

0



− 1 = 3− 1 = 2 > 0.

Note that the tableau remains dual feasible, and that both the basis and the initial
tableau for Model 2 are optimal.

x1 x2 x3 x4 x5

0 0 2 1

2

1

2
35

a1 1 0 1 1

2
−1

2
5

a2 0 1 0 −1

2
1 10
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The optimal solution is x∗

1 = 5 , x∗

2 = 10 , x∗

3 = 0 and the optimal objective value
is z∗ = 35. We can say that the change did not affect the production of products
A, B and C, and that they provide the same benefit to the firm as before: 35 units.

Second change. Consider the following change:

a3 =





3

1



 changes to:
∧

a3=





1

2

1





We compute the updated values,

∧

y
3= B−1 ∧

a3=





1

2
−1

2

−1

2
1









1

2

1



 =





−1

4

3

4





∧

z3 −c3 = (3 , 2)





−1

4

3

4



− 1 = −
1

4
.

The tableau is no longer dual feasible, and we need to use the simplex algo-
rithm to restore the feasibility.

x1 x2 x3 x4 x5

0 0 −1

4

1

2

1

2
35

3 a1 1 0 −1

4

1

2
−1

2
5 −1

3

2 a2 0 1 3

4
−1

2
1 10

0 1

3
0 1

3

5

6

115

3

3 a1 1 1

3
0 1

3
−1

6

25

3

1
∧

a3 0 4

3
1 −2

3

4

3

40

3

The optimal solution to Model 2 is x∗

1 = 25

3
, x∗

2 = 0 and x∗

3 = 40

3
, and the

optimal objective value is z∗ = 115

3
. In this case, the firm will stop the production

of B and start producing C. Note that the resource consumption to produce a
unit of product C is very low now (see vector

∧

a3) compared with the resource
consumption to produce one unit of A or B. Consequently, the production of C
has become profitable. �
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4.6 The addition of a new variable
Given a linear model and its optimal tableau, let us suppose that a new variable
is added to the model. Therefore, we have the original model (Model 1) and the
augmented model (Model 2).

Model 1 Model 2

max z = c1x1 + · · ·+ cnxn max z = c1x1 + · · ·+ cnxn + cn+1xn+1

subject to subject to

a1x1 + · · ·+ anxn ≤ b a1x1 + · · ·+ anxn + an+1xn+1 ≤ b

x1, · · · , xn ≥ 0 x1, · · · , xn, xn+1 ≥ 0

To consider the addition of a new variable xn+1 to the model, we need to
compute the new column yn+1 and the new reduced cost coefficient zn+1 − cn+1

in the tableau (see the shaded column in Figure 4.4). We introduce them in the
corresponding column of the tableau for Model 1 and obtain the initial tableau for
Model 2. The dual feasibility of the initial tableau for the augmented model will
depend on the new reduced cost coefficient zn+1 − cn+1.

BB B−1
B−1

zj − cj = cTBB
−1aj − cj

z = cTBxB

xB = B−1bxB = B−1b

zn+1 − cn+1 = cTBB
−1an+1 − cn+1

z = cTBxB

yn+1 = B−1an+1

The optimal tableau for Model 1 The initial tableau for Model 2

Figure 4.4: Adding a new variable.

So, we compute the new column yn+1 and the new value zn+1 − cn+1 and
obtain the initial tableau for Model 2.

yn+1 = B−1an+1.
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4.6. The addition of a new variable 143

zn+1 − cn+1 = cTByn+1 − cn+1.

The following two cases can arise:

• Case 1. If the new zn+1 − cn+1 ≥ 0, then the introduction of a new vari-
able xn+1 to the model does not affect the optimal solution, since the initial
tableau for the augmented model is dual feasible. The solution xB and the
objective value z remain optimal.

• Case 2. If the new zn+1 − cn+1 < 0, then the initial tableau for the aug-
mented model is not optimal since it is not dual feasible. The simplex algo-
rithm will be applied to find the new optimal solution.

Example. Consider the production problem of Section 4.2 and its correspond-
ing optimal tableau. Let us analyze the addition of a new variable and illustrate
the two cases just mentioned above.

First case. Let us suppose that the firm wants to consider the production
of a new product type D. The new variable x4 represents the units of the new
product being considered for manufacture. The column a4, which represents the
consumption of resources needed to produce a unit of the new product, and c4,
which represents the benefit obtained from each unit produced, are the following:

a4 =





1

2



 , c4 = 1.

Since the new variable is denoted by x4, we rename the two slack variables,
and denote them x5 and x6. We compute the new y4 and z4 − c4:

y4 = B−1a4 =





1

2
−1

2

−1

2
1









1

2



 =





−1

2

3

2





z4 − c4 = (3, 2)





−1

2

3

2



− 1 = −
3

2
+

6

2
− 1 =

1

2
> 0.

Let us update the tableau with the introduction of the new y4 and z4−c4, to obtain
the initial tableau for the augmented model.
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x1 x2 x3 x4 x5 x6

0 0 1 1

2

1

2

1

2
35

3 a1 1 0 1 −1

2

1

2
−1

2
5

2 a2 0 1 −1

2

3

2
−1

2
1 10

The tableau is dual feasible, and thus, the solution remains optimal: x∗

1 =
5, x∗

2 = 10 and x∗

3 = 0. The objective value remains optimal as well, z∗ = 35.
This means that it is not worth producing the new type of product D, and that the
best thing the firm can do is to continue with the production of products A and B.

Second case. Consider the following a4 and c4 for the new product D:

a4 =





3

2



 , c4 = 3.

We compute the new y4 and z4 − c4:

y4 = B−1a4 =





1

2
−1

2

−1

2
1









3

2



 =





1

2

1

2





z4 − c4 = (3, 2)





1

2

1

2



− 3 =
5

2
− 3 = −

1

2
< 0.

Since z4− c4 is negative, the augmented tableau is not dual feasible, and we apply
the simplex algorithm.

x1 x2 x3 x4 x5 x6

0 0 1 −1

2

1

2

1

2
35

3 a1 1 0 1 1

2

1

2
−1

2
5

2 a2 0 1 −1

2

1

2
−1

2
1 10 1

1 0 2 0 1 0 40

3 a4 2 0 2 1 1 −1 10

2 a2 −1 1 −3

2
0 −1 3

2
5
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The optimal solution to the augmented model is: x∗

1 = 0, x∗

2 = 5, x∗

3 = 0 and
x∗

4 = 10, and the new optimal objective value is z∗ = 40. This means that the
manufacture of the new product type D is worthwhile, whilst the production of
A should stop. The benefits obtained from the production of B and D are higher
than the ones obtained before. �

4.7 The addition of a new constraint

Given a linear model and its optimal tableau, let us suppose that a new constraint
is added to the model. Therefore, we have the original model (Model 1) and the
augmented model (Model 2).

Model 1 Model 2

max z = c1x1 + · · ·+ cnxn max z = c1x1 + · · ·+ cnxn

subject to subject to

a11x1 + · · ·+ a1nxn ≤ b1 a11x1 + · · ·+ a1nxn ≤ b1
...

...
...

...

am1x1 + · · ·+ amnxn ≤ bm am1x1 + · · ·+ amnxn ≤ bm

x1, · · · , xn ≥ 0 am+1,1x1 + · · ·+ am+1,nxn ≤ bm+1

x1, · · · , xn ≥ 0

Figure 4.5 shows the optimal tableau for Model 1. It illustrates that the columns
that correspond to the basic variables contain the identity matrix. However, if a
new constraint is added to the tableau just as it is, the resulting tableau will not
contain the identity matrix any more.

To remedy this problem, we use elementary operations to express the new
constraint in terms of the current basis B. We replace the last row of the tableau
for the augmented model with the appropriate one, which yields a new tableau
where all columns are correctly expressed in terms of B. However, the tableau
may be primal infeasible (see Figure 4.6).

With regard to the primal feasibility of the augmented tableau, the following
two cases can arise:
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Figure 4.5: Adding a new constraint.
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Figure 4.6: A new constraint: using elementary operations to add it

• Case 1. If the initial tableau for the augmented model is primal feasible,
then the tableau is optimal. The current optimal solution satisfies the new
constraint.

• Case 2. If the initial tableau for the augmented model is not primal feasible,
then the dual simplex algorithm will be applied to find the optimal solution
to Model 2.

Example. Consider the production problem of Section 4.2 and its correspond-
ing optimal tableau. Let us analyze the addition of a new constraint, which may
be interpreted as if the firm was considering the use of an additional resource in
the production of products A, B and C. Our purpose is to illustrate the two cases
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previously mentioned.

First case. Let us suppose that 20 units of a new resource are available, and
that the firm is considering the following resource consumption in the production
of A, B and C:

x1 + x2 + x3 ≤ 20

We add a slack variable to transform the new constraint into an equation.

x1 + x2 + x3 + x6 = 20

We add the new equation to the optimal tableau for Model 1.

0 0 0 35

3

2

0

1

0

0

1

0

1 0 10

11 1 200

5

0

1

1

1

x1 x2 x3 x4 x5 x6

a1

a2

a6

1

2

1

2

1

2

−1

2

−1

2
−1

2

The columns corresponding to the basic vectors must contain the unitary vec-
tors. However, that is not true in the previous tableau. We use the following ele-
mentary operations to write the last row in terms of the new basis B = (a1 a2 a6):
row 3 − row 1 − row 2. This leads to the initial tableau for the augmented model.

0 0 0 35

3

2

0

1

0

0

1

0

0 10

1

5

0 50

1

1

1

0

x1 x2 x3 x4 x5 x6

a1

a2

a6

1

2

1

2

1

2

1

2

−1

2

−1

2

−1

2

−1

2

The tableau is primal feasible, and thus, the solution and the objective value re-
main optimal: x∗

1 = 5, x∗

2 = 10, x∗

3 = 0, z∗ = 35. Note that even though the
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optimal solution remains unchanged, and consequently the firm will keep produc-
tion at the same level as previous to the introduction of the new constraint, the use
of the resources has varied; according to the new constraint, each unit of product
A consumes one unit of the new resource, just the same as each unit of B.

To see why the solution remains optimal after the new constraint was added
to the model, we have to realize that the 20 units of the new resource are enough
to continue with the actual production, that is, the solution satisfies the new con-
straint.

Second case. Let us suppose that a similar constraint to the one used in the
previous case is added to the model, but instead of the 20 units available then, now
we just have 10:

x1 + x2 + x3 ≤ 10

We add a slack variable to transform the new constraint into an equation.

x1 + x2 + x3 + x6 = 10

We add the new equation to the optimal tableau for Model 1.

0 0 0 35

3

2

0

1

0

0

1

0

1 0 10

11 1 0

5

0

1

1

1 10

x1 x2 x3 x4 x5 x6

a1

a2

a6

1

2

1

2

1

2

−1

2

−1

2
−1

2

As in the first case, we need to use elementary operations to write the last row in
terms of the new basis B = (a1 a2 a6). We operate like this: row 3 − row 1 −

row 2.

0 0 0 35

3

2

0

1

0

0

1

0

1 0 10

1

5

0

1

1

−50 0

x1 x2 x3 x4 x5 x6

a1

a2

a6
1

2

1

2

1

2

1

2

−1

2

−1

2

−1

2
−1

2
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The initial tableau for the augmented model is not primal feasible. There-
fore, the dual simplex algorithm will be used to restore feasibility and find a new
optimal solution.

x1 x2 x3 x4 x5 x6

0 0 1 1

2

1

2
0 35

3 a1 1 0 1 1

2
−1

2
0 5 1

2 a2 0 1 −1

2
−1

2
1 0 10 −2

0 a6 0 0 1

2
0 −1

2
1 −5

0 0 3

2

1

2
0 1 30

3 a1 1 0 1

2

1

2
0 −1 10

2 a2 0 1 1

2
−1

2
0 2 0

0 a5 0 0 −1 0 1 −2 10

The optimal solution to the augmented model is: x∗

1 = 10, x∗

2 = 0 and x∗

3 = 0,
and the optimal objective value is z∗ = 30. According to this optimal solution,
the only profitable product now is A, since the production of B has stopped. Note
that the benefit obtained now is lower than the benefit obtained previously.

We should point out that adding a new constraint to a model either reduces the
optimal z or leaves it unchanged, since all the constraints of Model 1 remain in
Model 2. If the optimal solution to Model 1 does not satisfy the new constraint,
then it will not be possible to keep the original benefit; the amount of the new
resource available is not enough to maintain the present levels of production. �
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